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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from

lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 34 ]. This is test number [ 16 |.

1.1 Listing of CAS systems tested

The following systems were tested at this time.

1.
2.

3
4.
5
6

7.

Mathematica 12.1 (64 bit) on windows 10.
Rubi 4.16.1 in Mathematica 12 on windows 10.

. Maple 2020 (64 bit) on windows 10.

Maxima 5.43 on Linux. (via sagemath 8.9)

. Fricas 1.3.6 on Linux (via sagemath 9.0)

. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.

Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.


https://rulebasedintegration.org

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and Root0Of are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed

Rubi % 100. ( 34) %0.(0)

Mathematica | % 100. ( 34 ) %0.(0)
Maple % 82.35 (28) | %17.65(6)
Maxima % 35.29 (12) | % 64.71 (22)
Fricas %0.(0) % 100. ( 34)
Sympy % 41.18 (14 ) | % 58.82 (120)
Giac % 82.35 (28) | %17.65 (6)

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes the
meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100. 0. 0. 0.
Mathematica 100. 0. 0. 0.
Maple 26.47 55.88 0. 17.65
Maxima 35.29 0. 0. 64.71
Fricas 0. 0. 0. 100.
Sympy 41.18 0. 0. 58.82
Giac 44.12 38.24 0. 17.65




The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The figure below compares the CAS systems for each grade level.
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of

results.

System Mean time (sec) Mean size Normalized mean Median size

Rubi 0.43 292.21 1. 272.5
Mathematica 0.69 281.76 0.94 249.
Maple 0.01 978.32 2.88 585.
Maxima 2.16 448.5 1.54 400.

Fricas Round[Mean]], 0.01] | Round[Mean]], 0.01] | Round[Mean]], 0.01] | Round[Median][], O.
Sympy 55.74 1592.36 8.1 365.5
Giac 2.35 1463.54 4.42 793.
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1.4 list of integrals that has no closed form an-
tiderivative

b

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {}

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.
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1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each integral.
If the integrate command did not complete within this time limit, the integral was aborted
and considered to have failed and assigned an F grade. The time used by failed integrals
due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example, for
the Timofeev test file, there were about 30 such integrals out of total 705, or about 4 percent.
This pecrentage can be higher or lower depending on the specific input test file.
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Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffgrent-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and XCAS
syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for this
purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35*len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*xcount_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.
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One record (line) per one integral result. The line is CSV comma separated. It contains 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) High level overview of the CAS
integer. Leafsize of result. independent integration test
integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed. build System

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. g
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.

WoOoNOLHWNE



Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each
CAS

21.1 Rubi

A grade: { 1}[21[3, 456} 78 0} L0} (11} L2}[13} 14,15} [16} [17}[18} 19} 20} [21} 22} |23} 24} [25} [26} [27]
[28,29,80,B1} B2, 83,34}

B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica

A grade: { [1}[2,[3, [} 5} 6} 78, 9} (L0} [11} [L2}[13} 14} 15} [16}[17}[18} 19} 20} [21} [22} [23} 24} 253 [26} 27}
28,2980, BT, B2, B3, B4}

B grade: { }
C grade: { }
F grade: { }

2.1.3 Maple

A grade: {21112, 13 IO} 20,21}
B grade: {156,780 10} 3 5 16} 7 5,22, 25) 20,25, 26, 27128

15
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C grade: { }
F grade: (50,51 B3 B3,6)

2.1.4 Maxima

A grade: (BB I B3 B M E0E
B grade: { }
C grade: { }

F grade: { 51[6 718} % L4 [L5} 16, 17,22} 23} 24} 25 26 [27} [28} [29}[30} 31} [82} [33} 34}
21.5 FriCAS

A grade: { }
B grade: { }
C grade: { }

F grade: { [1} 24[8} [4)6l 617} 8 O} L0} L1} L2} 13} 14 (15} 16} 17} 18} [19} |20} 21} [22} [23) [24} 29}, 26} 27
[28) 20,30, 1,823 33,34}

2.1.6 Sympy

A grades {5 3 303 L8 19, EO, E, B 2 28
B grade: { }

C grade: { }

F grade: { [1}[6} 78} % L0} 15} 16} 17,18} 23} 24} 25} 26 [29} 30} 81} [32} [33} 34}

21.7 Giac

A grade: 2B 5 6 2 13) 4 5 T 0, 2T} 22, 23 2
B grade: { )7} 0) 0, 1) 7 8, 19 25,26, 2728

C grade: { }
F grade: (E9,B0, BT, BE3ET)
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2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it is

given just an F.

In this table,the column normalized size is defined as

antiderivative leaf size

optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A F(-2) F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 436 436 391 841 838 0 0 1153
normalized size | 1 1. 0.9 1.93 1.92 0. 0. 2.64
time (sec) N/A 0.408 1.231 0.008  2.797 0. 0. 2.867
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A F(-2) A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 324 324 287 505 522 0 1510 753
normalized size | 1 1. 0.89 1.56 1.61 0. 4.66 2.32
time (sec) N/A 0.272 0.643 0.007 1.58 0. 124.994 2.295
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A F(-2) A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 212 212 184 241 267 0 848 417
normalized size | 1 1. 0.87 1.14 1.26 0. 4. 1.97
time (sec) N/A 0.173 0.3 0.004 2.58 0. 70.925 2.029
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A F(-2) A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 115 115 82 91 173 0 354 173
normalized size | 1 1. 0.71 0.79 1.5 0. 3.08 1.5
time (sec) N/A 0.072 0.09 0.003 1.272 0. 14.08 1.563
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Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-2) A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 188 188 185 338 0 0 192 335
normalized size | 1 1. 0.98 1.8 0. 0. 1.02 1.78
time (sec) N/A 0.206 0.254 0.011 0. 0. 50.271 2.523
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-2) F(1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 201 201 244 566 0 0 0 366
normalized size | 1 1. 1.21 2.82 0. 0. 0. 1.82
time (sec) N/A 0.518 0.477 0.019 0. 0. 0. 2.279
Problem 7 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-2) F(1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 279 279 359 1207 0 0 0 714
normalized size | 1 1. 1.29 4.33 0. 0. 0. 2.56
time (sec) N/A 0.741 0.92 0.021 0. 0. 0. 2.447
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-2) F(1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 375 375 493 1186 0 0 0 1318
normalized size | 1 1. 1.31 3.16 0. 0. 0. 3.51
time (sec) N/A 0.821 1.459 0.023 0. 0. 0. 2.384
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-2) F(1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 495 495 621 3252 0 0 0 2041
normalized size | 1 1. 1.25 6.57 0. 0. 0. 412
time (sec) N/A 1.009 2.228 0.024 0. 0. 0. 2.567
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Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A F(-2) F(1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 434 434 391 841 849 0 0 1440
normalized size | 1 1. 0.9 1.94 1.96 0. 0. 3.32
time (sec) N/A 0.359 1.147 0.007  2.589 0. 0. 2.389
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A F(-2) A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 322 322 287 505 533 0 435 879
normalized size | 1 1. 0.89 1.57 1.66 0. 1.35 2.73
time (sec) N/A 0.259 0.636 0.009 2.38 0. 107.427 2.577
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A F(-2) A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 210 210 188 241 278 0 230 436
normalized size | 1 1. 0.9 1.15 1.32 0. 1.1 2.08
time (sec) N/A 0.166 0.305 0.005 1.778 0. 43.636 2.433
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A F(-2) A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 113 113 82 91 138 0 114 171
normalized size | 1 1. 0.73 0.81 1.22 0. 1.01 1.51
time (sec) N/A 0.081 0.08 0.004  3.071 0. 14.207 2.306
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-2) A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 193 193 174 366 0 0 172 270
normalized size | 1 1. 0.9 1.9 0. 0. 0.89 14
time (sec) N/A 0.24 0.536 0.012 0. 0. 50.872 2.418
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Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-2) F(@1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 253 253 283 604 0 0 0 524
normalized size | 1 1. 1.12 2.39 0. 0. 0. 2.07
time (sec) N/A 0.601 0.752 0.023 0. 0. 0. 2.254
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-2) F(1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 350 350 482 1225 0 0 0 833
normalized size | 1 1. 1.38 3.5 0. 0. 0. 2.38
time (sec) N/A 0.832 1.437 0.028 0. 0. 0. 2.026
Problem 17, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-2) F(1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 463 463 697 2108 0 0 0 1465
normalized size | 1 1. 1.51 4.55 0. 0. 0. 3.16
time (sec) N/A 1.15 2.52 0.034 0. 0. 0. 1.679
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A F(-2) F(1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 434 434 391 841 846 0 0 1391
normalized size | 1 1. 0.9 1.94 1.95 0. 0. 3.21
time (sec) N/A 0.353 0.716 0.008 1.643 0. 0. 2.401
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A F(-2) A B
verified N/A Yes Yes TBD TBD TBD TBD  TBD
size 322 322 287 505 531 0 377 840
normalized size | 1 1. 0.89 1.57 1.65 0. 1.17 2.61
time (sec) N/A 0.243 0.669 0.006  2.003 0. 133.078 2.274




21

Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A F(-2) A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 210 210 177 241 275 0 230 408
normalized size | 1 1. 0.84 1.15 1.31 0. 11 1.94
time (sec) N/A 0.172 0.295 0.004 1.188 0. 60.043 2.278
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A F(-2) A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 113 113 75 90 132 0 425 155
normalized size | 1 1. 0.66 0.8 1.17 0. 3.76  1.37
time (sec) N/A 0.072 0.084 0.004  3.075 0. 1.29  2.485
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-2) A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 210 210 210 464 0 0 214 379
normalized size | 1 1. 1. 2.21 0. 0. 1.02 1.8
time (sec) N/A 0.313 0.654 0.017 0. 0. 87.275 2.59
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-2) F(1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 336 336 334 730 0 0 0 593
normalized size | 1 1. 0.99 2.17 0. 0. 0. 1.76
time (sec) N/A 0.791 1.074 0.025 0. 0. 0. 1.664
Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-2) F(1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 438 438 536 1376 0 0 0 1035
normalized size | 1 1. 1.22 3.14 0. 0. 0. 2.36
time (sec) N/A 1.214 2.154 0.031 0. 0. 0. 2.297
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Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-2) F(@1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 455 455 418 5003 0 0 0 12193
normalized size | 1 1. 0.92 11. 0. 0. 0. 26.8
time (sec) N/A 0.338 0.733 0.02 0. 0. 0. 2.999
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-2) F(1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 338 338 308 2588 0 0 0 6712
normalized size | 1 1. 0.91 7.66 0. 0. 0. 19.86
time (sec) N/A 0.247 0.517 0.015 0. 0. 0. 2.922
Problem 27, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-2) A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 226 226 199 1039 0 0 13442 3002
normalized size | 1 1. 0.88 4.6 0. 0. 59.48 13.28
time (sec) N/A 0.161 0.271 0.008 0. 0. 17.573 2.378
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-2) A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 126 126 108 308 0 0 3750 983
normalized size | 1 1. 0.86 2.44 0. 0. 29.76 7.8
time (sec) N/A 0.072 0.105 0.005 0. 0. 4.697 2.577
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F(-2) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 203 203 181 0 0 0 0 0
normalized size | 1 1. 0.89 0. 0. 0. 0. 0.
time (sec) N/A 0.18 0.246 0.047 0. 0. 0. 0.
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Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F(-2) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 220 220 180 0 0 0 0 0
normalized size | 1 1. 0.82 0. 0. 0. 0. 0.
time (sec) N/A 0.524 0.199 0.049 0. 0. 0. 0.
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F(-2) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 329 329 188 0 0 0 0 0
normalized size | 1 1. 0.57 0. 0. 0. 0. 0.
time (sec) N/A 0.619 0.199 0.06 0. 0. 0. 0.
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 141 141 117 0 0 0 0 0
normalized size | 1 1. 0.83 0. 0. 0. 0. 0.
time (sec) N/A 0.089 0.117 0.061 0. 0. 0. 0.
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 268 266 187 0 0 0 0 0
normalized size | 1 0.99 0.7 0. 0. 0. 0. 0.
time (sec) N/A 0.309 0.204 0.064 0. 0. 0. 0.
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F(-2) F(1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 610 605 254 0 0 0 0 0
normalized size | 1 0.99 0.42 0. 0. 0. 0. 0.
time (sec) N/A 1.069 0.246 0.039 0. 0. 0. 0.
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules

column is the number of unique rules used. The integrand size column is the leaf size of
number of rules

the integrand. Finally the ratio is given. The larger this ratio is, the harder the

integrand size

integral was to solve. In this test, problem number [9] had the largest ratio of [ 0.1875 |

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand ——
# grade steps unique antideri\./ative leaf size intogrand leaf size
used rules leaf size
1 A 2 1 1. 32 0.031
2 A 2 1 1. 32 0.031
3 A 2 1 1. 30 0.033
4 A 2 1 1. 25 0.04
5 A 4 3 1. 32 0.094
6 A 5 4 1. 32 0.125
7 A 5 5 1. 32 0.156
8 A 5 5 1. 32 0.156
9 A 6 6 1. 32 0.188
10 A 2 1 1. 32 0.031
11 A 2 1 1. 32 0.031
12 A 2 1 1. 30 0.033
13 A 2 1 1. 25 0.04
14 A 6 4 1. 32 0.125
15 A 5 4 1. 32 0.125
16 A 5 5 1. 32 0.156
17, A 6 6 1. 32 0.188
18 A 2 1 1. 32 0.031
19 A 2 1 1. 32 0.031
20 A 2 1 1. 30 0.033
21 A 2 1 1. 25 0.04
22 A 4 3 1. 32 0.094
23 A 5 4 1. 32 0.125
Continued on next page




Table 2.1 — continued from previous page

number of number of normalized .
# | grade steps unique antiderivative 1?;:?2?;; %
used rules leaf size
24 A 6 5 1. 32 0.156
25 A 2 1 1. 30 0.033
26 A 2 1 1. 30 0.033
27 A 2 1 1. 28 0.036
28 A 2 1 1. 23 0.043
29 A 3 2 1. 30 0.067
30 A 4 4 1. 30 0.133
31 A 4 4 1. 30 0.133
32 A 3 3 1. 20 0.15
33 A 4 4 0.9 25 0.16
34 A 5 5 0.99 30 0.167
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Chapter 3

Listing of integrals

f (a+bx)3(A+Bx+Cx2+Dx3)

Ve+dx dx

3.1

Optimal. Leaf size=436

2(c + dx)"? (3a?bd?(Cd — 4cD) + a*d®D - 3ab?d (~Bd? - 10c2D + 4cCd) + b> (Ad® - 4Bcd? +10c2Cd - 20c°D)) 2
7d7 o

[Out] (-2%(b*c - a*xd) 3*(c"2*%Cxd - B*c*d™2 + A*d~3 - c”~3*D)*Sqrt[c + d*x])/d~7 -
(2% (b*xc - ax*xd) "2k (axd*(2xcxCxd - B*d~2 - 3*c™2*D) - b*x(5xc™2xCxd - 4*B*c*d”

2 + 3*%¥A*d"3 - 6*%c”3*D))*x(c + d*x)~(3/2))/(3*d"7) - (2x(b*c - ax*xd)*(a”2*d"2*

(Cxd - 3*c*D) - axbxd*(8*xcxCxd - 3*%B*d™2 - 15%c™2*D) + b~ 2*x(10%c~2+Cxd - 6%
Bxcxd™2 + 3*%A*d"3 - 15%c”3*D))*(c + d*x)~(5/2))/(5*d"7) + (2*x(a~3*d"3*D + 3
*a"2xb*d" 2% (C*d — 4*c*D) - 3*axb~2*d*x(4*c*Cxd - Bxd~2 - 10%c”2*D) + b~ 3%(10
*xC"2%Cxd - 4*Bxcxd”2 + A*d"3 - 20*%c”3*D))*(c + d*x)~(7/2))/(7*xd"7) + (2xbx*(
3*a”"2*xd"2*D + 3*axbxd* (C*d - 5%c*D) - b~2x(5xcxCxd - Bxd~2 - 15%c™2*D))*(c

+ d*x)7(9/2))/(9%d"7) + (2%b" 2+ (b*C*d - 6*bxc*xD + 3xaxd*D)*(c + d*x)~(11/2)

)/ (11%d77) + (2%b"3*D*x(c + d*x)~(13/2))/(13%4d"7)

Rubi [A] time = 0.407548, antiderivative size = 436, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 32, e -

0.031, Rules used = {1620}

integrand size

2(c + dx)"? (3a2bd?(Cd - 4cD) + a*d®D - 3ab?d (~Bd? - 10c2D + 4cCd) + b (Ad® - 4Bcd? +10c2Cd - 20c°D)) 2
7d7 O

Antiderivative was successfully verified.
27
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[In] Int[((a + b*x)~3*(A + B*x + C*xx~2 + D*x73))/Sqrt[c + d*x],x]

[Out] (-2*(b*c - a*xd) " 3*(c”2*Cxd - B*c*d™2 + A*d~3 - c~3xD)*Sqrt[c + d*x])/d~7 -
(2% (b*xc - ax*xd) "2*x(axd*(2xcxCxd — B*d™2 - 3*%c™2*D) - b*x(5xc™2*xCxd - 4*B*c*d”

2 + 3xAxd"3 - 6%c”3xD))*(c + d*x)~(3/2))/(3*%d"7) - (2*(bxc - a*xd)*(a~2*d~2x*

(Cxd - 3*c*D) - axbkxd*(8*cxCxd - 3%B*d"2 - 15*%c™2*D) + b~ 2x(10%c~2%Cxd - 6%
Bkcxd~2 + 3%xAxd~3 - 15%c”3*D))*(c + d*xx)~(5/2))/(5%d"7) + (2*%(a~3*d"3*D + 3

*a " 2%b*d" 2% (Ckd — 4*xc*xD) - 3*axb~2+d* (4*xckCxd — B*d™2 — 10*c™2%D) + b~ 3*(10
*C72%C*d - 4*Bxckxd"2 + A*d"3 - 20%c”3*D))*(c + d*x)"(7/2))/(7*d"7) + (2¥bx*(
3*%a”~2xd"2*D + 3*axbxd* (C*d - 5%c*D) - b~ 2*x(5xc*xCxd — Bxd~2 - 15%c™2*D))*(c

+ d*x)~(9/2))/(9%d"7) + (2%b"2%(b*C*d - 6*bxc*xD + 3*xaxd*xD)*(c + d*x)~(11/2)

)/ (11%d"7) + (2*xb~3*D*(c + d*x)~(13/2))/(13%d"7)

Rule 1620

Int[(Px )*x((a_.) + (b_)*(x D))" (m_.)*x((c_.) + (d_.)*(xx_))"(n_.), x_Symboll
:> Int[ExpandIntegrand [Px*(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢
, d, m, n}, x] & PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) && GtQ[E
xpon[Px, x], 2]

Rubi steps

f (a+ bx)® (A +Bx + Cx? + Dx3) ; f[(—bc + ad)? (CZCd — Bed? + Ad® - c3D) (bc — ad)? (—ad (ZCCd — Bd? -
X =

+
Ve +dx devc + dx
2(be - ad)* (c2Cd - Bed? + Ad® - D) Ve +dx  2(be - ad)? (ad (2cCd - B
= — d7 —

Mathematica [A] time = 1.23082, size = 391, normalized size = 0.9

2V + dx (6435(c + dx)* (3a2bd?(Cd — 4cD) + a®d°D + 3ab?d (Bd? + 10D — 4cCd) + b* (Ad® - 4Bcd? + 10c2Cd — 20c

Antiderivative was successfully verified.

[In] Integrate[((a + b*x)~3%(A + B*x + C*x~2 + D*x73))/Sqrt[c + d*x],x]

[Out] (2*%Sqrtlc + d*x]*(45045%(b*c - a*xd) " 3*x(-(c™2xC*d) + B*c*d™2 - A*d~3 + c~3%D
) — 15015%(b*c - a*xd) "2*x(-(a*xd*(-2*xc*xCxd + B*d"2 + 3*c”2*D)) + b*x(-5xc~2*C*
d + 4%Bxc*d™2 - 3*A*d"3 + 6%c”3*D))*(c + d*x) - 9009*(b*c - a*xd)*(a~2*xd~2x*(
C*d - 3*c*D) + axbxd*(-8+c*Cxd + 3*Bxd™2 + 15%c™2xD) + b~ 2% (10*c™2*Cxd - 6%
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Bkcxd~2 + 3xA*d~3 - 15%c”3*D))*(c + d*x)~2 + 6435%(a”~3*d"3*D + 3*xa~2xbxd~2%
(Cxd - 4x%c*D) + 3*axb”™2xd*(-4*xcxCxd + B*d~2 + 10*c™2*D) + b~ 3*(10*c~2*Cxd -
4*xBxcxd”2 + A*d~3 - 20%c”3#D))*(c + d*x)~3 + 5005xb* (3%a~2%d"2*D + 3*axbx*d
*(C*d - B*c*D) + b™2x(-5xcxCxd + B*d™2 + 15%c™2*D))*(c + d*x)~4 + 4095%b~2%
(b*C*d - 6xbxc*D + 3xaxd*D)*(c + d*x)~5 + 3465xb~3*D*x(c + d*x)~6))/(45045%d
~7)

Maple [B] time = 0.008, size = 841, normalized size = 1.9

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((bxx+a) 3% (Dxx~3+C*xx"2+B*x+A)/(d*x+c) " (1/2),x%)

[Out] 2/45045%(d*x+c)~(1/2)*(3465*%D*b~3*d"6*x~6+4095*Cxb~3*d " 6+x~5+12285*D*a*xb” 2%
d"6*x"5-3780*D*b~3*c*d~5%x~5+5005*%B*b~3*d"6*x~4+15015%C*a*xb~2*d"6*x"4-4550%
C*b~3*cxd~5*x~4+15015%D*a~2*%b*d~6*x"4-13650*D*a*xb~2*xc*d~5%x~4+4200*D*b~3*c™
2%d74xx"4+6435%A*b"3*%d"6xx " 3+19305%B*axb”2*%d"6%x"3-5720*%B*xb"3*ckxd"5*xx"3+193
05%Cxa”2xb*d~6*x"3-17160*%Cxaxb™2*xc*d~5*x~3+5200%C*b~3*c™2*d"4*x~3+6435*%D*a”
3*%d"6*x"3-17160*%D*a”2*b*c*d " 5*x~3+15600*D*xa*xb~2*c”2*d"4*x~3-4800*D*b~3*c” 3%
d"3*x73+27027*A*xaxb~2%d"6*x"2-7722*A*xb~ 3% cxd " 5xx"2+27027*B*a~2*b*d~6*x~2-23
166*Bxaxb~2xc*xd~5*x~2+6864*B*b~3*c"2*d"4*xx~2+9009*C*a~3*d"6*x"2-23166*C*xa”2
*bxckd " 5*xx"2+20592*%C*a*b~2*xc"2xd"4xx"2-6240*xCxb " 3% c”3*%d " 3*x"2-7722*D*a” 3*xcx*
d75xx72+20592*%xD*xa” 2xb*c”2xd"4*xx"2-18720*%D*xa*b"2*%c”3*xd " 3*xx"2+5760*D*b"3*xc "4 *
d"2xx"2+45045%xA*xa” 2xb*d"6*xx-36036* A*xaxb”2xc*kd " 5xx+10296*%A*xb"3*c"2*%d"4*xx+150
15%B*a~3*xd " 6*x-36036*B*a~2*b*c*xd~5*xx+30888*Bxaxb~2*%c”2%d"4*x-9152*B*b~3*c~3
*d"3*x-12012*C*a~3*cxd " 5xx+30888*C*a~2*b*c”~2xd~4*x-27456*C*a*xb~2*xc~3*d ™~ 3*x+
8320*Cxb~3*%c™4*d"2*x+10296*D*xa~3*xc™2*%d"4*x-27456*D*xa”~2xb*xc”3*d "~ 3*x+24960*Dx*
a*xb”"2xcT4xd"2*%x-7680*%D*b"3*%c”5*xd*x+45045%A*a~3*%d"6-90090*A*a”~ 2% b*xcxd"5+7207
2xAxa*xb"2%c”2*%d"4-20592*xAxb"3*c”3*d"3-30030*B*xa~3*c*d"5+72072*%Bxa~2xbxc”2*d
“4-61776*B*a*xb”~2xc”3*d"3+18304*B*b~3*%c"4*d"2+24024*C*xa”~3*xc " 2xd"4-61776*C*a”
2%b*xc~3*%d"3+54912*Cxa*xb~2xc~4*d"2-16640*C*b~3*c~5*d-20592*D*a~3*c~3*d~3+549
12xD*a”2xb*c"4*xd~2-49920*D*a*xb~2*xc~5+%d+15360*%D*xb~3*c~6) /d~7

Maxima [A] time = 2.79667, size = 838, normalized size = 1.92

13 11
2 (3465 (dx + )2 Db® — 4095 (6 Dbc — (3 Dab? + Cb®)d)(dx + c) 2 + 5005 (15 Db3c% - 5 (3 Dab? + Cb%)cd + (3 Da?!
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a) 3% (D*xx~3+C*x~2+B*x+A)/(d*x+c)~(1/2),x, algorithm="maxima"
)

[Out] 2/45045%(3465*(d*x + c)~(13/2)*D*b~3 - 4095*(6*D*xb~3*c - (3*D*a*b”2 + C*xb~3
Yxd)*(d*x + ¢)”(11/2) + 5005*(15*%D*b~3*c~2 - 5*(3*D*a*b”™2 + Cxb~3)*cxd + (3
*D*a”2%b + 3*Cxaxb”2 + Bxb~3)*d"2)*(d*x + ¢)~(9/2) - 6435%(20*D*b~3*%c~3 - 1
0* (3*D*a*b”™2 + Cxb~3)*c™2+d + 4*(3*D*a”2*%b + 3*Cxaxb~2 + B*b~3)*c*d"2 - (Dx*
a”3 + 3*C*xa~2xb + 3*B*xa*xb”2 + A*xb~3)*d"3)*(d*x + c)~(7/2) + 9009%(15%D*b~3*
¢4 - 10*%(3*Dxa*b”2 + C*b~3)*c”~3*xd + 6x(3*D*a~2%b + 3*Cka*xb~2 + Bxb~3)*c~ 2%
d”2 - 3*(D*a”~3 + 3*Cxa~2%b + 3*B*a*b”™2 + A*b~3)*cxd~3 + (C*xa~3 + 3*B*xa~2x*b
+ 3kA*axb"2)*d"4)*x(d*x + ¢)~(5/2) - 15015%(6*D*b~3*c~5 - 5% (3*D*a*b”2 + Cxb
~3)*c”4*d + 4*x(3*D*a”"2xb + 3*Cxa*xb”2 + B*xb"3)*c"3*d"2 - 3x(D*a”3 + 3*xCkxa 2%
b + 3*Bxa*xb”2 + A*¥b"3)*c”2*d"3 + 2% (C*xa~3 + 3*%B*xa~2%b + 3*kA*xaxb"2)*cxd"4 -
(Bxa~3 + 3*A*a”2*b)*d"5)*(d*x + c)~(3/2) + 45045%(D*b~3*c"6 + A*xa~3%d"6 - (
3*D*xa*xb”2 + Cxb~3)*c~5*d + (3*D*a”2*b + 3*Cxaxb~2 + B*b~3)*c"4*d"2 - (D*a”3
+ 3*%C*a”2*%b + 3*Bxaxb~2 + A*b~3)*c”"3*d"3 + (C*xa~3 + 3xBxa~2%b + 3*A*a*xb”2)
xc"2xd"4 - (Bxa”3 + 3%Axa”2xb)*c*d”~5)*sqrt(d*x + c))/d”7

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) ~3*(D*x~3+C*xx~2+B*x+A)/(d*x+c)~(1/2),x, algorithm="fricas"
)

[Out] Exception raised: UnboundLocalError

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)**3* (Dkx**3+Ckx**2+Bxx+A) / (d*x+c)**(1/2) ,x)
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[Out] Timed out

Giac [B] time = 2.86737, size = 1153, normalized size = 2.64

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a) 3% (D*xx~3+C*x~2+B*x+A)/(d*x+c)~(1/2),x, algorithm="giac")

[Out] 2/45045%(45045*sqrt(d*x + c)*A*a”~3 + 15015 ((d*x + c)~(3/2) - 3xsqrt(d*x +
c)*c)*B*xa~3/d + 45045%((d*x + c)~(3/2) - 3*sqrt(d*x + c)*c)*Axa”2xb/d + 300
3x(3x(d*xx + c)~(5/2) - 10*x(d*x + c)~(3/2)*c + 1bxsqrt(d*x + c)*c~2)*C*xa~3/d
T2 + 9009%(3*x(d*x + c)~(5/2) - 10x(d*x + c)~(3/2)*c + 15xsqrt(d*x + c)*c~2)
*B*a”2xb/d"2 + 9009*(3*(d*x + c)~(5/2) - 10x(d*x + c)~(3/2)*c + 15*xsqrt(d*x
+ c)*cT2)*Axaxb”"2/d"2 + 1287*x(5x(d*xx + ¢c)~(7/2) - 21*x(d*x + c)~(5/2)*c + 3
5 (d*x + ¢)"(3/2)*c”2 - 35*xsqrt(d*x + c)*c”~3)*D*xa~3/d"3 + 3861*(5x(d*x + c)
~(7/2) - 21x(d*x + c)”(5/2)*%c + 3b5k(d*x + c)”(3/2)*%c”2 - 3bxsqrt(d*x + c)x*c
~3)*C*xa~2%b/d"3 + 3861*(5*x(d*x + c)~(7/2) - 21x(d*x + c)~(5/2)*c + 35x(d*x
+ ¢)7(3/2)*c”2 - 3b*sqrt(d*x + c)*c”3)*Bxa*xb~2/d"3 + 1287x(5x(d*x + c)~(7/2
) = 21x(d*x + c)7(5/2)*c + 35x(d*x + c)~(3/2)*c”2 - 3b*xsqrt(d*x + c)*c~3)*A
*b~3/d"3 + 429%(35x(d*x + c)7(9/2) - 180*(d*x + c)~(7/2)*c + 378*(d*x + c)~
(5/2)*c™2 - 420%(d*x + c)~(3/2)*c”3 + 31b*xsqrt(d*x + c)*c”4)*D*xa"2xb/d~4 +
429% (35% (d*x + c)~(9/2) - 180%(d*x + c)~(7/2)*c + 378*(d*x + c)~(5/2)*c"2 -
420* (d*x + ¢)~(3/2)*c”3 + 31b*xsqrt(d*x + c)*c™4)*Cxa*xb~2/d"4 + 143*(35x(d*
x + ¢)7(9/2) - 180x(d*x + c)~(7/2)*c + 378%(d*x + c)~(5/2)*c”2 - 420*(d*x +
c)”(3/2)*c~3 + 315xsqrt(d*x + c)*c"4)*B*xb~3/d"4 + 195%(63*(d*x + c)~(11/2)
- 385x(d*x + c)7(9/2)*c + 990*(d*x + c)~(7/2)*c”2 - 1386*(d*x + c)~(5/2)*c
~3 + 1155%(d*x + ¢)~(3/2)*c”4 - 693*sqrt(d*x + c)*c~5)*Dxaxb”~2/d"5 + 65%(63
x(d*x + ¢c)7(11/2) - 385x(d*x + c)~(9/2)*c + 990*(d*x + c)~(7/2)*c”2 - 1386%
(d*x + ¢c)~(5/2)*c”3 + 1165x(d*x + c)~(3/2)*c”4 - 693*sqrt(d*x + c)*c~5)*C*b
~3/d75 + 15%(231x(d*x + c)~(13/2) - 1638*(d*x + c)~(11/2)*c + 5005*(d*x + c
)7(9/2)*c”2 - 85680*(d*xx + c)~(7/2)*c”™3 + 9009 (d*x + c)~(5/2)*c”4 - 6006*(d
*x + ¢)~(3/2)*c”5 + 3003*sqrt(d*x + c)*c”~6)*D*b~3/d"6)/d
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3.2 dx

f (a+bx)2<A+Bx+Cx2+Dx3)

Ve+dx

Optimal. Leaf size=324

2(c + dx)2 (a%d%(Cd ~ 3cD) — 2abd (~Bd? - 6¢2D + 3¢Cd) + b? (Ad® - 3Bed? + 6c2Cd —10c°D))  2(c + dx)”/2 (a2d?!
+
5d6

[Out] (2%(b*c - axd) 2% (c™2xC*xd - B*cxd~™2 + A*d~3 - c”3#D)*Sqrt[c + d*x])/d"6 + (

2% (b*xc - axd)*(axd*x(2xc*xCxd - B*d™2 - 3*c™2*D) - b*x(4*xc”2%Cxd - 3*B*cxd™2 +
2xA*d~3 - Bxc”3*D))*(c + d*x)~(3/2))/(3*%d"6) + (2%(a"2xd"2*%(Ckd - 3*c*D) -
2%a*xb*xd* (3xcxCxd — Bxd™2 - 6%c”2%D) + b~ 2% (6*c™2*xCxd - 3*Bxc*d™2 + A*d"3 -
10%c™3*D) )*x(c + d*x)~(5/2))/(5xd"6) + (2*x(a~2xd"2+D + 2*a*b*xd*(Cxd - 4*c*D

) — b72%(4*c*xC*xd - Bxd"2 - 10*c™2xD))*x(c + d*x)~(7/2))/(7*d"6) + (2xb*(b*C*

d - 5*bxc*D + 2%axd*D)*(c + d*x)~(9/2))/(9%d"6) + (2xb~24D*(c + d*x)~(11/2)

)/ (11%d"6)

Rubi [A] time = 0.27208, antiderivative size = 324, normalized size of antiderivative
1., number of steps used = 2, number of rules used = 1, integrand size = 32, number of rules _

integrand size
0.031, Rules used = {1620}

2(c + dx)2 (a%d%(Cd — 3cD) — 2abd (~Bd? - 6¢2D + 3¢Cd) + b? (Ad® - 3Bed? + 6c2Cd ~10c°D))  2(c + dx)”? (a?d?!
+
5d6

Antiderivative was successfully verified.

[In] Int[((a + b*x)"2%x(A + B*x + Cxx~2 + D*x73))/Sqrtlc + d*x],x]

[Out] (2x(b*c - a*xd)~2+(c”2+C*d - Bxcxd"2 + A*d~3 - c~3*D)*Sqrtlc + dxx])/d"6 + (

2% (bxc - axd)*(axd*(2*c*xCxd - Bxd~2 - 3%c”2*D) - b*x(4*c”™2xC+d - 3*B*xcxd™2 +
2xA*d”3 - Bxc”3*D))*(c + d*x)~(3/2))/(3*%d"6) + (2%(a"2xd"2*%(Ckd - 3*c*D) -
2%a*xb*xd* (3xcxCxd — Bxd™2 - 6%c”2+D) + b 2% (6xc™2*xCxd — 3*Bxc*d™2 + A*d"3 -
10*c™3*D) )*x(c + d*x)~(5/2))/(6xd"6) + (2*x(a~2*xd"2+D + 2*a*b*xd*(Cxd — 4*c*D

) — b72%(4*c*xC*xd - Bxd™2 - 10*c™2*D))*x(c + d*x)~(7/2))/(7*d"6) + (2xb*(b*C*

d - 5%bxc*D + 2%axd*D)*(c + d*x)~(9/2))/(9%d"6) + (2xb~24D*(c + d*x)~(11/2)

)/ (11%d76)

Rule 1620

Int[(Px )*x((a_.) + (b_)*(x)) " (m_.)*((c_.) + (d_)*(x_))"(n_.), x_Symbol]
:> Int[ExpandIntegrand[Px*(a + bxx) m*x(c + d*x)"n, x], x] /; FreeQ[{a, b, c
, d, m, n}, x] & PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) && GtQ[E
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xpon[Px, x], 2]

Rubi steps

(a+bx)? (A + Bx + Cx + D) ] f((—bc + ad)? (c2Cd - Bed? + Ad® - D) (be - ad) (ad (2cCd - Bd? - 3
x = +

f Ve +dx d>Ve + dx
2(bc — ad)? (CZCd — Bed? + Ad® - C3D) Ve+dx  2(bc - ad) (ad (ZCCd — Bq
= +
76

Mathematica [A] time = 0.642523, size = 287, normalized size = 0.89

2V + dx (693(c + dx)? (a%d?(Cd — 3cD) + 2abd (Bd? + 6¢*D — 3¢Cd) + b? (Ad® — 3Bed? + 6¢2Cd — 10c°D) ) +495(c -

Antiderivative was successfully verified.

[In] Integrate[((a + b*x) 2x(A + Bxx + Cxx~2 + D*x73))/Sqrtlc + dx*x],x]

[Out] (2xSqrtlc + d*x]*(3465%(b*c - axd) "2x(c”2xCxd - Bkcxd~2 + A*d"3 - c~3*D) +
1155% (b*xc - a*d)*(-(a*d*(-2%c*xCxd + B*d~2 + 3%c”2*D)) + b*(-4xc”2xC+d + 3*B
*c*d”2 - 2%A*d”3 + 5xc”3xD))*(c + d*x) + 693*(a”2xd"2x(Cxd - 3*c*D) + 2*axb

*d* (=3*%c*C*kd + B*d™2 + 6*xc”2xD) + b~ 2% (6*%c”2*Cxd — 3*Bxcxd™2 + A*d~3 - 10%*c
~3%D))*(c + d*x)"2 + 495%(a~2*%d"2+D + 2*axb*xd*x(Ckxd — 4*xc*xD) + b~ 2% (—4*c*Cx*d

+ B*d"2 + 10*%c™2#D))*(c + d*x)~3 + 385%b*(b*Cxd - 5xbxc*xD + 2%a*xd*D)*(c +

d*x) "4 + 315%xb~2xD*x(c + d*x)~5))/(3465%d"6)

Maple [A] time = 0.007, size = 505, normalized size = 1.6

630 b2Dx>d® + 770 Cb?d®x* + 1540 Dabd°x* — 700 Db?cd*x* + 990 Bb?d°x> + 1980 Cabd®x® — 880 Ch?cd*x> + 990 D

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*xx+a) 2% (D*x~3+Cxx~2+B*xx+A) /(d*xx+c)~(1/2),x)

[Out] 2/3465%(d*x+c)~(1/2)*(315%D*b~2*%d~5%xx~5+385%C*b~2*d~5%x~4+770*D*a*xb*xd~5xx"4
=350%D*b"2*xc*kd"4*xx"4+495*%B*b"2*d"5xx " 3+990*C*kaxb*d " 5xx"3-440*C*b~2*kc*kd"4*x"
3+495xD*a " 2xd " 5*x~3-880*D*a*b*c*xd~4*xx~3+400*D*b"2*xc”2*%d"3*x"3+693*%A*xb"2*%d"5
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*x”2+1386*Bxax*xb*xd”5*x"2-594*B*xb"2*c*xd"4*x"2+693*C*xa~2*d " 5xx"2-1188*C*a*xbxc*
d"4*xx"2+528*C*xb~2%c”2*%d " 3*x"2-594*D*xa~2*cxd"4*x"2+1056*D*a*xbxc”2*d"3*x"2-48
O0*D*b~2%c™3*d"2*x"2+2310*A*a*xb*d " 5*xx-924*Axb~2*xc*xd " 4*x+1155%B*a”~2*d"5*x-184
8xBxaxbxcxd 4*xx+792%Bxb~2%c”2xd " 3*x-924*Cxa”2*xcxd " 4*x+1584*Cxaxb*c”2xd " 3*xx—
T04xCxb™2xc™3*d™2xx+792xD*a” 2xc~2*d ™~ 3*%x-1408*D*axb*xc™3*d~2*x+640*D*xb™2*c 4%
d*x+3465%Axa”2xd"5-4620*A*axbxc*d"4+1848*Axb~2*c"2*%d"3-2310*B*xa~2*c*xd~4+369
6*B*xaxb*xc™2*xd"3-1584*B*xb~2xc”3*d"2+1848*C*xa”2xc”2*xd"3-3168*C*a*xb*c~3*d"2+14
08*Cxb~2xc~4*d-1584*D*a~2*%c~3*d~2+2816*D*a*bxc~4*d-1280*Dxb~2*c~5) /d~6

Maxima [A] time = 1.57989, size = 522, normalized size = 1.61

11 9
2 (315 (dx + )z Db? - 385 (5 Db?c — (2 Dab + Cb?)d)(dx + c)2 + 495 (10 Db?c? — 4 (2 Dab + Cb?)cd + (Da? +2 Cab +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*xx+a) 2% (D*x~3+C*x~2+B*x+A)/(d*x+c)~(1/2),x, algorithm="maxima"
)

[Out] 2/3465%(315%x(d*x + ¢)~(11/2)*D*b"2 - 385*%(5*xD*b~2*xc - (2*D*axb + Cxb~2)*d)*
(d*x + ¢)~(9/2) + 495%(10*D*b~2*c"2 - 4x(2*D*xaxb + Cxb~2)*c*xd + (D*a"2 + 2%

Cxaxb + B*b~2)*d"2)*(d*x + c¢)~(7/2) - 693*x(10*D*b~2*xc~3 - 6% (2*Dxaxb + Cxb~
2)*%c”2+d + 3*(D*a”2 + 2*xCxaxb + B*¥b~2)*c*d”™2 - (C*xa~2 + 2xBxaxb + A*xb~2)*d”
3)k(d*x + c)~(5/2) + 1155+ (5+%D*b"2*%c”4 - 4*x(2*xDxaxb + C*b~2)*c~3*d + 3*(D*a

2 + 2%Ckaxb + B*b"2)*c"2xd"2 - 2% (C*a”2 + 2*Bkaxb + A*xb"2)*c*xd"3 + (B*a"2

+ 2xA*xaxb)*d"4)*x(d*x + c)~(3/2) - 3465« (D*b~2*%c”5 - A*a~2%d"5 - (2*D*xaxb +
C*b~2)*c~4*xd + (D*a~2 + 2*Cxa*xb + B*b~2)*c~3*xd"2 - (C*a~2 + 2*Bkaxb + A*xb~2
)*c72%d”"3 + (B*a"2 + 2xAkaxb)*c*d"4)*sqrt(d*x + c))/d”6

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a) 2% (D*xx~3+C*x~2+B*x+A)/(d*x+c)~(1/2),x, algorithm="fricas"
)

[Out] Exception raised: UnboundLocalError
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Sympy [A] time = 124.994, size = 1510, normalized size = 4.66

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)**2* (Dkx*x*3+Ckx**2+B*x+A) / (d*x+c)**(1/2) ,%)

[Out] Piecewise((-(2xAxa*xx2xc/sqrt(c + d*x) + 2xAxa*xx2x(-c/sqrt(c + d*x) - sqrt(c
+ d*xx)) + 4xAxaxbxckx(-c/sqrt(c + d*xx) - sqrt(c + d*x))/d + 4xAxaxb*(cx*2/s
grt(c + d*x) + 2xcksqrt(c + d*x) - (c + d*x)**(3/2)/3)/d + 2%Axb*x*2xc* (cx*2
/sqrt(c + d*x) + 2*cxsqrt(c + d*x) - (c + dxx)**(3/2)/3)/d**2 + 2%A*xbx*2x (-
ck*3/sqrt(c + d*x) - 3xc*k*2*sqrt(c + d*x) + cx(c + d*xx)**(3/2) - (c + d*x)*
x(5/2)/5) /d**2 + 2*Bkaxx2*c*x(-c/sqrt(c + d*x) - sqrt(c + d*x))/d + 2*Bkax*2
*x(cx*x2/sqrt(c + dxx) + 2xc*sqrt(c + d*xx) - (c + d*x)**(3/2)/3)/d + 4xBxa*bx
cx(cxx2/sqrt(c + d*x) + 2xc*sqrt(c + d*x) - (c + dxx)*x*x(3/2)/3)/d*x*2 + 4*Bx
axbx (-cx*3/sqrt(c + d*x) - 3*kcx*k2xsqrt(c + d*x) + c*x(c + d*x)**(3/2) - (c +
d*x)**(5/2) /5) /d**2 + 2*Bxb**2%ck(-c**3/sqrt(c + d*x) - 3*c*k*2*sqrt(c + d*
x) + cx(c + d*x)**(3/2) - (c + d*x)**(5/2)/5)/d**3 + 2xB*xb*x*2* (cx*4/sqrt(c
+ d*x) + 4xck*3xsqrt(c + dkx) - 2kcx*k2x(c + d*x)**(3/2) + 4xcx(c + d*x)**x(5
/2)/5 = (c + d*xx)**x(7/2)/7)/d**3 + 2xCka*xx2*xc*(c**2/sqrt(c + d*x) + 2%cxsqr
t(c + d*x) - (c + d*x)**x(3/2)/3)/d**2 + 2*Cxa*x*2x(-c*x3/sqrt(c + d*x) - 3*c
*xk2xsqrt(c + d*xx) + cx(c + d*x)**(3/2) - (c + d*xx)**(5/2)/5)/d**2 + 4xCxaxb
xck (-c*x*3/sqrt(c + d*x) - 3*xc*x*2*sqrt(c + dxx) + cx(c + dxx)**(3/2) - (c +
d*xx)**(5/2)/5) /d**3 + 4xCxaxb*(c**4/sqrt(c + d*x) + 4*xcx*3*xsqrt(c + d*x) -
2%cx*k2% (c + dxx)**(3/2) + 4xckx(c + d*xx)**x(5/2)/5 - (c + d*x)*x(7/2)/7)/d**3
+ 2%Cxbx*k2xckx (c*xx4/sqrt(c + d*x) + 4xcx*3xsqrt(c + d*xx) - 2*cx*2*(c + dxx)
*x%(3/2) + 4xcx(c + dxx)**x(5/2)/5 - (c + d*xx)**(7/2)/7)/d**4 + 2xCxb*x*2% (—c*
x5/sqrt(c + dxx) - Bxckxxd*xsqrt(c + dxx) + 10*kc*x*3x(c + dxx)**(3/2)/3 - 2xc*
*2x(c + d*x)**(5/2) + Bkxcx(c + dxx)**x(7/2)/7 - (c + d*x)**(9/2)/9)/d**4 + 2
xDkax*k2kck (-cx*k3/sqrt(c + d*xx) - 3kcx*k2xsqrt(c + d*xx) + cx(c + d*x)**(3/2)
- (c + d*x)**(5/2)/5)/d**3 + 2xDka*x*x2*(c*x4/sqrt(c + d*x) + 4xc*x*3xsqrt(c +
dxx) - 2xckx2%(c + d*x)**(3/2) + 4xcx(c + d*x)**x(5/2)/5 - (c + dxx)**x(7/2)
/T)/d**3 + 4xDkxaxbkckx(cx*4/sqrt(c + d*xx) + 4dkcx*3xsqrt(c + d*xx) - 2kc*x*2x(c
+ d*x)**(3/2) + 4xcx(c + d*x)**(5/2)/5 - (c + d*x)*x(7/2)/7)/d**4 + 4*Dxax
bx (—c**5/sqrt(c + d*x) - Bkcx*kdkxsqrt(c + d*x) + 10xc*x*3x(c + d*xx)**(3/2)/3
- 2xcx¥2x(c + dkx)**(5/2) + Bkcx(c + dxx)*x*x(7/2)/7 - (c + d*x)*%(9/2)/9)/d*
x4 + 24D*bx*k2xc* (—c**x5/sqrt(c + dxx) - Bxckxd*xsqrt(c + dxx) + 10*cx*3x(c +
dxx)**%(3/2)/3 - 2xc*k*2%(c + d*x)**(5/2) + bxckx(c + d*x)**x(7/2)/7 - (c + d*x
)*%(9/2)/9) /d**5 + 2*xDxb**2* (c**6/sqrt(c + d*x) + 6*xc*k*bxsqrt(c + d*x) - b*
cxxdx (c + dxx)**(3/2) + 4Axcxx3*x(c + d*x)**(5/2) - 15*xcx*2x(c + dxx)**(7/2)/
7 + 2%xc*x(c + d*x)**(9/2)/3 - (c + d*x)**(11/2)/11)/d**5)/d, Ne(d, 0)), ((Ax
ax*k2xx + Dxb**x2*xx**6/6 + x*x*5%(Cxb**x2 + 2*Dxaxb)/5 + x**x4x(Bxb*x*x2 + 2*xCkxax*b
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+ D¥xax*2)/4 + xxx3%x(Axbx%2 + 2%Bkaxb + Ckxa*x*2)/3 + x*x2%(2%A*axb + Bkxax*2)
/2)/sqrt(c), True))

Giac [A] time = 2.29546, size = 753, normalized size = 2.32

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a) 2% (Dxx~3+C*x~2+B*x+A)/(d*x+c)~(1/2),x, algorithm="giac")

[Out] 2/3465%(3465*sqrt(d*x + c)*A*a”2 + 1155%x((d*x + c)~(3/2) - 3*sqrt(d*x + c)*
c)*Bxa~2/d + 2310*%((d*x + c)~(3/2) - 3*sqrt(d*x + c)*c)*A*xaxb/d + 231*(3*(d
*x + ¢)7(5/2) - 10*%(d*x + c)~(3/2)*%c + 1b*xsqrt(d*x + c)*c”2)*Cxa~2/d"2 + 46
2% (3% (d*xx + ¢)~(5/2) - 10*(d*x + c)~(3/2)*c + 1b*sqrt(d*x + c)*c~2)*Bxa*b/d
T2 + 231k (3% (d*x + c)”(5/2) - 10*x(d*x + c)~(3/2)*c + 1b*xsqrt(d*x + c)*c”2)*
Axb~2/d"2 + 99k (5*x(d*x + c)~(7/2) - 21x(d*x + c)~(5/2)*c + 35x(d*x + c)~(3/
2)*c”2 - 3b5*sqrt(d*x + c)*c”3)*D*xa~2/d"3 + 198*(5x(d*x + c)~(7/2) - 21*(d*x
+ ¢c)7(5/2)*c + 35x(d*x + c)7(3/2)*c”2 - 3b*sqrt(d*x + c)*c”3)*Cxa*xb/d~3 +
99% (b* (d*x + ¢)~(7/2) - 21x(d*x + c)~(5/2)*c + 35%x(d*x + c)~(3/2)*c”2 - 3b%
sqrt(d*x + c)*c~3)*Bxb~2/d"3 + 22%(35x(d*x + c)~(9/2) - 180x(d*x + c)~(7/2)
xc + 378%(d*x + c)”(5/2)*c”2 - 420*(d*x + c)~(3/2)*c”3 + 31b*sqrt(d*x + c)*
c”4)*xDxa*xb/d"4 + 11x(35*(d*x + ¢)~(9/2) - 180*(d*x + c)~(7/2)*c + 378*(d*x
+ ¢)”(5/2)*%c”2 - 420%(d*x + c)~(3/2)*c”3 + 316*xsqrt(d*x + c)*c~4)*Cxb~2/d"4
+ b*x(63*(d*x + c)~(11/2) - 385%(d*x + c)~(9/2)*c + 990*(d*x + c)~(7/2)*c"2
- 1386*(d*x + c)~(5/2)*c”3 + 1156x(d*x + c)~(3/2)*c”4 - 693*sqrt(d*x + c)*
c~5)*xD*b~2/d"5)/d
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f (u+bx)(A+Bx+Cx2+Dx3)

Ve+dx dx

3.3

Optimal. Leaf size=212

2(c + dx)*2 (ad (~Bd? - 3¢2D + 2cCd) - b (Ad® — 2Bed? + 3c2Cd - 4°D)) 2V + dx(be - ad) (Ad® — Bed? + 2Co
- 3d5 - 45

[Out] (-2*(b*c - a*xd)*(c”2*%Cxd - Bxc*d™2 + A*d~3 - c~3*D)*Sqrt[c + d*x])/d"5 - (2
* (axd* (2*%ckCkxd - B*xd™2 — 3*%c™2%D) - b*(3*%c™2xCkxd — 2*Bxcxd™2 + A*d™3 - 4*c”
3*D))*(c + d*x)~(3/2))/(3%xd"5) + (2x(axd*x(Cxd - 3*c*D) - b*(3*c*Cxd - B*xd~2

- 6*%c”2*D))*x(c + d*x)~(5/2))/(5%d"5) + (2% (b*Cxd — 4xb*c*xD + a*d*D)*(c + d

*x) " (7/2))/(7*d"5) + (2*b*D*x(c + d*x)~(9/2))/(9*d"5)

Rubi [A] time = 0.173042, antiderivative size = 212, normalized size of antiderivative
1., number of steps used = 2, number of rules used = 1, integrand size = 30, number of rules _

integrand size
0.033, Rules used = {1620}

2(c + dx)¥? (ad (—Bal2 -3¢2D + 2ch) -b (Ad3 — 2Bcd? + 3c2Cd - 4C3D)) 2+c + dx(bc - ad) (Ad3 — Bed? + ¢?Ce
- 3d5 - d5

Antiderivative was successfully verified.

[In] Int[((a + b*x)*(A + B*x + C*x"2 + D*x"3))/Sqrt[c + d*x],x]

[Out] (-2*(b*c - a*xd)*(c™2*%Cxd - B*c*d™2 + A*d~3 - c~3*D)*Sqrt[c + d*x])/d"5 - (2
*(axd*x (2%c*xCxd - Bxd™2 - 3%c”2*D) - b*x(3*%c”™2*xCxd - 2%B*c*d™2 + A*d~3 - 4xc”
3*D))*(c + d*x)~(3/2))/(3*d75) + (2*(axd*(Cxd - 3*c*D) - b*x(3*cxC*xd - B*d~2

- 6*%c”2*D))*(c + d*x)~(5/2))/(5%d"5) + (2x(b*Cxd - 4xb*c*D + a*d*D)*(c + d
*xx)7(7/2))/(7*d"5) + (2*%b*Dx(c + dx*x)~(9/2))/(9%d"5)

Rule 1620

Int[(Px_ )*((a_.) + (b_.)*x))"(@_.)*((c_.) + (d_)*(x_))"(n_.), x_Symbol]
:> Int[ExpandIntegrand[Px*(a + bxx) mx(c + d*x)°n, x], x] /; FreeQ[{a, b, c
, d, m, n}, x] &% PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) && GtQ[E
xpon [Px, x], 2]

Rubi steps
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(a + bx) (A +Bx + Cx% + Dx3) e (=bc + ad) (csz — Bed? + Ad® - C3D) (—ad (ZCCd — Bd? - 3c2D) +b (3‘
f Ve +dx x—f d*\c + dx ’
2(be - ad) (c2Cd - Bed?® + Ad® - D) Ve +dx  2(ad (2cCd - Bd? - 3¢2D)
= — d5 —

Mathematica [A] time = 0.300073, size = 184, normalized size = 0.87

2Vc +dx (3ad (d3(105A + x(35B + 3x(7C + 5Dx))) — 2cd?(35B + x(14C + 9Dx)) + 8¢?d(7C + 3Dx) — 48c3D) +b (—Za

Antiderivative was successfully verified.

[In] Integrate[((a + bxx)*(A + Bxx + C*x~2 + D*x"3))/Sqrtlc + dx*x],x]

[Out] (2*xSqrtlc + d*x]*(3*kaxd*(-48*c~3*D + 8xc~2xd*(7+xC + 3*D*x) - 2%cxd~2%(35*B
+ x*(14*%C + 9*D*x)) + d~3*(105*%A + x*(35*%B + 3*x*x(7*C + 5%D*x)))) + b*x(128%
c"4xD - 16%c”3*%d*(9*C + 4*D*x) + 24%c”2+%d" 2% (7*B + x*(3*C + 2*xD*x)) + d"4*x
*x(105%A + x*(63*%B + 5xx*(9%C + 7*D*x))) - 2%c*d”3*(105*%A + x*(42*B + x*(27%

C + 20*D*x))))))/(315%d"5)

Maple [A] time = 0.004, size = 241, normalized size = 1.1

70 Dbx*d* + 90 Cbd*x® + 90 Dad*x® — 80 Dbcd®x® + 126 Bbd*x? + 126 Cad*x? — 108 Cbcd®x% — 108 Dacd®x? + 96 Dbc?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)*(D*x~3+C*x"2+Bxx+A)/(d*x+c)~(1/2) ,x)

[Out] 2/315%(d*x+c)~(1/2)* (35*D*b*d"4*x~4+45*xCxb*d~4*x~3+45*D*a*xd~4*x~3-40*D*b*c*
d~3%x"3+63*%B*xb*d"4*x"2+63*%Cka*xd"4*xx"2-54*Cxb*xcxd~3*xx"2-54*D*xaxcxd”3xx"2+48%
D*xb*xc™2*xd"2*xx"2+105*%A*b*d~4*x+105*xBxa*xd~4*x-84*xBxb*c*d~3*x—-84*C*a*xc*d ™ 3*x+7
2%Cxbxc™2xd"2*%x+72*D*a*xc”2*%d " 2*%x-64*Dxb*c”3*d*x+315%xA*xa*d~4-210xA*b*xcxd”~3-2
10*B*a*xc*d~3+168xB*b*xc™2*d"2+168*C*axc™2*xd~2-144xC*b*xc~3*d-144*Dxa*c”3*d+12

8xDxb*c~4)/d"5
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Maxima [A] time = 2.58009, size = 267, normalized size = 1.26

9 7 5
2 (35 (dx + )2Db — 45 (4 Dbc - (Da + Cb)d)(dx + c)2 + 63 (6 Dbc? — 3 (Da + Ch)ed + (Ca + Bb)d?)(dx + c)2 — 105 (4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)*(D*x~3+C*x~2+B*x+A)/(d*x+c)”~(1/2),x, algorithm="maxima")

[Out] 2/315%(35x(d*x + c)~(9/2)*D*b - 45*%(4*xDxbxc — (D*xa + Cxb)*d)*(d*x + c)~(7/2
) + 63%(6%D*b*c”2 - 3*(D*a + Cxb)*cxd + (C*a + Bxb)*d"2)*x(d*x + c)~(5/2) -

105*% (4*xDxbxc~3 - 3*(D*a + Cxb)*c~2*d + 2*x(Cxa + Bxb)*c*d"2 - (B*a + Axb)*d~
3)*x(d*x + c)~(3/2) + 315%(D*b*c”4 + Axaxd™4 - (D*xa + Cxb)*c~3*d + (Ckxa + Bx*
b)*c”2*%d"2 - (B*a + Axb)*c*d~3)*sqrt(d*x + c))/d”5

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)* (D*x~3+Cxx~2+Bxx+A)/(d*x+c)~(1/2),x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError

Sympy [A] time = 70.9248, size = 848, normalized size = 4.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)* (Dkx**3+Ckx**2+B*xx+A) / (d*x+c)**(1/2) ,%)

[Out] Piecewise((-(2xAxaxc/sqrt(c + dxx) + 2%A*xa*x(-c/sqrt(c + d*x) - sqrt(c + d*x
)) + 2xAxbkxcx(-c/sqrt(c + d*x) - sqrt(c + d*x))/d + 2%Axb*(c**2/sqrt(c + d*

x) + 2%cxsqrt(c + d*xx) - (c + d*xx)**(3/2)/3)/d + 2*Bkaxc*(-c/sqrt(c + d*x)

- sqrt(c + d*x))/d + 2#Bkxax(c**2/sqrt(c + dxx) + 2*xc*sqrt(c + d*x) - (c + d
*xx)**%(3/2)/3)/d + 2*Bxbxc* (c**2/sqrt(c + d*x) + 2xc*sqrt(c + d*x) - (c + dx
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x)*%(3/2)/3)/d**2 + 2*Bxb*(-c**3/sqrt(c + d*x) - 3*xc**2xsqrt(c + d*x) + cx*(
c + d*x)*%(3/2) - (c + d*x)**(5/2)/5)/d**2 + 2xCxaxcx(cx*2/sqrt(c + d*xx) +

2xcxsqrt(c + d*xx) - (c + d*xx)**(3/2)/3)/d**2 + 2*Ckax(-c*x*3/sqrt(c + d*x) -
3xckx2xsqrt(c + dxx) + cx(c + d*x)**(3/2) - (c + d*xx)**x(5/2)/5)/d**2 + 2xC
xbxck (—cx*3/sqrt(c + dxx) - 3xc**2xsqrt(c + d*x) + cx(c + d*xx)**x(3/2) - (c

+ d*x)*%(5/2) /5) /d**3 + 2*%Cxb* (c**4/sqrt(c + d*x) + 4*c*x*3*xsqrt(c + d*x) -

2xckx2x (¢ + d*x)**(3/2) + 4xcx(c + d*x)*x(5/2)/5 - (c + dxx)**(7/2)/7)/d**3
+ 2«Dkaxc* (-c**3/sqrt(c + dxx) - 3*xck*2*sqrt(c + dxx) + cx(c + d*xx)**(3/2)
- (c + d*x)**(5/2)/5)/d**3 + 2xD*ax(cx*4/sqrt(c + d*x) + 4d*cx*3xsqrt(c + d
*x) — 2%c*k*2x(c + d*xx)**(3/2) + 4dxcx(c + d*x)**(5/2)/5 - (c + dxx)*x(7/2)/7
)/dx*3 + 2xDxb*cx(cx*4/sqrt(c + d*x) + 4kcx*k3xsqrt(c + d*xx) - 2kcx*k2x(c + d
*x) %% (3/2) + 4xcx(c + d*xx)*x(5/2)/5 - (c + d*xx)**x(7/2)/7)/d**4 + 2xDxb*(-cx
x5/sqrt(c + dxx) - Bxckxd*xsqrt(c + d*x) + 10*%c*x*3x(c + dxx)**(3/2)/3 - 2xc*
*2%(c + dkx)**%(5/2) + bkckx(c + d*xx)**x(7/2)/7 - (c + d*x)*x(9/2)/9)/d**4)/d,
Ne(d, 0)), ((Axaxx + Dxb*xx*x*x5/5 + x*x*4*x(Cxb + D*a)/4 + x**3x(Bxb + Cxa)/3

+ x*x2% (A*b + B*a)/2)/sqrt(c), True))

Giac [A] time = 2.0287, size = 417, normalized size = 1.97

3 3 5 3 5
105 ((dx+c) 2-3 \/dx+cc)Ba 105 ((dx+c) 2-3 \/dx+cc)Ab 21 (3 (dx+¢)2 =10 (dx+c)2 c+15 dx+cc2)Ca 21 (3 (dx+c)2-10

2315 Vdx + cAa + y + y + o +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)* (D*x~3+C*x~2+B*x+A)/(d*x+c)~(1/2),x, algorithm="giac")

[Out] 2/315%(315*sqrt(d*x + c)*A*a + 106x((d*x + c)~(3/2) - 3*sqrt(d*x + c)*c)*Bx
a/d + 105%((d*x + c)~(3/2) - 3xsqrt(d*x + c)*c)*Axb/d + 21*(3*(d*x + c)~(5/
2) - 10x(d*x + c)7(3/2)*c + 15*xsqrt(d*x + c)*c™2)*C*xa/d"2 + 21*(3*x(d*x + c)
~(5/2) - 10x(d*x + c)~(3/2)*c + 16*xsqrt(d*x + c)*c~2)*Bxb/d"2 + 9*(5*x(dxx +
c)~(7/2) - 21x(d*x + c)~(5/2)*c + 35x(d*x + c)~(3/2)*c”2 - 3b*sqrt(d*x + c
)*c~3)*D*a/d~3 + 9*x(b*x(d*x + ¢)~(7/2) - 21x(d*x + c)~(5/2)*c + 35x(d*x + c)
~(3/2)*c”2 - 3b*sqrt(d*x + c)*c”3)*Cxb/d~3 + (35*(d*x + c)~(9/2) - 180*(d*x
+ ¢c)7(7/2)*c + 378%(d*x + c)~(5/2)*c”2 - 420*%(d*x + c)~(3/2)*c”3 + 31b*sqr
t(d*x + c)*c”4)*Dxb/d"4)/d
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A+Bx+Cx2+Dx3
34 dx
Ve+dx

Optimal. Leaf size=115

2Vc + dx (Ad® - Bed? + 2Cd + 3(-D))  2(c +dx)*? (-Bd? - 3¢2D +2cCd)  2(c + dx)¥2(Cd - 3¢D)  2D(c + da
a7 B 34 " 544 T s

[Out] (2%(c™2*C*d - B*c*d™2 + A*d~3 - c”3#D)*Sqrt[c + d*x])/d~4 - (2x(2xcxCxd - B
*d"2 - 3*xc”2xD)x(c + d*x)~(3/2))/(3*%d"4) + (2%x(C*xd - 3*cxD)*(c + dxx)~(5/2)
)/ (6%d~4) + (2xD*(c + d*x)~(7/2))/(7*d"4)

Rubi [A] time = 0.0723718, antiderivative size = 115, normalized size of antiderivative =
1., number of steps used = 2, number of rules used = 1, integrand size = 25, number of rules_

0.04, Rules used = {1850}

2Vc + dx (Ad3 — Bed? + ¢?Cd + c3(—D)) 2(c + dx)3? (—Bd2 —-3c¢?D + 2ch) 2(c + dx)*2(Cd — 3cD)  2D(c + da
iz ) 348 " 504 T s

integrand size

Antiderivative was successfully verified.

[In] Int[(A + B*x + Cxx~2 + D*x73)/Sqrtlc + dx*x],x]

[Out] (2x(c™2xCxd - B*cxd™2 + A*d™3 - c~3*D)*Sqrtlc + d*x])/d"4 - (2%(2*c*Cxd - B
*d"2 - 3*%c”2xD)*(c + d*x)~(3/2))/(3*%d"4) + (2*%(Cxd - 3*c*D)*(c + d*x)~(5/2)
)/ (B5xd~4) + (2*Dx(c + d*xx)~(7/2))/(7*d~4)

Rule 1850

Int[(Pg )*((a_) + (b_.)*(x_)"(n_.))"(p_.), x_Symbol] :> Int[ExpandIntegrand
[Pgx(a + b*x"n)7p, x], x] /; FreeQ[{a, b, n}, x] && PolyQ[Pq, x] && (IGtQ[p
, 01 |l EqQ[n, 11)

Rubi steps

f A+Bx+Cx+ DX f Cd - Be® + A - D | (-2¢Cd + Bd? + 3¢2D) Ve + dx , (Cd=3cD)(c + dy
X =
Ve + dx A3V + dx & 3
2 (csz — Bed? + Ad® - c3D) Ve+dx 2 (ZCCd — Bd? - 302D) (c+dx)*?  2(Cd -3¢
— +

ds 3d4
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Mathematica [A] time = 0.0903596, size = 82, normalized size = 0.71

2ve + dx (d3(105A + x(35B + 3x(7C + 5Dx))) - 2¢d*(35B + x(14C + 9Dx)) + 8c2d(7C + 3Dx) - 48¢°D)
10544

Antiderivative was successfully verified.

[In] Integrate[(A + B*x + Cxx~2 + Dxx”~3)/Sqrtlc + d*x],x]

[Out] (2*%Sqrtlc + d*x]*(-48*c™3*D + 8xc~2xd*(7+C + 3*D*x) - 2%cxd~2*x(35*%B + x*(14
*C + 9#D*x)) + d"3*x(105%A + x*(35+%B + 3*x*x(7*C + 5*D*x)))))/(105%d"4)

Maple [A] time = 0.003, size = 91, normalized size = 0.8

30 Dx3d® + 42 Cd®x? — 36 Dcd?x?* + 70 Bd®x — 56 Ced®x + 48 Dc?dx + 210 Ad® — 140 Bed? + 112 Cc?d — 96 Dc3 N
X+
10544

Verification of antiderivative is not currently implemented for this CAS.

[In] int((D*x~3+Cxx~2+B*x+A)/(d*x+c)~(1/2),x)

[Out] 2/105%(d*x+c)~(1/2)*(15%D*d"3%x"3+21*Cxd~3*x"2-18*D*c*xd " 2*xx"2+35%B*xd~3*x-28
*Ckcxd ™ 2*xx+24%D*xc”2%d*x+105%A*d~3-70%Bxcxd~2+56*C*xc~2%d-48*D*xc~3) /d~4

Maxima [A] time = 1.27153, size = 173, normalized size = 1.5

3 5 3 7 5 3
35 ((dx+c) 2-3 \/dx+cc)B 7 (3 (dx+c)2 =10 (dx+c)2c+15 dx+cc2)C 3 (5 (dx+c)2 =21 (dx+c) 2 c+35 (dx+c) 2 35 dx+cc3)l:
2[105 Vdx + cA + y + o + yo

1054

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+B*x+A)/(d*x+c)~(1/2),x, algorithm="maxima")

[Out] 2/105%(105*sqrt(d*x + c)*A + 35x((d*x + c)~(3/2) - 3*sqrt(d*x + c)*c)*B/d +
7x(3x(d*xx + ¢c)~(5/2) - 10*x(d*x + c)~(3/2)*c + 1b*sqrt(d*x + c)*c~2)*C/d"2
+ 3x(5x(d*x + ¢c)~(7/2) - 21x(d*x + c)~(5/2)*c + 35x(d*x + c)~(3/2)*c"2 - 35

*sqrt (d*x + c)*c~3)*D/d~3)/d
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Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((D*xx~3+C*x~2+B*x+A)/(d*x+c)~(1/2),x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError

Sympy [A] time = 14.0802, size = 354, normalized size = 3.08

3 3 5
2 7 2 3 3 3 7
c (c+dx) 2 c (c+dx) 2 c 2 (c+dx) 2

2B +2cVe+dx— 2C¢| +2cVe+dx— 2C| - -3¢ Ve+dx+c(c+dx) 2 —
oA ZBc(—\/CT—\/chdx) [ c+dx 3 Ve+dx 3 Ve+dx 5
¢ c c+dx
+2A(— —Vc+dx)+ + + +
__ Netdx c+dx d d d2 a2

Ax+£+C_X3+D_X4
2 3 4

\/E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Dxx**3+Cxx**2+B*x+A)/(d*x+c)**(1/2),x)

[Out] Piecewise((-(2%A*c/sqrt(c + d*x) + 2*%Ax(-c/sqrt(c + d*x) - sqrt(c + d*x)) +
2xBxckx (-c/sqrt(c + d*x) - sqrt(c + d*x))/d + 2*Bx(c**2/sqrt(c + d*x) + 2%*c
xsqrt(c + d*x) - (c + d*x)*%(3/2)/3)/d + 2xCxcx(cx*2/sqrt(c + d*x) + 2*c*sq

rt(c + dxx) - (c + d*x)**(3/2)/3)/d**2 + 2xCx(-c**3/sqrt(c + d*x) — 3xc*x*2x
sqrt(c + dxx) + c*x(c + d*x)**(3/2) - (c + dxx)**(5/2)/5)/d**2 + 2*D*c*(-ck*
3/sqrt(c + d*x) - 3*cx*k2xsqrt(c + d*x) + c*(c + d*x)**(3/2) - (c + d*x)**(5
/2)/5)/d**3 + 2*D*x (cx*4/sqrt(c + d*x) + 4dkxcx*3xsqrt(c + d*xx) - 2kcx*x2x(c +
dxx)**(3/2) + 4xcx(c + d*x)**x(5/2)/5 - (c + d*xx)*x(7/2)/7)/d**x3)/d, Ne(d, O

)), ((A*x + B*x**2/2 + C*x**3/3 + Dxx*x4/4)/sqrt(c), True))

Giac [A] time = 1.56262, size = 173, normalized size = 1.5

3 5 3 7 5 3
35 ((dx+c) 2-3 \/dx+cc)B 7 (3 (dx+¢)2 =10 (dx+c)2 c+15 dx+cc2)C 3 (5 (dx+¢)2 =21 (dx+¢) 2 c+35 (dx+c) 2 ¢2—35 Vdx+cc>
21105 Vdx + cA + y + o + yE

105d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Dxx~3+C*x~2+B*x+A)/(d*x+c)~(1/2),x, algorithm="giac")

[Out] 2/105%(105*%sqrt(d*x + c)*A + 35x((d*x + c)~(3/2) - 3*sqrt(d*x + c)*c)*B/d +
Tx(3*%(d*xx + c)~(5/2) - 10%(d*x + c)~(3/2)*c + 1b*xsqrt(d*x + c)*xc~2)*C/d"2
+ 3% (bx(d*x + ¢)~(7/2) - 21x(d*x + c)~(5/2)*c + 35x(d*x + c)~(3/2)*c™2 - 3b

xsqrt (dxx + c)*c~3)*D/d"3)/d
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A+Bx+Cx2+Dx3
35 |

(a+bx)Vc+dx

Optimal. Leaf size=188

-1 ( VbVe+d
2(Ab° - a(a*D - abC + °B)) tanh ( &x) 2\e + dx (242D — abd(Cd — cD) + b2 (- (~Bd? + (D) + cCd
) v\Joc — ad ’ EE

[Out] (2x(a”2%d"2%D - axb*d*x(Cxd - c*D) - b~ 2*(c*Cxd - B+*d"2 - c~2xD))*Sqrt[c + d
*x])/(b"3*%d"3) + (2x(b*Cxd - 2*b*c*D - a*d*D)*(c + d*xx)~(3/2))/(3%b~2%d"3)

+ (24D (c + d*x)~(5/2))/(5%b*d"3) - (2x(A*b~3 - ax(b"2%B - a*xb*C + a~2*D))*
ArcTanh[(Sqrt [b]*Sqrt[c + d*x])/Sqrtlbxc - axd]])/(b~(7/2)*Sqrt[b*c - a*d])

Rubi [A] time = 0.205511, antiderivative size = 188, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 32, e -

integrand size
0.094, Rules used = {1620, 63, 208}

-1 (VbVe+d
2(Ab® - a (a?D - abC + b?B)) tanh (ﬁ) 2\c + dx (242D — abd(Cd - D) + b2 (- (~Bd? + A(~D) + cCd
) b72\be — ad * =

Antiderivative was successfully verified.

[In] Int[(A + Bxx + C*x"2 + D*x73)/((a + bxx)*Sqrtl[c + d*x]),x]

[Out] (2x(a”2%d”"2%D - a*b*d*x(Cxd - c*D) - b~2*(c*Cxd - Bxd"2 - c~2xD))*Sqrt[c + d
*x])/(b"3*%d73) + (2x(b*Cxd — 2*b*c*D - a*d*D)*(c + d*x)~(3/2))/(3*%b~2%d"3)

+ (24Dx(c + d*x)~(5/2))/(5¥b*d"3) - (2*x(A*b~3 - a*x(b"2*B - a*b*xC + a~2*D))x*
ArcTanh[(Sqrt [b]*Sqrt[c + d*x])/Sqrtlbxc - axd]])/(b~(7/2)*Sqrt[b*c - axd])

Rule 1620

Int[(Px )*x((a_.) + (b_)*(x )" (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol]
:> Int[ExpandIntegrand[Px*(a + bxx) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c
, d, m, n}, x] && PolyQ[Px, x] &% (IntegersQ[m, n] || IGtQ[m, -2]) && GtQ[E
xpon[Px, x], 2]

Rule 63

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
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(d*x"p)/b)"n, x], x, (a + bxx)"(1/p)]1, x]]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQl{a, b}, x] && NegQla/Db]

Rubi steps

A+Br+CR+De f(adeD — abd(Cd — cD) - b? (cCd - Bd? - D)~ Ab® - a (b?B - abC + a?D)  (bCd
X = +

+
f (a + bx)Vc + dx b3d?+c + dx b3(a + bx)Vc + dx
2 (a2d2D - abd(Cd — cD) — b? (cCd - Bd? - D)) Ve +dx  2(bCd — 2beD - adD)(c + a
= +
b3d3 3b2d3

2 (aZdZD —abd(Cd — cD) - b? (ch — Bd? - CZD)) Ve+dx  2(bCd - 2beD - adD)(c + a
- SFE " 3b2d3

2 (aZdZD —abd(Cd — cD) - b? (ch — Bd? - CZD)) Ve+dx  2(bCd - 2beD - adD)(c + a
- SFE " 3b2d3

Mathematica [A] time = 0.25427, size = 185, normalized size = 0.98

-1 ( Vbve+d
2(Ab° - a(aD - abC + 1?B)) tanh ( \/&x) 2\e + dx (42D + abd(cD — Cd) + b? (B2 + 2D - cCd))  2(c
B b72\be — ad ’ P T

Antiderivative was successfully verified.

[In] Integrate[(A + B*x + Cxx~2 + D*x”3)/((a + bxx)*Sqrt[c + d*x]),x]

[Out] (2x(a"2xd"2#D + axbxd*(-(C*d) + c*D) + b 2*x(-(c*Cxd) + Bxd~2 + c~2*D))*Sqrt
[c + d*xx])/(b73%d"3) + (2% (b*C*d - 2xb*xc*D - a*xd*D)*(c + d*x)~(3/2))/(3%b"2

x*d~3) + (2xD*x(c + d*x)~(5/2))/(5*b*d~3) - (2*%(A*b~3 - a*x(b"2%B - axb*C + a~

2*D) ) *ArcTanh [(Sqrt [b] *Sqrt [c + d*x])/Sqrtlb*c - a*xd]])/(b~(7/2)*Sqrt[b*c -

axd])
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Maple [B] time = 0.011, size = 338, normalized size = 1.8

EELM +)§+£ELM +)§—Egigi+)§_éézw +)§+2BLﬁ+c_zca”h+c_2d”dx+c+
R T T TSR bd Pd b2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((D*x~3+Cxx~2+B*x+A)/(b*xx+a)/(d*x+c)~(1/2),x)

[Out] 2/5*D*(d*x+c)~(5/2)/b/d"3+2/3/d"2/b*Cx (d*x+c)~(3/2)-2/3/d"2/b"24D* (d*x+c) ~(
3/2)*a-4/3/d"3/bxD* (d*x+c) ~(3/2) *c+2/d/b*Bx (d*xx+c) ~(1/2)-2/d/b"2*C*xax* (d*x+c

)" (1/2)-2/d"2/b*Cxcx (d*x+c) ~(1/2)+2/d/b~3*xa~2xD* (dxx+c) ~(1/2)+2/d"2/b" 2*D*a

*ck (d*x+c) " (1/2)+2/d"3/b*xD*xc™2* (d*x+c) " (1/2)+2/ ((a*xd-b*c)*b) ~(1/2) *arctan(b
*(d*x+c) " (1/2) / ((axd-b*c)*b) ~(1/2) ) *A-2/b/ ((a*xd-b*c)*b) ~(1/2) *arctan (b* (d*x
+c)~(1/2)/ ((a*d-b*xc)*b) ~(1/2))*Bxa+2/b"2/ ((a*d-b*c)*b) ~(1/2) *arctan (b* (d*x+
c)~(1/2)/((axd-b*c) *b) ~(1/2)) *C*a~2-2/b"3/ ((a*d-b*c) *b) ~ (1/2) *arctan (b* (d*x
+c)7(1/2)/ ((axd-b*c)*b) ~(1/2))*D*a~3

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Dxx~3+C*x~2+B*x+A)/(bxx+a)/(d*x+c)~(1/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*xx~3+C*x~2+B*x+A)/(b*x+a)/(d*x+c)~(1/2),x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError
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Sympy [A] time = 50.2713, size = 192, normalized size = 1.02

5 3 2 (—~AL® + Bab? — Ca®b + Da®) atan | ————
2D (c +dx)2  2(c+ dx)2 (—Cbd + Dad + 2Dbc) N ( ) [‘/adfbc‘/”d" . 2Vc +dx (Bl

5bd3 36283 L [0
b i—be (ﬂd - bC)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Dxx**3+Cxx**x2+B*xx+A)/(b*x+a)/(d*x+c)**(1/2) ,%)

[Out] 2#D*(c + d*xx)*x(5/2)/(5*b*d**3) - 2*(c + d*x)*x(3/2)*(-Cxb*d + D*axd + 2*Dx
bxc) / (3*¥b**2xd**3) + 2% (—A*b**3 + Bkaxb**2 - Cxa**2xb + Dxa*xx3)*atan(l/(sqr
t(b/(axd - b*c))*sqrt(c + d*x)))/(bx*3*sqrt(b/(a*d - b*c))*(a*xd - bxc)) + 2
xsqrt (c + d*x)* (Bxb*x*2%d**2 - Ckaxb*d**2 - Ckbx*2xc*d + Dkax*2xd**2 + D*axb

xckxd + Dxbx*k2xc*x*2)/ (b**x3%d**3)

Giac [A] time = 2.52301, size = 335, normalized size = 1.78

5 3
2(Da? - Ca?b + Bab? - Ab?) arctan (S} 2(3(dx + )2DbA ~ 10 (dx + )2 Db*cd!? + 15 Vil + cDb'cd"
—b%c+a

- +

V=b?%c + abdb3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Dxx~3+C*x~2+B*x+A)/(b*x+a)/(d*x+c)~(1/2),x, algorithm="giac")

[Out] -2x(D*a”3 - C*a~2*b + B*a*b~2 - Axb~3)*arctan(sqrt(d*x + c)*b/sqrt(-b~2*xc +
a*b*d))/(sqrt(-b~2*c + a*b*xd)*b~3) + 2/15%(3*(d*x + c)~(5/2)*D*xb~4xd~12 -
10x(d*x + c)~(3/2)*D*b"4*c*d~12 + 15*xsqrt(d*x + c)*D*b~4*c™2+%d"12 - B*(d*x

+ ¢)7(3/2)*#D*axb~3*d"13 + 5x(d*x + c)~(3/2)*C*b~4*d~13 + 1b*sqrt(d*x + c)*D
*xa*xb~3*c*d"13 - 1b5*sqrt(d*x + c)*Cxb~4*cxd~13 + 15*xsqrt(d*x + c)*Dxa”~2xb~2x

d~14 - 15*sqrt(d*x + c)*Cxaxb~3*d"14 + 15*sqrt(d*x + c)*Bxb~4xd~14)/(b~5*d~

15)
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3.6

A+Bx+Cx%2+Dx>
f dx
(a+bx)2Vc+dx

Optimal. Leaf size=201

a(a?D—-abC+V?B
Ve +dx (A - %) tanh ™" (%V”d’“) (3a2b(2cD + Cd) - 5a°dD — ab?(Bd + 4cC) + b*(2Bc - Ad))

_ _ Vbc—-ad

(a + bx)(bc — ad) b712(bc - ad)3/2

[Out] (2% (b*Cxd - b*c*D - 2xa*xd*D)*Sqrt[c + d*x])/(b"3*d"2) - ((A - (ax(b™2#B - a
*xb*C + a”2xD))/b~3)*Sqrt[c + d*x])/((b*c - a*d)*(a + b*x)) + (2*xDx(c + dxx)
~(3/2))/(3*b72%d"2) - ((b~3*(2*B*c - A*d) - a*b”2%(4*cxC + B*d) - 5¥a~3*d*D

+ 3*%a”2*%b* (Cxd + 2xcxD))x*ArcTanh[(Sqrt[b]l*Sqrt[c + d*x])/Sqrt[b*xc - axd]l])

/ (b~ (7/2)*(bxc - a*xd)~(3/2))

Rubi [A] time = 0.518193, antiderivative size = 201, normalized size of antiderivative =

. . b f rul
1., number of steps used = 5, number of rules used = 4, integrand size = 32, i L

0.125, Rules used = {1621, 897, 1153, 208}

integrand size

a(a?D—-abC+b2B
Ve +dx (A - %) tanh™ (%V”dx) (34%b(2cD + Cd) - 5a%dD — ab?(Bd + 4cC) + B*(2Bc — Ad))

_ _ Vbc—ad

(a + bx)(bc — ad) b712(bc — ad)3/?

Antiderivative was successfully verified.

[In] Int[(A + B*x + Cxx~2 + D*x73)/((a + b*x)~2*xSqrtlc + d*x]),x]

[Out] (2% (b*C*d - b*c*D - 2xa*xd*D)*Sqrtlc + d*x])/(b~3*d"2) - ((A - (ax(b™2#B - a
*b*C + a”2xD))/b~3)*Sqrtc + d*x])/((b*xc - a*d)*(a + b*x)) + (2*xDx(c + dxx)
~(3/2))/(3*b~2%d"2) - ((b~3*(2*Bxc - A*d) - a*b~2x(4*xcxC + B*d) - 5*a~3xd*D

+ 3%a”2xb* (C*d + 2%cx*D))*ArcTanh[(Sqrt[b]l*Sqrtlc + d*x])/Sqrt[bxc - axd]])

/ (0~ (7/2)*(bxc - a*xd)~(3/2))

Rule 1621

Int[(Px_)*((a_.) + (b_.)*x(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol]

> With[{Qx = PolynomialQuotient[Px, a + b*x, x], R = PolynomialRemainder [Px
, a + bxx, x]}, Simp[(R*(a + b*x)"(m + D*(c + d*xx)"(n + 1))/((m + 1)*(b*c

- axd)), x] + Dist[1/((m + 1)*(b*c - axd)), Int[(a + b*x)"(m + 1)*(c + d*x)
“n*ExpandToSum[(m + 1)*(b*c - a*d)*Qx - d*R*(m + n + 2), x], x], x]] /; Fre
eQl{a, b, c, d, n}, x] && PolyQ[Px, x] &% ILtQ[m, -1] && GtQ[Expon[Px, x],

\

v
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2]

Rule 897

Int[((d_.) + (e_)*xx_D))"m_)*((f_.) + (g_)*xx_))"(m_)*((a_.) + (b_.)*(x_)

+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> With[{q = Denominator[m]}, Dist[q/e, S
ubst [Int [x"(q*(m + 1) - 1)*((exf - d*xg)/e + (g*x~q)/e) " n*((c*d™2 - bxdxe +
axe”2)/e”2 - ((2xc*d - b*xe)*x~q)/e”2 + (c*x~(2xq))/e"2)7p, x], x, (d + exx)
~(1/9)]1, x1]1 /; FreeQ[{a, b, c, d, e, £, g}, x] & NeQ[exf - dxg, 0] && NeQ
[b"2 - 4*axc, 0] &% NeQ[c*d™2 - bxd*e + a*e”2, 0] && IntegersQ[n, p] &% Fra
ctionQ [m]

Rule 1153

Int[((d_) + (e_.)*(x_)72)7(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_.),
x_Symbol] :> Int[ExpandIntegrand[(d + e*x72)7g*(a + b*x"2 + c*x74)7p, x],
x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4x*axc, 0] && NeQ[c*d~2 - bxdxe
+ axe”2, 0] && IGtQlp, 0] && IGtQlq, -2]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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3 2 315442

25 2 _ b>(2Bc-Ad)-ab“(2cC+Bd)-a°dD+a b(Cd+2cD)_(hc—ad)(hC—aD)x_( _@)

) . (A _a(®B ab3C+a D)) v 3 2 -
f A+ Bx +Cx%*+ Dx e b N (a+bx)Verdx
(a + bx)2Vc + dx (bc — ad)(a + bx) —bc + ad

2(,3 2
ad\ - cd(be-ad)(bC—aD) (b3 (@Bc-Ad)-ab?(2cC+Bd)-
—cz(c—?)D+ 2 - 3

2
(A_w)m 2Subst | ! -

(bc — ad)(a + bx) |

f (bc—ad)(bCd—bcD-2adD)  (bc—ad)Dx2  —2b°Bc

( A- w) Jor g 2Subst d 12d
- (bc — ad)(a + bx) - d(bec -

a(sz—ubC+u2D) b3 (21.

_ 2(bCd - beD - 2adD)Ve + dx ( 2 ) Ve+dx , 2D(c +dx” (

- P32 (bc — ad)(a + bx) 3p242
a(sz—abC+a2D)

AT 3
_ 2(bCd — beD - 2adD)Ve + dx ( P CHAX e+ dne (PR

PE (bc — ad)(a + bx) T T

Mathematica [A] time = 0.476918, size = 244, normalized size = 1.21

2n _ 2p\ _ 413\ d(AV® - a(a?D - abC + b2B)) tanh™" Voveids 2 (342D - 2abC + V?*B) t
c+dxlala D —abC + b°B) — Ab N
b3(a + bx)(be — ad) " 72(be — ad)?2 B N

Antiderivative was successfully verified.

[In] Integrate[(A + B*x + Cxx~2 + Dxx7"3)/((a + b*x)"2%Sqrt[c + d*x]),x]

[Out] (2% (b*Cxd - b*c*D - 2%a*xd*D)*Sqrtlc + d*x])/(b~3*d"2) + ((-(Axb~3) + ax(b~2
*B - axb*C + a”2+D))*Sqrt[c + d*x])/(b"3*%(b*c - axd)*(a + bxx)) + (2+«D*(c +
d*x)~(3/2))/(3*¥b~2xd"2) - (2x(b"2*B - 2%a*xb*C + 3*a~2+D)*ArcTanh[(Sqrt [b]*
Sqrt[c + d*x])/Sqrtlbxc - axd]])/(b~(7/2)*Sqrt[b*c - a*xd]) + (d*x(Axb~3 - ax
(b~2*%B - axb*xC + a~2*D))*ArcTanh[(Sqrt[b]*Sqrt[c + dxx])/Sqrtlb*xc - axd]])/

(b~ (7/2)*(bxc - a*d)~(3/2))
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Maple [B] time = 0.019, size = 566, normalized size = 2.8

3
2D (dx+c)§+2C\/dx+c_4Da\/dx+c_ cD\/dx+c+ Ad W— Bda N
3b242 b2d b3d b2d2 (ad — be) (bdx + ad) (ad — bc) b (bdx + ad)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((D*x~3+Cxx~2+Bxx+A)/(b*x+a) "2/ (d*xx+c)~(1/2),x)

[Out] 2/3*Dx(d*x+c)~(3/2)/b"2/d"2+2/d/b~2%C* (d*x+c) ~(1/2)-4/d/b~3*Dxax* (d*x+c) ~(1/
2)-2/d"2/b"2*D*xc*x (d*x+c) ~(1/2)+d/ (a*d-b*c) * (d*x+c) ~(1/2) / (b*xd*x+ax*d) *A-d/b/
(a*xd-b*c) *(d*x+c) ~(1/2) / (bxd*x+a*d) *B*xa+d/b~2/ (a*d-b*c) * (d*x+c) ~(1/2) / (b*d*
x+a*xd) *Cxa~2-d/b~3/ (a*d-b*c) * (d*x+c) " (1/2) / (b*xd*x+a*d) *a~3*D+d/ (axd-b*c) / ((
a*xd-b*c)*b) " (1/2) *arctan (b* (d*x+c) ~(1/2) / ((a*xd-b*c)*b) ~(1/2) ) *A+d/b/ (a*d-b*
c)/ ((axd-b*xc)*b) " (1/2) *arctan (b*(d*x+c) ~(1/2) / ((a*d-b*c)*b) ~(1/2) ) *B*xa-2/(a
*d-bx*c) / ((a*d-b*xc)*b) ~(1/2)*arctan (b* (d*x+c) ~(1/2)/ ((a*d-b*c)*b) ~(1/2) ) *Bxc
-3*d/b~2/ (axd-b*xc) / ((axd-b*c)*b) ~(1/2) *arctan (b*x (d*x+c) " (1/2) / ((a*d-b*c) *b)
~(1/2))*Cxa~2+4/b/ (a*xd-bxc)/((a*xd-b*xc)*b) ~(1/2) *arctan (b*x (d*x+c) ~(1/2)/ ((ax
d-b*c)*b) " (1/2) ) *Cxaxc+5+%d/b~3/ (a*d-b*c) / ((a*xd-b*c)*b) ~(1/2) *arctan (b* (d*xx+
c)~(1/2)/((axd-b*c)*b) ~(1/2))*a~3*D-6/b"2/ (a*d-b*c) / ((a*d-b*xc) *b) ~(1/2) *arc
tan (bx (d*xx+c) ~(1/2)/((a*d-b*c)*b) ~(1/2) ) *D*a~2%*c

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Dxx~3+C*x~2+B*x+A)/(b*x+a) 2/ (d*x+c)~(1/2),x, algorithm="maxima"
)

[Out] Exception raised: ValueError

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((D*x"3+C*x~2+B*x+A)/(b*x+a) "2/ (d*x+c)~(1/2),x, algorithm="fricas"
)

[Out] Exception raised: UnboundLocalError

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Dxx**3+Cxx**2+Bkx+A)/(b*x+a)**2/ (d*x+c)**(1/2),x)

[Out] Timed out

Giac [A] time = 2.27904, size = 366, normalized size = 1.82

Vdx+cb
2 2 3 3 2 2 3
(6Da bc — 4 Cab“c + 2 Bb°c — 5 Da”d + 3 Ca*bd — Bab“d — Ab d)arctan(m) . [dx + cDa’d — Nix + cCa2b

(bc - ab®d)V-b2c + abd (b%c - ab3d)((

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+Bxx+A)/(b*x+a) 2/ (d*x+c)”~(1/2),x, algorithm="giac")

[Out] (6*Dxa”2%b*c - 4*Ckxa*xb~2xc + 2*B*b~3xc - 5*D*a~3%d + 3*%Cxa~2%b*d - Bxaxb™2x
d - A*b~3x*d)*arctan(sqrt(d*x + c)*b/sqrt(-b~2*c + ax*bxd))/((b~4*c - axb~3*d
)*sqrt(-b~2%c + axbxd)) + (sqrt(d*x + c)*D*a”3xd - sqrt(d*x + c)*Cxa~2xb*d

+ sqrt(d*x + c)*B*xa*xb”2*d - sqrt(d*x + c)*A*xb~3xd)/((b~4*c - ax*b~3*d)*((d*x

+ c)*b - bxc + axd)) + 2/3*%((d*x + c)~(3/2)*D*b"4*d"4 - 3*xsqrt(d*x + c)*Dx
b~4*cxd~4 - 6*sqrt(d*x + c)*D*axb~3*d"5 + 3*sqrt(d*x + c)*C*b~4%d~5)/(b~6x*d

~6)
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A+Bx+Cx%+Dx3
37 dx
(a+bx)3Vc+dx

Optimal. Leaf size=279

tanh™ (X (302d(126D + C) ~ 150%PD - al? (~Bd? + 24D + 8cCd) + b (34° - 4Bed +8°C)) 7
C—a

4b72(bc — ad)>?

[Out] (2#DxSqrtlc + d*x])/(b"3*d) - ((A*b~3 - a*x(b"2*B - a*b*C + a~2*D))*Sqrt[c +
d*x])/(2xb~3*%(bxc - axd)*(a + bxx)~2) - ((b73%(4*Bxc - 3*Axd) - axb~2*(8*c

*C + Bxd) - 9xa”3*xdxD + a~2xb*(5xCkd + 12%c*D))*Sqrtlc + d*x])/(4*xb~3*(b*c

- axd)"2*x(a + b*x)) - ((b7™3*(8*c™2*C - 4*Bxckd + 3*xA*xd~2) - 15%a”~3xd~2*D +
3%a~2xb*d* (Cxd + 12%c*D) - a*xb~2x(8*cxCxd - B*d~2 + 24xc~2+D))*ArcTanh[(Sqr
t[b]l*Sqrt[c + d*x])/Sqrt[b*xc - axd]])/(4xb~(7/2)*(b*xc - a*d)~(5/2))

Rubi [A] time = 0.740956, antiderivative size = 279, normalized size of antiderivative =

. . b f rul
1., number of steps used = 5, number of rules used = 5, integrand size = 32, T

integrand size
0.156, Rules used = {1621, 897, 1157, 388, 208}

tanh ™ (—\/E crix

— ) (3a2bd(12cD + Cd) - 15a°d2D — ab? (~Bd? + 24¢2D + 8cCd) + b* (3Ad? — 4Bed + 8¢2C))  z 3 4
C—a

4572 (bc — ad)5/2 -

Antiderivative was successfully verified.

[In] Int[(A + B*x + Cxx"2 + D*x73)/((a + b*x) 3*Sqrt[c + d*x]),x]

[Out] (2xDxSqrtlc + d*x])/(b"3*d) - ((A*b~3 - ax(b~2*B - a*bxC + a~2*D))*Sqrt[c +
d*x])/(2xb~3*(bxc - a*xd)*(a + b*x)~2) - ((b™3*(4*Bxc - 3*A*d) - axb~2x(8*c

*C + B*d) - 9%a”3xdxD + a”"2xbx(5xCxd + 12%c*D))*Sqrtlc + d*x])/(4*b~3* (b*c

- axd)"2x(a + b*x)) - ((b"3*(8*c”™2+C - 4*Bkc*d + 3*%A*d~2) - 15%a~3xd"2*D +
3xa”2xbxd* (Ckd + 12%c*D) - axb~2*(8*%cxC*xd - B*d™2 + 24*xc~2*D))*ArcTanh[(Sqr
t[b]*Sqrtc + d*x])/Sqrtlb*xc - a*xd]])/(4xb~(7/2)*(bxc - axd)~(5/2))

Rule 1621

Int [(Px_)*((a_.) + (b_.)*(x_)) " (m_)*x((c_.) + (d_.)*(x_))"(n_.), x_Symbol]
> With[{Qx = PolynomialQuotient[Px, a + b*x, x], R = PolynomialRemainder [Px
, a + b*xx, x]}, Simp[(R*x(a + b*x)"(m + D*(c + d*xx)"(n + 1))/((m + 1)*(b*c
- axd)), x] + Dist[1/((m + 1)*x(b*c - axd)), Int[(a + b*x)"(m + 1)*(c + d*x)
“n*ExpandToSum[(m + 1)*(b*c - a*d)*Qx - d*R*(m + n + 2), x], x], x]] /; Fre
eQl{a, b, ¢, d, n}, x] && PolyQ[Px, x] &% ILtQ[m, -1] && GtQ[Expon[Px, x],
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2]

Rule 897

Int[((d_.) + (e_)*x_))"m_)*((f_.) + (g_)*x(x_))"(m_)*((a_.) + (b_.)*(x_)

+ (c_.)*x(x_)"2)"(p_.), x_Symbol] :> With[{q = Denominator[m]}, Dist[q/e, S
ubst [Int[x"(q*(m + 1) - 1)*((exf - d*g)/e + (g*x~q)/e) " n*((c*d™2 - bxdxe +
axe”2)/e”2 - ((2xc*d - b*xe)*x~q)/e”2 + (c*x~(2xq))/e"2)7p, x], x, (d + exx)
~(1/9)1, x1]1 /; FreeQ[{a, b, c, d, e, £, g}, x] & NeQ[exf - dxg, 0] && NeQ
[b"2 - 4*axc, 0] &% NeQ[c*d™2 - bxd*e + a*e”2, 0] && IntegersQ[n, p] && Fra
ctionQ[m]

Rule 1157

Int[((d_) + (e_.)*(x_)72)7 (g )*((a_) + (b_)*(x_)"2 + (c_.)*x(x_)"4 " (p_.),

x_Symbol] :> With[{Qx = PolynomialQuotient[(a + b*x72 + c*xx"4)7p, d + e*x"2
, x], R = Coeff[PolynomialRemainder[(a + b*x~2 + c*x74)7p, d + e*x”2, x], x
, 0]}, -Simp[(R*xx*(d + e*xx72)7(q + 1))/(2%d*(q + 1)), x] + Dist[1/(2xd*(q +
1)), Int[(d + exx"2)"(q + 1)*ExpandToSum[2*d*(q + 1)*Qx + R*x(2xq + 3), x],
x], x11 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*a*c, 0] && NeQ[c*d"2 -
bxd*e + axe”2, 0] && IGtQ[p, 0] && LtQlq, -1]

Rule 388

Int[((a_) + (b_)*x(x_)"(n_)) " (p_)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Si
mp[(d*x*(a + b*x"n) " (p + 1))/ (b*x(n*x(p + 1) + 1)), x] - Dist[(a*d - bxc*(n*(
p+ 1)+ 1))/ (ox(nx(p + 1) + 1)), Int[(a + bxx"n)"p, x], x] /; FreeQ[{a, b,
c, d, n}, x] && NeQ[b*c - axd, 0] && NeQ[n*x(p + 1) + 1, 0]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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13 (4Bc-3 Ad)—ab?(4cC+Bd)-a3dD+a2b(Cd+4cD)  2(bc—ad)(bC—aD

_ 23 b2
[ A+Bx+C2+De (AP -a(PB-abC+aD))Verdv J =
(a + bx)3Vc + dx 2b3(bc — ad)(a + bx)? 2(bc — ad)
o2 (Cf ad ) Dy ZCd(bc—aZl;(bC—aD) _ d2(b3(4Be-3Ad)-at
Subst| [ 2

_ (Ab3 —-a (bZB —abC + aZD)) Ve +dx

2b3(be — ad)(a + bx)?

(Ab3 -a (bZB —abC + azD)) Ve + dx (b3(4Bc —3Ad) — ab*(8¢C + Bd) — 9a%dD + a*
T 263(be — ad)(a + bx)2 - 463 (be — ad)2(a + bx)

2DVe + dx (Ab3 -a (bZB —abC + azD)) Ve +dx (b3(4Bc — 3Ad) — ab?*(8¢C + Bd) -

bv3d 2b3(be — ad)(a + bx)? 4b3(be —
2DVe+dx (A —a(b?B -abC +a?D)) Ve +dx  (b*(4Bc — 3Ad) — ab*(8¢C + Bd) -
T Bd 263(be — ad)(a + bx)2 - 463 (be —

Mathematica [A] time = 0.919773, size = 359, normalized size = 1.29

~1( Vbverdx
2\/5 /_c+dx(u(u2D—abC+sz)—Ab3) 3d(Ab3—zz(a2D—ubC+b2B))(d(a+bx)tanh 1(—@ )—\/E\/de\/bc—ad) 4\/5 ’_c+dx(3a2D—2abC+sz) 4d(3
(a+bx)2(bc—-ad) h (a+bx)(be—ad)5/2 h (a+bx)(bc—ad) T
4b7/2

Antiderivative was successfully verified.

[In] Integrate[(A + B*x + C*x~2 + D*x73)/((a + b*x)~3%Sqrt[c + d*x]),x]

[Out] ((8*Sqrt[b]l*D*Sqrt[c + d*x])/d + (2*Sqrt[b]*(-(A*b~3) + ax(b~2*B - a*xbxC +
a~2xD))*Sqrtc + d*x])/((bxc - a*d)*(a + b*x)"2) - (4xSqrt[b]l*(b"2xB - 2xax*

b*C + 3*a~2*D)*Sqrt[c + d*x])/((b*c - a*d)*(a + b*x)) - (8%(b*C - 3*a*D)*Ar
cTanh [(Sqrt[bl*Sqrt[c + d*x])/Sqrt[b*c - a*d]])/Sqrtlb*xc - a*xd] + (4*d*(b"2

*B - 2*axb*C + 3*a”~2*D)*ArcTanh[(Sqrt[b]*Sqrt[c + d*x])/Sqrt[b*c - a*xd]])/(

bxc - a*xd)~(3/2) - (3xd*(A*b~3 - ax(b~2*B - axb*xC + a~2*D))*(-(Sqrt[b]*Sqrt

[b*c - axd]*Sqrtlc + d*x]) + dx(a + b*x)*ArcTanh[(Sqrt[b]l*Sqrt[c + d*x])/Sq
rt[b*xc - axd]]1))/((bxc - axd)~(5/2)*(a + b*x)))/(4xb~(7/2))
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Maple [B] time = 0.021, size = 1207, normalized size = 4.3

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] int((D*x~3+Cxx~2+Bxx+A)/ (b*x+a) "3/ (d*xx+c)~(1/2),x)

[Out] 2*D*(d*x+c)”~(1/2)/b73/d+3/4*d"2*b/ (b*d*x+a*xd) ~2/ (a~2*d"2-2*a*b*cxd+b"2*xc~2)
* (d*x+c) " (3/2) *A+1/4*d"2/ (bxd*x+a*xd) "2/ (a”2*xd"2-2*a*bxcxd+b~2%c~2) * (d*x+c) ™
(8/2)*Bxa-dx*xb/ (b*xd*xx+ax*d) ~2/ (a”~2*xd~2-2*axb*cxd+b~2*c~2) * (d*x+c) ~(3/2) *c*B-5
/4%d"2/b/ (bxd*xx+axd) "2/ (a~2xd~2-2*a*xb*c*d+b~2*xc~2) * (d*xx+c) ~(3/2) *C*xa~2+2*d/
(bxd*x+ax*xd) "2/ (a”2*xd~2-2*xa*xbxcxd+b~2*c~2) * (d*x+c) ~(3/2) *Cxa*xc+9/4*d~2/b"2/(
bxd*x+axd) ~2/ (a”2+%d"2-2*a*bxcxd+b"2xc"2) * (d*x+c) " (3/2) *a~3*D-3*d/b/ (b*xd*x+a
*d) "2/ (a”2*xd"2-2*%axbxcxd+b~2%c”2) * (d*x+c) " (3/2) *D*xa~2xc+5/4*%d"2/ (b*d*x+ax*xd)
=2/ (axd-b*xc)* (d*x+c) ~(1/2)*A-1/4%d"2/b/ (b*xd*x+a*d) ~2/ (a*d-b*c) * (d*x+c) ~(1/2
)*Bxa-d/ (b*d*x+ax*d) "2/ (axd-b*xc)* (d*x+c) ~(1/2) *c*B-3/4*d"2/b"2/ (b*xd*x+a*d) ~2
/ (a*xd-b*c)* (d*x+c) " (1/2) *Cxa~2+2*d/b/ (b*d*x+ax*xd) 2/ (axd-b*xc) * (d*x+c) ~(1/2) *
Cxaxc+7/4*xd"2/b"3/ (b*xd*x+a*xd) "2/ (a*d-b*c) * (d*x+c) ~(1/2) *a~3*D-3*d/b~2/ (b*xdx*
x+ax*xd) "2/ (axd-b*c) * (d*x+c) " (1/2) *D*a"2*xc+3/4*d"2/ (a~2*d"2-2*a*b*cxd+b~2*c”2
)/ ((axd-b*c)*b) " (1/2)*arctan (b*x (d*x+c) ~(1/2) / ((a*d-b*xc)*b) ~(1/2) ) *A+1/4*d"2
/b/ (a~2*%d~2-2xaxbxc*d+b~2xc~2) / ((a*d-b*c) *b) ~ (1/2) *arctan (bx (d*x+c) ~(1/2) /(
(a*d-b*c)*b) ~(1/2) ) *Bxa-d/ (a~2xd~2-2*a*xb*c*d+b~2*c~2) / ((a*xd-b*xc)*b) ~(1/2) *a
rctan (b (dxx+c) ~(1/2)/((a*d-b*c) *b) ~(1/2) ) *Bxc+3/4*%d"2/b"2/ (a”2*d~2-2*%a*xb*c
*d+b"2%c”2) / ((a*xd-b*c)*b) ~(1/2) *arctan (b* (d*x+c) ~(1/2) / ((a*d-b*c) *b) ~(1/2))
*a"2%C-2*d/b/ (a"2*xd"2-2*a*xb*c*xd+b~2*c"2) / ((a*xd-b*c)*b) ~(1/2) *arctan (b* (d*xx+
c)~(1/2)/((axd-b*xc)*b) ~(1/2)) *Cxaxc+2/ (a~2*d"2-2*xaxb*xc*d+b~2xc~2) / ((a*xd-b*c
)*b) " (1/2)*arctan (b* (d*x+c) " (1/2) /((a*xd-b*c)*b) ~(1/2) ) *C*c~2-15/4*d"2/b"3/(
a~2xd~2-2*xaxb*xcxd+b~2*xc”2) / ((axd-b*c)*b) ~(1/2) *arctan (bx (d*x+c) " (1/2)/((axd
-b*c)*b) " (1/2)) *a”~3*D+9*d/b"2/ (a~2+%d"2-2*axb*cxd+b~2*xc~2) / ((a*d-b*c) *b) " (1/
2)*arctan (b (d*x+c) ~(1/2)/((axd-b*c)*b)~(1/2))*D*xa~2*c-6/b/ (a”~2*xd~2-2*%a*xb*c
*d+b~2*xc™2) / ((axd-b*c) *b) ~(1/2) *arctan (b*x (d*xx+c) ~(1/2)/((a*d-bxc)*b) ~(1/2))
*D*xaxc™2

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*xx~2+B*x+A)/(b*x+a) 3/ (d*x+c)~(1/2),x, algorithm="maxima"
)
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[Out] Exception raised: ValueError

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Dxx~3+C*x~2+B*x+A)/(bxx+a) 3/ (d*x+c)~(1/2),x, algorithm="fricas"
)

[Out] Exception raised: UnboundLocalError

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Dxx**3+Cxx**2+B*x+A)/ (b*x+a)**3/ (d*x+c)**(1/2) ,x)

[Out] Timed out

Giac [B] time = 2.44694, size = 714, normalized size = 2.56

(24 Dab?c? — 8 Cb3c? — 36 Da?bed + 8 Cab?cd + 4 Bb3cd + 15 Dald? — 3 Ca?bd? — Bab?d? - 3 Ab3d2) arctan ( :;be
—b4“Cc+ab

- 4(b5¢ — 2 abed + ?Hd)V—b2c + abd

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+Bxx+A)/(b*x+a) 3/ (d*x+c)”~(1/2),x, algorithm="giac")

[Out] -1/4%(24*D*xa*xb~2xc”2 - 8*Cxb~3*c”~2 - 36*Dxa”2%bxc*d + 8*Cxa*b~2xc*d + 4*Bxb
“3xckxd + 15%D*a”~3*d"2 - 3*C*xa”2*b*d~2 - B*a*b~2%d"2 - 3*A*xb~3*d”2)*arctan(s
qrt(d*xx + c)*b/sqrt(-b"2xc + axb*d))/((b~5*c™2 - 2xa*b~4*c*xd + a~2%b~3*d"2)
xsqrt (-b"2xc + axb*xd)) - 1/4*%(12%(d*x + c)~(3/2)*D*a"2*%b~2*c*xd - 8x(d*x + c



59

)7 (3/2) *Cxa*xb~3xc*kd + 4*(d*x + c)~(3/2)*Bxb~4xc*d - 12*sqrt(d*x + c)*Dxa”2x
b~2%c72%d + 8*sqrt(d*x + c)*Ckaxb~3*c”2*xd - 4*xsqrt(d*x + c)*Bxb~4*xc™2*xd - 9
x(d*x + c)7(3/2)*D*a"3%b*d"2 + b*x(d*x + c)~(3/2)*C*a~2*b~2*d"2 - (d*x + c)~
(3/2) #*B*a*xb~3*d"2 - 3*(d*x + c)~(3/2)*Axb~4*d"2 + 19*xsqrt(d*x + c)*Dxa”3*bx
cxd”2 - 1l*xsqrt(d*x + c)*Cxa~2*b~2xcxd"2 + 3*xsqrt(d*x + c)*Bxa*b~3*cxd~2 +
Bksqrt (d*x + c)*Axb~4*xcxd™2 - 7T*sqrt(d*x + c)*D*a”4*d”3 + 3xsqrt(d*x + c)*C
*a~3*b*xd~3 + sqrt(d*x + c)*B*a"2*b"2*d"3 - Skxsqrt(d*x + c)*A*xaxb~3*d"3)/((b
Tb*cT2 - 2xaxb”4xckd + a"2xb”"3%d"2)*((d*x + c)*b - b*xc + a*d)”2) + 2*sqrt(d
*xx + c)*D/(b~3%d)
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3.8

A+Bx+Cx%2+Dx>
f dx
(a+bx)4Vc+dx

Optimal. Leaf size=375

1 Voerd
Ve dx (bd(30cD + Cd) - 11a°6°D - ab? (~Bd® + 246D + 4cCd) + P (SA® - 6Bcd + 83C)) ) tanh ( \/bf_mx)
8b3(a + bx)(bc — ad)3

[Out] -((A*b~3 - ax(b"2*B - a*xb*C + a~2#D))*Sqrt[c + d*x])/(3*b"3*(b*c - axd)*(a
+ b*x)73) - ((b™3%(6%B*c - 5*A*d) - axb™2x(12*xc*C + B*d) - 13*a”3*d*D + a~2
xb* (7*Cxd + 18%cxD))*Sqrtlc + d*xx])/(12+b~3*(bxc - axd)"2*x(a + b*x)~2) - ((
b"3*%(8*c"2*%C — 6%Bkckxd + BkA*d"2) - 11*a~3*d"2*D + a~2%b*d*(Cxd + 30*c*D) -
a*b” 2% (4xcxCxd — Bxd~2 + 24xc”2#D))*Sqrtlc + d*x])/(8+b~3*(b*c - a*xd) " 3x(a
+ b*x)) + ((5%a”3*%d"3*D + a~2%b*d"2*(C*d - 18*c*D) - a*xb~2xd* (4*c*Cxd - Bx
d"2 - 24*xc”2*D) + b~3%(8*c”2+%C*d - 6*Bxc*xd”2 + 5xAxd~3 - 16%c~3*D))*ArcTanh
[(Sqrt[b]l*Sqrt[c + d*x])/Sqrtl[bxc - axd]])/(8*b~(7/2)*(b*xc - a*xd)~(7/2))

Rubi [A] time = 0.821268, antiderivative size = 375, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 32, e .

0.156, Rules used = {1621, 897, 1157, 385, 208}

integrand size

1 (VbVerd
Ve d (ad(306D + Cd) ~ 110D — ab? (B + 24D + 4cCd) + " (A —6Bed + 83C)) _tanh (Mt
8b3(a + bx)(bc — ad)3

Antiderivative was successfully verified.

[In] Int[(A + Bxx + C*x"2 + D*x73)/((a + b*x) 4*Sqrtlc + d*x]),x]

[Out] -((A*xb~3 - ax(b"2*B - a*b*C + a~2+D))*Sqrt[c + d*x])/(3*b~3*(b*c - a*d)*(a
+ b*x)"3) - ((b~3*(6%B*c - 5xAxd) - axb™2x(12*c*xC + Bxd) - 13%a~3*d*D + a2

*xb* (7*Cxd + 18%cx*D))*Sqrtlc + d*xx])/(12%b~3*(bxc - axd) "2*x(a + b*x)"2) - ((
b73*%(8*c"2*xC — 6%B*ckxd + BkA*d"2) - 11*a~3*d"2xD + a~2%b*d*(Cxd + 30*c*D) -
axb~ 2% (4xcxCxd - B*d™2 + 24xc”2*D))*Sqrt[c + d*x])/(8xb~3*(bxc - axd) 3*(a

+ b*x)) + ((5*%a~3%d"3*D + a~2*b*d"2*x(Cxd — 18*c*xD) - a*xb~2*d*(4*xcxCxd — Bx*

d~2 - 24*%c”2*D) + b 3% (8*c”2*xC*xd - 6%¥Bxc*d”2 + 5xA*d~3 - 16%*c~3*D))*ArcTanh
[(Sqrt [b]l*Sqrt[c + dxx])/Sqrtlb*c - axd]])/(8*b~(7/2)*(b*xc - a*xd)~(7/2))

Rule 1621

Int[(Px_)*((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol]
> With[{Qx = PolynomialQuotient[Px, a + b*x, x], R = PolynomialRemainder [Px
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, a + bxx, x]}, Simp[(R*(a + b*x)"(m + 1)*(c + d*x)"(n + 1))/((m + 1)*(bx*c

- axd)), x] + Dist[1/((m + 1)*(b*c - axd)), Int[(a + b*x)"(m + 1)*(c + d*x)
“n*ExpandToSum[(m + 1)*(b*c - a*d)*Qx - d*R*x(m + n + 2), x], x], x]] /; Fre
eQl{a, b, c, d, n}, x] &% PolyQ[Px, x] && ILtQ[m, -1] && GtQ[Expon[Px, x],

2]

Rule 897

Int[((d_.) + (e_)*x(x_))"m_)*((f_.) + (g_)*xx_))"(m_)*((a_.) + (b_.)*(x_)
+ (c_)*(x_)"2)"(p_.), x_Symbol] :> With[{q = Denominator[m]}, Dist[q/e, S
ubst [Int [x~(g*x(m + 1) - 1)*((exf - d*xg)/e + (g*x~q)/e) nx((cxd”2 - b*d*e +

axe”2)/e”2 - ((2*c*d - bxe)*x~q)/e”2 + (c*x~(2%q))/e"2)7p, x], x, (d + e*x)
~(1/9)1, %11 /; FreeQ[{a, b, c, 4, e, f, g}, x] && NeQ[exf - d*xg, 0] && NeQ
[b"2 - 4xaxc, 0] &% NeQ[c*d™2 - bxd*e + a*e”2, 0] && IntegersQ[n, p] && Fra
ctionQ [m]

Rule 1157

Int[((d_) + (e_.)*(x_)72)7(q)*((a_) + (b_.)*(x_)"2 + (c_.)*x(x_)"4 " (p_.),

x_Symbol] :> With[{Qx = PolynomialQuotient[(a + b*x72 + c*x"4)7p, d + e*x"2
, x], R = Coeff[PolynomialRemainder[(a + b*x~2 + c*x74)7p, d + e*xx”2, x], x
, 01}, -Simp[(Rxx*(d + e*x"2)7(q + 1))/(2%d*(q + 1)), x] + Dist[1/(2xd*(q +
1)), Int[(d + exx"2)"(q + 1)*ExpandToSum[2*d*(q + 1)*Qx + R*x(2xq + 3), x],
x], x1] /; FreeQl{a, b, c, d, e}, x] && NeQ[b~"2 - 4*axc, 0] && NeQ[c*xd"2 -
b*d*e + axe”2, 0] && IGtQ[p, 0] && LtQlq, -1]

Rule 385

Int[((a_) + (b_)*x(x_)"(n_)) " (p_)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> -S
imp[((b*c - axd)*x*(a + b*xx™n) ~(p + 1))/(axb*nx(p + 1)), x] - Dist[(axd - b
xcx(nx(p + 1) + 1))/(axb*n*x(p + 1)), Int[(a + b*x™n) " (p + 1), x], x] /; Fre
eQ[{a, b, c, d, n, p}, x] && NeQ[b*c - a*xd, 0] && (LtQlp, -11 || ILtQ[1/n +
p, 01)

Rule 208
Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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b3 (6Bc-5Ad)-ab? (6cC+Bd)~a3dD+a%b(Cd+6cD) _ 3(bc—ad)(bC—aD

_ 203 2
f A+ Bx+Cx2 + D23 . _(Ab3 -a (bZB —abC + azD)) Ve +dx B J (a+bx)PVerdx
@+bote+rde 3b3(be — ad)(a + bx)? 3(bc — ad)
32 (C_ % ) e 3cd(bc—a;i;(bC—uD) _ d2(b3(6Be-5Ad)-
2 Subst f 2

(Ab3 -a (sz —abC + azD)) Ve +dx
- 3b3(bc — ad)(a + bx)3 -

(Ab® - a (1B - abC + a?D)) Ve +dx  (b*(6Bc - 5Ad) — ab?(12cC + Bd) - 13a%dD +.
T 3b3(bc — ad)(a + bx)3 - 12b3(bc — ad)?(a + bx’

(Ab® - a (1B - abC + a?D)) Ve +dx  (b*(6Bc - 5Ad) — ab?(12cC + Bd) - 13a%dD +.
- 3b3(bc — ad)(a + bx)3 - 12b3(bc — ad)?(a + bx’

(Ab® - a (1B - abC + a?D)) Ve +dx  (b*(6Bc - 5Ad) — ab?(12cC + Bd) - 13a%dD +.
T 3b3(bc — ad)(a + bx)3 - 12b3(bc — ad)?(a + bx’

Mathematica [A] time = 1.45928, size = 493, normalized size = 1.31

5d(a + bx) (AD® — a (42D - abC + 12B)) (3d2(a + bx)? tanh ™! (“E? V”’j‘) + VbVe + dxvbe — ad(~5ad + 2bc - 3bdx)) —
C—a

Antiderivative was successfully verified.

[In] Integrate[(A + B*x + C*x~2 + D*x73)/((a + b*x) 4*Sqrtlc + d*x]),x]

[Out] (-8*Sqrt[bl*(bxc - a*xd)~(5/2)*(A*b~3 - a*x(b"2*B - axb*C + a~2%D))*Sqrt[c +
dxx] - 12*Sqrt[bl*(bxc - a*xd)~(5/2)*(b"2xB - 2xa*xbxC + 3*a~2xD)*(a + b*x)*S
qrtlc + d*x] - 24xSqrt[b]l*(bxc - a*xd)~(5/2)*(b*C - 3xaxD)*(a + b*x) " 2xSqrt[

c + d*x] - 48x(b*c - a*d) " 3xDx(a + b*x) "3*xArcTanh[(Sqrt[b]*Sqrt[c + d*x])/S
grt[b*xc - axd]] + 24*dx(b*c - axd) 2% (b*C - 3*axD)*(a + bx*x) 3*ArcTanh[(Sqr
t[b]*Sqrt[c + d*xx])/Sqrtlb*c - a*xd]] + 18xd*(b*c - a*xd)*(b"2+B - 2%axbxC +
3*xa”2*xD)*(a + b*x) 2+ (Sqrt[b]*Sqrt[b*c - a*d]*Sqrtlc + d*x] - dx(a + bxx)*A
rcTanh[(Sqrt [b] *Sqrt[c + d*x])/Sqrt[b*c - axd]]) + 5*xd*(Axb~3 - ax(b”™2*B -
a*b*C + a~2+D))*(a + bxx)*(Sqrt[b]*Sqrt[b*xc - axd]*Sqrt[c + dxx]*(2*¥bxc - 5

xaxd - 3*bxdxx) + 3*%d"2*(a + b*x) 2*ArcTanh[(Sqrt[b]l*Sqrtl[c + d*x])/Sqrt [b*
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c - a*xd]]))/(24xb~(7/2)*x(bxc - a*xd)~(7/2)*(a + b*x)"3)

Maple [B] time = 0.023, size = 1186, normalized size = 3.2

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((D*x~3+Cxx~2+B*x+A)/(b*x+a) 4/ (d*x+c)~(1/2),x)

[Out] 2%(1/16*d*(5xA*b~3*d~2+B*a*xb~2*d~2-6*B*xb~3*cxd+C*a”~2xb*d~2-4*C*xa*xb~2*c*xd+8*
Cxb~3%c~2-11*D*xa~3*d~2+30*D*a”~2*b*c*d-24*D*axb~2xc~2) /b/ (a~3*d~3-3*a~2*b*c*
d"2+3*axb”"2xc"2xd-b"3*c"3) * (d*x+c) " (5/2) +1/6*% (5xA*xb~3*xd " 2+B*a*xb~2*d"2-6*Bx*b
~3*xcxd-C*a”~2*%b*d"2+6*Cxb~3*c~2-5*%D*a”~3*%d"2+18*D*a”2xb*cxd—18*D*xa*xb~2*xc~2) /b
~2%d/ (a”2*%d"2-2*%a*bxcxd+b~2*xc"2) * (d*x+c) " (3/2)+1/16*% (11*xA*xb~3*xd~2-B*a*xb~2*d
~2-10*B*b~3*c*xd-Ckxa~2*b*d~2+4*C*xa*xb~2xcxd+8*C*b~3*c~2-5*%D*a~3*xd~2+18*D*a~ 2%
b*xcxd-24*D*xa*xb~2*c~2) /b~ 3*d/ (a*xd-b*xc) * (d*xx+c) ~(1/2)) / (b*x (d*x+c) +a*xd-b*c) "3+
5/8/ (a~3*d"3-3*a” 2xbxcxd~2+3*a*xb~2*%c”2*xd-b"3*c”3) / ((a*xd-b*c)*b) ~(1/2) *xarcta
n(b*x(d*xx+c)~(1/2)/((a*d-b*c)*b) ~(1/2) ) *A*d~3+1/8/b/ (a”~3*d"3-3*a" 2*b*c*xd~2+3
*axb~2%c " 2xd-b " 3*c~3) / ((a*d-b*c)*b) ~(1/2) *xarctan (b* (d*x+c) ~(1/2)/ ((axd-b*c)
*b) " (1/2)) *a*xBxd~3-3/4/ (a~3*d~3-3*a~2xbxcxd~2+3*axb~2xc~2*d-b"3*c~3) / ((a*xd-
b*c)*b) ~(1/2)*arctan (b* (d*x+c) ~(1/2)/((a*d-b*xc)*b) ~(1/2) ) *Bxc*xd~2+1/8/b~2/(
a~3*d~3-3*a"2¥b*xcxd"2+3*a*xb”"2xc " 2*d-b"3*c”3) / ((axd-b*c) *b) ~(1/2) *arctan (b*(
d*xx+c) " (1/2)/ ((axd-b*c)*b) ~(1/2)) *a”~2*xC*xd~3-1/2/b/ (a~3*d~3-3*a"2*b*c*xd~2+3*
axb~2xc"2xd-b"3*c”"3) / ((axd-b*xc)*b) " (1/2) *arctan (b*x (d*x+c) ~(1/2) / ((a*d-b*c) *
b) ~(1/2))*Ckaxc*xd~2+1/ (a~3*d~3-3*a”~2*b*cxd~2+3*a*xb~2*c~2*xd-b"3*c~3) / ((a*xd-b
*xc)*b) " (1/2)*arctan (b* (d*xx+c) ~(1/2)/((a*xd-b*c)*b) ~(1/2)) *C*xc~2*d+5/8/b~3/ (a
~3*d"3-3*a"2xb*cxd"2+3*axb " 2*xc"2x%d-b"3*c"3) / ((a*d-b*c) *b) "~ (1/2) *arctan(bx(d
*x+c) " (1/2) / ((axd-b*xc)*b) ~(1/2))*a~3*d"3*D-9/4/b"2/ (a~3*d~3-3*a~2*b*c*d~2+3
*axb~2%c”2xd-b " 3*c~3) / ((a*d-b*c)*b) ~(1/2) *arctan (b* (d*x+c) ~(1/2) / ((axd-b*c)
*b) " (1/2)) *D*a”2*xc*xd"2+3/b/ (a~3*%d~3-3*a " 2*b*c*xd"2+3*a*xb"2xc"2*xd-b"3*c~3) / ((
a*d-bx*c)*b) " (1/2) *arctan (b* (d*x+c)~(1/2) /((a*d-b*c)*b) ~(1/2) ) *Dxa*xc~2*d-2/(
a~3*d"3-3*a”~2*b*xcxd"2+3*a*xb"2%xc”2xd-b"3*c~3) / ((a*d-b*c) *b) " (1/2) *arctan (b*(
d*x+c) " (1/2)/ ((axd-b*c)*b) ~(1/2) ) *D*c~3

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((D*x~3+C*x~2+B*x+A)/(b*x+a)~4/(d*x+c)~(1/2),x, algorithm="maxima"
)

[Out] Exception raised: ValueError

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+B*x+A)/(b*x+a)~4/(d*x+c)”(1/2),x, algorithm="fricas"
)

[Out] Exception raised: UnboundLocalError

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Dxx**3+Ckx**2+B*x+A)/ (b*x+a)**4/ (d*x+c)**(1/2) ,x)

[Out] Timed out

Giac [B] time = 2.3845, size = 1318, normalized size = 3.51

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*xx~2+B*x+A)/(b*x+a)~4/(d*x+c)~(1/2),x, algorithm="giac")

[Out] 1/8%(16%xD*b~3*c~3 - 24xDxa*xb”~2%c”2%d - 8*xCxb~3xc ™ 2*xd + 18*D*xa” " 2%bxc*xd~2 + 4
*Ckxa*xb~2%xc*kd"2 + 6*%B*b"3*%c*kd”2 - 5*%D*a”3*%d"3 - C*xa " 2*%b*d~3 - B*xaxb™2xd"3 -
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5*Axb~3xd"3) *arctan(sqrt (d*x + c)*b/sqrt(-b"2*c + axb*d))/((b~6*c”3 - 3*axb
TbxcT2%d + 3*a”2%b 4*%cxd”2 - a"3*%b73%d"3)*sqrt(-b72xc + axbxd)) + 1/24x%(72x
(d*x + c)~(5/2)*#*D*a*xb~4xc~2xd - 24*x(d*x + c)~(5/2)*Cxb~5xc~2xd - 144x*(d*x +
c)~(3/2) #*D*a*xb”4xc”3xd + 48*%(d*x + c)”(3/2)*Cxb~5xc~3*d + 72*sqrt(d*x + c)
*Dxaxb~4*xc"4xd - 24xsqrt(d*x + c)*C*b~5xc~4*xd - 90*(d*x + c)~(5/2)*Dxa~2*b"~
3xckd"2 + 12 (d*x + c)”(5/2)*Cxa*xb~4*c*xd™2 + 18*(d*x + c)”(5/2)*B*b~5*c*d~2
+ 288%(d*x + c)7(3/2)*D*a"2%b"3%c"2%d"2 - 48*%(d*x + c)”(3/2)*C*xa*b”~4*c”2*d
T2 - 48%(d*x + c)7(3/2)*B*b"5*c”2%xd"2 - 198%sqrt(d*x + c)*D*xa”2%b~3*c~3*d"2
+ 36*sqrt(d*x + c)*Cxaxb~4*c~3+%d”"2 + 30*sqrt(d*x + c)*B*b~5*xc~3*%d"2 + 33x*(
dxx + c)7(5/2)*D*a"3xb"2*%d"3 - 3x(d*x + c)~(5/2)*C*a”2%b~3*d"3 - 3*(d*x + ¢
)~ (5/2)*Bxa*b"4%d"3 - 1b5*x(d*x + c)~(5/2)*Axb~5xd"3 - 184*(d*x + c)~(3/2)*D*
a”3%b"2%c*xd"3 - 8x(d*x + c)”(3/2)*Cxa~2xb~3xcxd"3 + 56%(d*x + c)”(3/2)*B*ax
b~4*cxd”3 + 40*(d*x + c)~(3/2)*A*b~B5*xcxd"~3 + 195%sqrt(d*x + c)*Dxa”~3%b~2*c”
2xd~3 + 3*sqrt(d*x + c)*C*a”2%b~3xc”2xd"3 - L57xsqrt(d*x + c)*Bxaxb~4*c~2xd”
3 - 33*sqrt(d*x + c)*A*b~5%xc"2xd"3 + 40*(d*x + c)~(3/2)*D*a~4*bxd~4 + 8*(dx*
X + ¢c)7(3/2)*%C*a~3*xb~2*%d"4 - 8x(d*x + c)~(3/2)*B*a”2xb~3*d"4 - 40*(d*x + c)
~(3/2)*Axaxb~4%d"4 - 84*xsqrt(d*x + c)*Dxa”4xbkxckxd”4 - 18xsqrt(d*x + c)*C*a”
3%b72xc*d"4 + 24*xsqrt(dxx + c)*Bxa~2*b"3*cxd"4 + 66*sqrt(d*x + c)*Axaxb 4*c
xd~4 + 16*sqrt(d*x + c)*D*a"bxd"5 + 3*xsqrt(d*x + c)*Cxa~4*xb*xd”~5 + 3*sqrt (dx*
X + c)*Bxa”3*%b"2*%d"5 - 33*sqrt(d*x + c)*Axa”2xb~3*%d"5)/((b"6%c”3 - 3*kaxb” 5%
c”2xd + 3%a”2%b"4*c*xd"2 - a”3*b"3*d"3)*((d*x + c)*b - b*c + axd)”3)
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3.9

A+Bx+Cx%2+Dx>
f dx
(a+bx)>Vc+dx

Optimal. Leaf size=495

Ve + dx (3a2bd?(Cd — 8¢D) + 5a°d®D — ab?d (~5Bd? - 48¢2D +16¢Cd) + b* (35Ad° - 40Bcd? + 48c2Cd - 64¢°D) )
64b3(a + bx)(bc — ad)*

[Out] -((A*b~3 - a*x(b"2*B - a*bxC + a~2*D))*Sqrt[c + d*x])/(4*xb"3*(b*c - a*xd)*(a
+ b*x)74) - ((b™3%(8%Bxc - T*A*d) - a*b™2x(16*c*xC + Bxd) - 17*a”3*d*D + 3x*a
“2%b* (3*xCxd + 8*c*D))*Sqrtlc + d*x])/(24xb~3*%(b*c - a*xd)~2*(a + b*x)"3) - (
(b™3%(48%c™2*xC — 40%B*cxd + 35*%A*d~2) - 59*a~3*d"2*D + 3*a~2xbxd*(C*d + 56%
c*xD) - a*b”2x(16*c*C*xd - 5xBxd~2 + 144xc~2*D))*Sqrt[c + d*x])/(96%b~3* (b*c
- axd)"3*(a + b*x)72) + ((5*%a~3%d"3+D + 3*a~2*bxd"2x(Cxd - 8xcxD) - a*xb~2x*d
*(16%c*C*d - B5*Bxd~2 — 48%c™2%D) + b~ 3% (48*c”2*Cxd — 40*Bxcxd~2 + 35%A*d"3
- 64*xc~3*D))*Sqrt[c + dxx])/(64*b~3*(b*c - a*xd) 4x(a + bxx)) - (d*(5*a~3xd”
3*%D + 3*a"2xbxd"2*x(Cxd - 8*c*D) - a*b ™ 2xd*x(16*c*xCxd — 5%B*d~2 - 48%c”2*D) +
b~3% (48*c~2+C*d - 40*Bxc*d”™2 + 35*%A*d~3 - 64xc~3*D))*ArcTanh[(Sqrt[b]*Sqrt
[c + d*x])/Sqrt[bxc - axd]])/(64*b~(7/2)*(b*xc - a*xd)~(9/2))

Rubi [A] time = 1.00916, antiderivative size = 495, normalized size of antiderivative

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 32, e e e

0.188, Rules used = {1621, 897, 1157, 385, 199, 208}

integrand size

Ve + dx (3a2bd?(Cd — 8cD) + 5a°d°D - ab?d (-5Bd? — 48¢2D +16cCd) + b® (35Ad® — 40Bcd? + 48¢2Cd - 64¢°D) )
64b3(a + bx)(bc — ad)*

Antiderivative was successfully verified.

[In] Int[(A + Bxx + C*x"2 + D*x73)/((a + bxx) 5xSqrt[c + d*x]),x]

[Out] -((A*b~3 - a*x(b"2+#B - a*b*C + a~2#D))*Sqrt[c + d*x])/(4*xb~3*(b*c - axd)*(a
+ b*x)"4) - ((b™3*%(8*%Bxc - 7*A*d) - axb™2*x(16*c*C + Bxd) - 17*a”3*d*D + 3*a
“2xb* (3xCxd + 8*xcxD))*Sqrtlc + d*xx])/(24*%b~3x(bxc - a*xd) "2*(a + b*x)~3) - (
(b~3%(48%c™2*%C - 40*Bkxcxd + 35xAxd~2) - 59*a~3*d~2*D + 3*a~2xbxd*(C+xd + 56%

c*D) - a*b”2* (16%c*C*xd - 5*¥B*d™2 + 144%c”2+D))*Sqrtlc + d*x])/(96%b~3* (bxc

- axd)"3*(a + b*x)72) + ((5*%a~3*%d"3*D + 3*a " 2*xb*d"2x(Cxd — 8xcxD) - a*xb~2x*d
*(16*%c*C*d - B5*B*d"2 — 48%c~2%D) + b~ 3% (48*c ™ 2*Cxd — 40*Bxc*xd~2 + 35%A*d"3

- 64*xc™3*D))*Sqrt[c + d*x])/(64xb~3*(b*c - a*d) “4x(a + b*x)) - (d*x(5*a~3*d”

3*D + 3*a”"2xbxd"2x(C*d - 8%c*D) - a*b™2xd*(16*xcxCxd - 5%B*d~2 - 48*c~2*D) +

b~3% (48%c™24C*xd - 40*Bxc*d™2 + 35*%A*d~3 - 64xc”3*D))*ArcTanh[(Sqrt[b]*Sqrt
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[c + d*x])/Sqrtlb*xc - a*xd]])/(64xb~(7/2)*(b*c - a*xd)~(9/2))

Rule 1621

Int[(Px )*x((a_.) + (b_)*(x)) " (m_)*((c_.) + (d_.)*(x))"(n_.), x_Symbol] :
> With[{Qx = PolynomialQuotient[Px, a + bx*x, x], R = PolynomialRemainder [Px
, a + bxx, x]}, Simp[(R*(a + b*x)"(m + 1)*(c + d*x)"(n + 1))/((m + 1)*(bx*c

- a*xd)), x] + Dist[1/((m + 1)*(b*c - axd)), Int[(a + b*x)"(m + 1)*(c + d*x)
“n*ExpandToSum[(m + 1)*(b*c - a*d)*Qx - d*¥R*x(m + n + 2), x], x], x]] /; Fre
eQ[{a, b, c, d, n}, x] && PolyQ[Px, x] && ILtQ[m, -1] && GtQ[Expon[Px, xI,

2]

Rule 897

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_.)*x(x_))"(m)*((a_.) + (b_.)*(x_)

+ (c_)*(x_)"2)"(p_.), x_Symbol] :> With[{q = Denominator[m]}, Dist[q/e, S
ubst [Int [x"(q*(m + 1) - 1)*((exf - d*g)/e + (g*x~q)/e) " n*((c*d"2 - bxdxe +
axe”2)/e”2 - ((2xc*d - b*xe)*x~q)/e”2 + (c*x~(2%q))/e"2)7p, x], x, (d + exx)
~(1/9)1, x1]1 /; FreeQ[{a, b, c, d, e, £, g}, x] & NeQ[exf - dxg, 0] && NeQ
[b"2 - 4xaxc, 0] &% NeQ[c*d™2 - bxd*e + a*e”2, 0] && IntegersQ[n, p] && Fra
ctionQ[m]

Rule 1157

Int[((d_) + (e_.)*(x_)72)7(q)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4 (p_.),

x_Symbol] :> With[{Qx = PolynomialQuotient[(a + b*x"2 + c*x"4)7p, d + e*xx"2
, x], R = Coeff[PolynomialRemainder[(a + b*x"2 + c*x"4)7p, d + exx"2, x], x
, 01}, -Simp[(R*x*(d + exx"2)7(q + 1))/(2xd*(q + 1)), x] + Dist[1/(2%d*(q +
1)), Int[(d + exx"2)"(q + 1)*ExpandToSum[2*d*(q + 1)*Qx + R*x(2xq + 3), x],
x], x]] /; FreeQl{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d"2 -
bkdxe + axe”2, 0] && IGtQ[p, 0] && LtQlq, -1]

Rule 385

Int[((a_) + (b_)*(x_)" (0 ))"(p_)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> -8
imp[((b*c - a*d)*x*(a + b*xx™n) "~ (p + 1))/(axb*nx(p + 1)), x] - Dist[(axd - b
xcx(nx(p + 1) + 1))/(a*xb*n*(p + 1)), Int[(a + b*x™n)"(p + 1), x], x] /; Fre
eQl{a, b, ¢, d, n, pt, x] && NeQ[b*xc - axd, 0] && (LtQ[p, -1] || ILtQ[1/n +
p, 01)

Rule 199

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Simp[(x*(a + b*x™n) (p + 1
))/(a*xnx(p + 1)), x] + Dist[(nx(p + 1) + 1)/(a*n*(p + 1)), Int[(a + b*x"n)~
(p + 1), x], x] /; FreeQ[{a, b}, x] && IGtQ[n, 0] && LtQlp, -1] && (Integer
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Ql2*xp] || (n == 2 && IntegerQ[4*pl) || (n == 2 && IntegerQ[3*p]l) || Denomin
ator[p + 1/n] < Denominator[p])

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQl{a, b}, x] && NegQla/Db]

Rubi steps
_ b3(8Bc=7Ad)~ab?(8cC+Bd)~adD+a2b(Cd+8cD) _ 4(bc—ad)(bC~aD
263 2

f A+ Bx + Cx? + Dx3 e _(Ab3 —-a (sz —abC + azD)) Ve +dx B f PYN s

(a + bx)>Vc + dx 4b3(bc — ad)(a + bx)* 4(bc - ad)
a cd(bo—ad)(bC—aD) 12(b3(8Bc—7 Ad)-ab

_ 4c2(c— ?d )D+4 (b :%(bc D) @*(

Subst f a2

~ (Ab3 -a (sz —abC + azD)) Ve + dx
T 4b3(bc — ad)(a + bx)* -

(Ab® - a (1B - abC + a?D)) Ve +dx  (b*(8Bc - 7Ad) — ab?(16¢C + Bd) - 17a%dD +.
- 4b3(bc — ad)(a + bx)* - 24b3(bc — ad)?(a + bx

(Ab® - a (1B - abC + a?D)) Ve +dx  (b*(8Bc - 7Ad) — ab?(16¢C + Bd) —17a%dD +.
- 463 (be — ad)(a + bx)* - 24b3(be — ad)2(a + bx

(Ab® - a (1B - abC + a?D)) Ve +dx  (b*(8Bc - 7Ad) — ab?(16¢C + Bd) —17a%dD +.
- 463 (be — ad)(a + bx)* - 24b3(be — ad)2(a + bx

(Ab® - a (1B - abC + a?D)) Ve +dx  (b*(8Bc - 7Ad) — ab?(16¢C + Bd) - 17a%dD +.
- 4b3(bc — ad)(a + bx)* - 24b3(bc — ad)?(a + bx

Mathematica [A] time = 2.2285, size = 621, normalized size = 1.25

7d(a + bx) (Ab3 -a (aZD —abC + sz)) (8\/5\/c + dx(bc — ad)®? — 5d(a + bx) (3d2(a +bx)2 tanh ™" (‘/E;/g) + VbV

Antiderivative was successfully verified.
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[In] Integrate[(A + B*x + C*x72 + D*x73)/((a + b*x) 5*Sqrtl[c + d*x]),x]

[Out] (-48xSqrt[bl*(bxc - axd)~(7/2)*(A*b~3 - ax(b~2*B - a*bxC + a~2*D))*Sqrt[c +
dxx] - 64*Sqrt[b]*(b*xc - a*d)~(7/2)*(b"2+%B - 2*axb*xC + 3*a~24D)*(a + bx*x)*
Sqrtlc + d*x] - 96*Sqrt[b]*(b*xc - a*d)~(7/2)*(b*C - 3xa*xD)*(a + b*x) 2*Sqrt
[c + d*x] - 192*Sqrt[b]*(b*xc - a*d)~(7/2)*Dx(a + bxx) “3*Sqrt[c + d*x] + 192
xd* (b*c - axd) “3*D*(a + b*x) 4xArcTanh[(Sqrt[b]l*Sqrtlc + d*x])/Sqrt[b*c - a
xd]] + 144xd*(b*c - a*xd) 2x(b*C - 3*axD)*(a + b*x) " 3*(Sqrt[b]*Sqrt[b*c - ax*
dl*Sqrtc + d*x] - dx(a + bxx)*ArcTanh[(Sqrt[b]l*Sqrtlc + d*x])/Sqrt[b*c - a
*d]]) + 40*xdx(bxc - a*xd)*(b~2+B - 2*axbxC + 3*a~2xD)*(a + b*x) 2x(Sqrt[b]*S
grt[bxc - a*d]*Sqrtlc + d*x]*(2*b*c - B*a*xd - 3*b*d*x) + 3*d"2*x(a + b*x) 2%
ArcTanh[(Sqrt[bl*Sqrt[c + d*x])/Sqrtl[b*c - a*d]]) + 7*xd*x(A*b~3 - a*x(b~2+B -
axb*xC + a”2*xD))*(a + b*x)*(8*Sqrt[b]*(b*c - a*d)~(5/2)*Sqrtlc + d*x] - 5xd
x(a + b*x)*(Sqrt[b]*Sqrt[bxc - axd]*Sqrtlc + dxx]*(2xb*c - bkaxd - 3*b*d*x)
+ 3*d"2*(a + b*x) " 2*ArcTanh[(Sqrt[b]*Sqrt[c + d*x])/Sqrtl[bxc - a*xd]1)))/(1
92%b~ (7/2) *x(bxc - a*xd)~(9/2)*(a + b*x)"4)

Maple [B] time = 0.024, size = 3252, normalized size = 6.6

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((D*x~3+Cxx~2+Bxx+A)/(b*x+a) 5/ (d*x+c)~(1/2),x)

[Out] -d/(bxd*x+axd) ~4/(a~4*d"4-4*a"3*bxcxd~3+6*%a~2xb"2%c~2+%d"2-4*a*b”3*c~3*d+b~4
*c74) % (d*x+c) " (7/2) *Dxc~3*b~3-3*d/ (b*d*x+ax*xd) “4x*xb/ (a~2*xd~2-2xa*xb*c*xd+b~2*c”
2) % (d*x+c) " (3/2) *D*c~3-55/24/ (b*d*x+a*d) ~4*b~2/ (a~3*d~3-3*a~2*b*c*d~2+3*ax*b
~2%c72%d-b"3*c”3) * (d*x+c) " (5/2) ¥Bxc*d"3+11/4/ (bxd*x+a*xd) “4*b~2/(a”~3*d"3-3*a
“2%bxc*d"2+3%a*xb”2*xc”2*xd-b"3*c”3) * (d*x+c) " (5/2) *Cxc"2%d"2-73/192/ (b*d*x+a*d
)"4/b/ (a~3*d"3-3*%a " 2xb*xc*xd~2+3*axb~2xc " 2xd-b~3*c"3) * (d*x+c) " (5/2) *a~3*d~4x*D
-3*d/ (b*d*x+ax*xd) “4*xb~2/ (a~3*d~3-3*a~2*b*c*d”~2+3*a*xb~2*xc~2xd-b~3*c~3) * (d*x+cC
)~ (5/2)*%D*c”3+3/64/b"2/ (a"4*xd"4-4*xa"3xbxc*xd"3+6%a"2xb " 2*xc”2xd"2-4*a*xb " 3*c~3
*d+b~4*c”4) / ((a*xd-b*c)*b) ~(1/2) *arctan (b* (d*x+c) ~(1/2) / ((a*d-b*c) *b) ~(1/2))
*a"2%C*d"4-73/24/ (bxd*x+a*xd) ~4*b/ (a~2*%d"2-2*axbxcxd+b~2*xc~2) * (d*x+c) ~(3/2) *
Bxc*xd~3-3/8/ (bxd*x+a*xd) ~4/ (a~4*d~4-4*a”~3*xb*cxd~3+6*a”~2xb~2xc~2%xd~2-4*a*xb~3*
c"3xd+b~4*c”4) * (d*x+c) " (7/2) *D*xa”~2xbxc*d~3+3/4/ (b*d*x+a*xd) “4/(a~4*xd~4-4%a”3
*b*xc*xd"3+6%a"2xb"2xcT2xd " 2-4*a*xb " 3*%c " 3*d+b"4*xc”4) * (d*xx+c) ~(7/2) #*D*xaxb”2*c”2
*d"2-11/12/ (bxd*x+a*xd) “4*b/ (a~3*%d~3-3*a"2*b*c*xd~2+3*a*xb~2xc~2xd-b~3*c~3) *(d
*x+c) " (5/2) *Cxaxcxd~3+3/4/ (bxd*x+a*xd) ~4*b/ (a~3*d"3-3*a " 2xb*xc*xd~2+3*a*xb~2%c”
2%d-b~3*c”3) * (d*x+c) ~(5/2) *D*axc~2*d"2+11/8/ (b*xd*x+a*xd) ~4/b/ (a”~2*xd~2-2*a*b*
cxd+b~2%c72) * (d*x+c) " (3/2) *D*xa”~2xcxd~3-1/4/ (b*xd*x+ax*d) "4/ (a~4*xd~4-4*a”~3xb*c
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*d"3+6*a"2*%b"2xCcT2xd"2-4*axb " 3*%c " 3*d+b"4*c”4) * (d*x+c) ~(7/2) *C*a*xb~2*c*d"3-3
/8/b72/ (a"4*d"4-4*a” 3xbxcxd~3+6*a”2%b~2*c”2*xd"2-4*axb"3*xc " 3xd+b"4*c"4) / ((ax*
d-b*xc)*b) ~(1/2) *arctan(b* (d*x+c) ~(1/2)/((axd-b*c)*b) ~(1/2) ) *D*a~2*c*xd~3+1/4
/ (bxd*x+ax*xd) "4/ (axd-b*c) /b* (d*x+c) ~(1/2) *Cxa*xcxd~3+3/8/ (b*d*x+a*xd) "4/ (axd-b
*¢) /b7 2% (d*xx+c) " (1/2) *D*xa~2*xc*d~3+3/4/b/ (a”4*d"4-4*a” 3xbxcxd~3+6%a~2%b " 2%c”
2*%d"2-4*axb~3*c”3xd+b"4*c~4) / ((axd-b*c)*b) ~(1/2) *arctan (bx(d*x+c)~(1/2)/((a
*d-b*c) *b) ~(1/2) ) *D*xaxc~2xd"2-1/4/b/ (a"4*d"4-4*a" 3xbxcxd~3+6*a~2%b~2%xc~2*d"
2-4*xaxb~3*c~3*d+b"4*c"4) / ((axd-b*c) *b) ~(1/2) *arctan (b* (d*x+c) " (1/2)/((a*d-b
*c)*b) " (1/2)) *Cxaxcxd~3-3/4/ (b*d*x+a*d) "4/ (axd-b*xc) /bx (d*x+c) ~(1/2) #*D*a*c™2
*d"2+11/64/ (bxd*x+a*xd) ~4/ (a~3*%d~3-3*a"2*b*xc*xd~2+3*a*xb~2*xc"2*%d-b"3*c"3) * (d*x
+c) " (5/2)*a~2*Cxd~4+35/64/ (bxdxx+ax*xd) “4/(a~4*d"4-4*a" 3xbxc*d~3+6*a”2*xb~2*c”
2%d"2-4*a*b”3*c”3*d+b"4*xc"4) x (d*x+c) " (7/2) *A*xb~3*d~4+5/64/ (bxd*x+a*xd) ~4/(a”
4xd~4-4*%a” 3xb*c*xd"3+6*a”2*b 2% cT2xd"2-4*axb " 3*%c"3*xd+b"4*c"4) *x (d*xx+c) ~(7/2) *
a~3*d"4*D-d/ (bxd*xx+a*xd) ~4/ (a*d-b*c) * (d*x+c) ~(1/2) *D*c~3+385/192/ (b*d*x+ax*xd)
~4xb"2/ (a”3*d"3-3*%a"2xbxcxd " 2+3*a*xb"2*xc”2*%d-b"3*c”3) * (d*x+c) ~(5/2) *A*d"4-11
/8/ (b*xd*x+ax*xd) "4/ (axd-b*c)* (d¥x+c) ~(1/2) *Bxc*xd~3+5/4/ (b*xd*x+a*d) ~4/ (a*d-b*c
Yx(d*x+c) " (1/2) *C*xc™2%d"2-5/8/ (a~4*xd~4-4*a~3*b*c*d~3+6*a”2xb~2xc~2xd " 2-4*a*
b~ 3%c”3xd+b"4*c~4) / ((axd-b*xc)*b) " (1/2) *arctan (b* (d*x+c) "~ (1/2)/ ((a*d-b*c) *b)
~(1/2))*Bxc*d~3+3/4/ (a~4*d~4-4*a~3*b*c*d"3+6*a”2xb"2xc"2xd"2-4*a*xb”3*kc " 3*xd+
b~4*xc~4) / ((a*d-b*c)*b) " (1/2) *arctan (b* (d*x+c) ~(1/2) / ((a*d-b*c)*b) ~(1/2) ) *C*
c"2xd"2+73/192/ (b*xd*xx+ax*xd) "4/ (a~2*xd"2-2*a*xb*c*d+b~2*c”2) * (d*x+c) ~(3/2) xa*xB*
d~4-d/ (a”4*d~4-4*a” 3*bxcxd " 3+6*a~2xb " 2xc " 2%d"2-4*axb~3*c " 3*xd+b~4*xc"4) / ((axd
-b*c)*b) " (1/2) *arctan (b*x(d*x+c) ~(1/2)/((axd-b*c)*b) ~(1/2) ) *D*c~3+511/192/ (b
*d*x+ax*xd) "4x*b/ (a”2xd"2-2*xaxbxc*xd+b~2%c”2) * (d*x+c) " (3/2) *A*d~4+35/64/ (a~4*d"
4-4%a” 3xbxcxd~3+6*a"2%b 2% c”2*xd"2-4*axb"3*xc " 3xd+b~4*c"4) / ((a*d-b*xc) *b) " (1/2
Y*xarctan (b* (d*x+c) " (1/2)/ ((a*xd-b*c)*b) ~(1/2)) *A*xd"4-5/64/ (bxd*x+a*d) ~4/ (a*d
-b*c) /b* (d*x+c) " (1/2) *axBxd~4-11/64/ (bxd*x+a*xd) ~4/b/ (a”2*d~2-2*a*xb*cxd+b~2*
c~2)x (d*xx+c) " (3/2) ¥a~2*Cxd~4+3/64/ (bxd*x+a*xd) ~4/ (a~4*d~4-4*a”~3*xb*cxd~3+6*a”
2%b72%c”2*%d"2-4*axb"3*xc " 3xd+b " 4*c"4) * (d*x+c) T (7/2) *a~2xb*xCxd~4+3/4/ (b*xd*x+a
*d) "4/ (a"4*d"4-4*a" 3xbxcxd~3+6*a"2%b 2% c”2xd"2-4*axb " 3xc " 3*%d+b"4*c"4) * (d*xx+
c)~(7/2)*C*c™2%d"2*xb~3+55/192/ (b*d*x+a*d) ~4+*b/ (a”~3*d"3-3*a" 2*b*cxd~2+3*a*xb”
2%c”2xd-b"3*c"3) * (d*x+c) " (5/2) *axB*d~4-55/192/ (b*xd*x+a*d) “4/b"2/(a~2*d~2-2%
axb*xc*xd+b~2*xc”2) * (d*x+c) ~(3/2) *a~3*d"4*D-5/8/ (bxd*x+axd) “4/ (a~4*d~4-4*a"3*b
*Ccxd"3+6*a”2*b 2% cT2xd " 2-4*a*xb " 3*%c " 3*d+b " 4*c"4) * (dxx+c) " (7/2) #*B*c*d"3*b"3-5
/12/ (b*xd*x+ax*xd) "4/ (a~2*xd~2-2*xaxb*c*d+b~2*c”2) * (d*x+c) " (3/2) *Cxaxc*d~3-3/4/(
bxd*x+axd) ~4/ (a~2+%d"2-2*axbxcxd+b"2xc"2) * (d*x+c) " (3/2) *D*xaxc”2xd"2+13/4/ (b*
dxx+ax*xd) “4xb/ (a~2xd"2-2*a*xb*cxd+b~2*xc~2) * (d*xx+c) ~(3/2) *Cxc~2*d~2+5/64/b~3/(
a~4*d"4-4xa” 3*xbxckxd"3+6*a”2xb " 2xc"2%d"2-4*a*xb~3*c " 3xd+b~4*c"4) / ((a*xd-b*c) *b
)~ (1/2)*arctan (b* (d*x+c) ~(1/2) / ((a*d-b*c) *b) ~(1/2) ) *a~3*d~4*D-5/64/ (b*d*x+a
*d) "4/ (a*d-b*c) /b~ 3* (d*x+c) ~(1/2) *a~3*d"4*D+5/64/ (bxd*x+a*xd) ~4/ (a~4*d"4-4*a
“3*b*c*kd"3+6*a"2%b"2xc"2xd " 2-4*a*xb " 3*xc " 3*d+b"4*c"4) * (d*xx+c) ~(7/2) *axb~2%B*d
~4-3/64/ (bxd*xx+a*xd) ~4/ (axd-b*c) /b~ 2% (d*x+c) ~(1/2) *a~2*xCxd~4+5/64/b/ (a"4*xd"4
—-4xa” 3*b*c*d"3+6*%a”2*%b"2%c"2*xd"2-4*a*xb"3*c"3*d+b~4*c”4) / ((a*d-b*xc) *b) ~(1/2)
*arctan (b* (d*xx+c) ~(1/2)/((axd-b*c)*b) ~(1/2)) *a*xB*xd~4+93/64/ (bxd*x+a*d) ~4/(a
*d-b*c) * (d*x+c) " (1/2) *A*xd~4+5/8/ (b*d*x+ax*d) "4/ (a~3*d~3-3*a~2xb*c*d~2+3*a*b”
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2%xc”2%d-b"3*c”3) * (d*x+c) ~(5/2) *xD*a~2*c*xd "3

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+B*x+A)/(b*x+a) 5/ (d*x+c)~(1/2),x, algorithm="maxima"
)

[Out] Exception raised: ValueError

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+Bxx+A)/(b*x+a) 5/ (d*x+c)~(1/2),x, algorithm="fricas"
)

[Out] Exception raised: UnboundLocalError

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Dxx**3+Cxx**x2+B*xx+A)/(b*x+a)**5/ (d*x+c)**(1/2) ,%)

[Out] Timed out




72

Giac [B] time = 2.56709, size = 2041, normalized size = 4.12

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Dxx~3+C*x~2+B*x+A)/(bxx+a) 5/ (d*x+c)~(1/2),x, algorithm="giac")

[Out] -1/64x(64%D*b~3*c”3*d — 48*D*ax*xb”~2*c~2*d"2 - 48*C*b~3*c~2xd"2 + 24xD*xa”2xb*
c*d”3 + 16*%Ckaxb~2%c*d™3 + 40*Bxb~3*c*d"3 - 5*D*a”~3*d"4 - 3*C*a~2%b*d"4 - 5
*xBxaxb~2*%d"4 - 35%Axb~3xd"4)*arctan(sqrt(d*x + c)*b/sqrt(-b~2*c + axbxd))/(
(b™7*c™4 - 4xaxb™6*c~3*d + 6*a”2%b"5xc”2*d"2 - 4xa”~3*b"4*c*xd”3 + a”~4*b~3*d”
4)*sqrt(-b~2*c + axb*d)) - 1/192%(192*(d*x + )~ (7/2)*Dxb~6*c~3*d - 576*(d*
x + ¢c)7(5/2)*D*b"6xc”4*xd + 576%(d*x + c)~(3/2)*D*b"6*%c"b*xd - 192xsqrt(d*x +
c)*D*xb"6*c"6*xd - 144x(d*x + c)~(7/2)*D*axb~b*xc™2*d"2 - 144x*(dxx + c)~(7/2)
*xC*b76%c”™2%xd"2 + 720*(d*x + c)”~(5/2)*D*axb~5kc~3*d"2 + 528*(d*x + c)~(5/2)*
Cxb~6*c™3*%d"2 - 1008+ (d*x + c)~(3/2)*D*axb~5xc~4*d"2 - 624*(d*x + c)~(3/2)*
Cxb~6*xc~4*d"2 + 432*sqrt(d*x + c)*D*axb~5xc~5*d"2 + 240*sqrt(d*x + c)*C*b~6
xC"b*d"2 + 72x(d*x + c)~(7/2)*#D*a~2%b"4*c*d"3 + 48x(d*x + c)~(7/2)*C*xaxb~5x*
cxd™3 + 120*%(d*x + )~ (7/2)*Bxb~6%c*xd~3 - 24x(d*x + c)~(5/2)*D*a~2xb~4xc” 2%
d”3 - 704x*(d*x + c)~(5/2)*Cxa*xb~5*xc™2xd"3 - 440*(d*x + c)”(5/2)*B*b~6*c~2*d
73 + 24x(d*xx + c)7(3/2)*D*a”2%b”4xc”3*d"3 + 1328*(d*x + c)~(3/2)*Cxa*xb~5*c”
3*%d"3 + 584x(d*x + c)”~(3/2)*B*b"6%c”~3*%d"3 - 72xsqrt(dxx + c)*D*xa”2xb~4*xc 4x*
d™3 - 672*sqrt(d*x + c)*Cxaxb~5xc™4xd~3 - 264*sqrt(d*x + c)*B*xb~6%c”4xd"3 -
16x(d*x + c)~(7/2)*D*a~3*b"3xd"4 - 9*(d*x + c)~(7/2)*Cxa~2xb"4*xd"4 - 15x(d
*x + c)"(7/2)*B*a*xb”5*xd"4 - 105%(d*x + c¢)~(7/2)*Axb~6xd"4 - 193*(d*x + c)~(
5/2)*D*a”3xb~3%c*xd"4 + 209*(d*x + c)~(5/2)*C*xa~2*b"4*c*d~4 + 495*%(d*x + c)~
(6/2) #*Bxaxb~5xc*d~4 + 385*(d*x + c)~(5/2)*Axb~6*xcxd~4 + 727x(d*xx + c)~(3/2)
*xD*a”~3*b”"3*xc”2xd"4 - 751k (d*x + c)”(3/2)*C*a”2xb~4*xc"2*d"4 - 1241x(d*x + c)
~(3/2)*B*axb~bxc"2*xd"4 - 511k (d*x + )~ (3/2)*Axb"6*%c"2*d"4 - 471*sqrt(d*x +
c)*D*a~3*b"3%c"3*xd"4 + 567*xsqrt(d*x + c)*Cxa~2xb~4*c~3*d"4 + T77*sqrt(d*x
+ c)*B*axb~bxc"3*%d"4 + 279*sqrt(d*x + c)*A*b"6%c”3*xd"4 + 73x(d*x + c)~(5/2)
*xD*a”~4xb”2xd"5 - 33x(d*x + c)~(5/2)*C*a~3*b~3*d"5 - 55x(d*x + c)~(5/2)*Bx*a”
2*b~4*d"5 - 385*(d*x + c)”(5/2)*A*xaxb~5xd”5 - 374x(d*x + c)~(3/2)*D*a~4*b"2
xc*d”5 + 14*x(d*xx + c)”(3/2)*C*a”3*b~3*%c*xd™5 + 730*(d*x + c)~(3/2)*B*a~2%b"4
xc*d”5 + 1022x(d*x + c)~(3/2)*A*axb~5xc*d"5 + 405*sqrt(d*x + c)*D*xa”~4*xb~2*c
~2%d75 - 69%sqrt(d*x + c)*C*xa~3*%b~3*c"2%d"5 - T4AT*sqrt(d*x + c)*B*xa~2xb~4x*c
~2%d”5 - 837*sqrt(d*x + c)xA*axb~5xc”2*%d"5 + 55x(d*x + c)”(3/2)*D*a”5xb*d”6
+ 33x(d*x + c)~(3/2)*C*xa~4*b"2+%d"6 - 73*(d*x + c)~(3/2)*Bxa~3*b~3*d"6 - 51
1x(d*x + c)~(3/2)*A*a"2xb~4*d"6 - 117*sqrt(d*x + c)*Dxa~bxb*c*d™6 - 7b*xsqrt
(d*x + c)*Cxa~4xb~2xc*xd"6 + 219*sqrt(d*x + c)*B*a~3%b~3xc*d"6 + 837*sqrt(d*
X + c)*Axa”2xb~4*xcxd”"6 + 16*xsqrt(d*x + c)*D*a”6+d”7 + O9*xsqrt(d*x + c)*Cxa~h
*xb*d”~7 + 1B5*%sqrt(d*x + c)*B*a~4*b~2%d”7 - 279*sqrt(d*x + c)*A*a”~3%b~3%d"7)/
((b"7*c™4 - 4xaxb™6*c™3xd + 6*a”2%b~5*xc™2*d"2 - 4*a”3*b~4*cxd”3 + a~4*b~3*d



~“4)x((d*x + c)*b - b*c + axd)”"4)
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(a+bx)3 (A+Bx+Cx2+Dx3)
f (c+dx)3/2

3.10 dx

Optimal. Leaf size=434

2(c + dx)*? (3a2bd?(Cd - 4cD) + a*d®D - 3ab?d (~Bd? — 10c2D + 4cCd) + b (Ad® - 4Bed? +10c2Cd - 20c°D))  2(c
5d7 o

[Out] (2x(b*c - a*xd)~3*(c”2%C*d - Bxc*xd™2 + A*d~3 - c¢~3%D))/(d"7*Sqrtc + d*x]) -
(2% (bxc - ax*xd) "2*(a*xd*(2xc*xCxd — Bxd~2 - 3%c”2%D) - b*(5xc™2xCxd - 4*xBxcxd

72 + 3%A*d”3 - 6%c”3*D))*Sqrtlc + d*x])/d”7 - (2% (b*c - a*xd)*(a"2xd"2*x(Cxd

- 3%c*D) - axbxd*(8*cxCxd — 3*%B*d~2 - 15*%c”2*D) + b™2*x(10*c~2xCxd - 6*B*c*d

"2 + 3*%A*d73 - 15%c”3*D) )*x(c + d*x)~(3/2))/(3*d"7) + (2*x(a~3*d"3*D + 3*a” 2%

b*d"2*x (Cxd - 4*c*D) - 3*axb~2xd*(4d*xc*xCxd — B*d~2 - 10%c™2*D) + b~ 3*(10*xc~2%

Cxd - 4xBkcxd”2 + A*d™3 - 20%c™3*D))*(c + d*x)~(5/2))/(6%d”7) + (2%b*(3*a~2

*d72+D + 3*axbxdx(Cxd — 5xc*D) - b 2% (5kxckCxd — Bxd™2 - 15%c™2%D))*(c + d*x

)7(7/2))/(7*%d"7) + (2%b~2x(b*xCxd - 6%b*c*D + 3*a*xd*D)*(c + d*xx)~(9/2))/(9*d

~7) + (2%b73*Dx(c + d*xx)~(11/2))/(11%d77)

Rubi [A] time = 0.358911, antiderivative size = 434, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 32, e -

0.031, Rules used = {1620}

integrand size

2(c + dx)2 (3a2bd?(Cd — 4cD) + a°d°D — 3ab?d (~Bd? - 10c2D + 4cCd) + b* (Ad® — 4Bcd? +10c2Cd — 20¢°D))  2(c
5d7 o

Antiderivative was successfully verified.

[In] Int[((a + b*x)~3%(A + B*x + C*x~2 + D*x~3))/(c + d*x)~(3/2),x]

[Out] (2x(bxc - axd) 3% (c™2xC*xd - B*cxd™2 + A*d~3 - ¢73%D))/(d"7*Sqrtlc + d*x]) -
(2% (b*xc - a*xd) "2*(axd*(2xc*xCxd — Bxd~2 - 3%c™2%D) - b*(5xc™2xCxd — 4*Bxcxd

T2 + 3%A*d"3 - 6%c”3*D))*Sqrtlc + d*x])/d”7 - (2% (b*c - a*xd)*(a"2xd"2x(Cxd

- 3%c*D) - axbxd*x(8*cxCxd — 3*%B*d~2 - 15%c”2*D) + b~ 2*x(10*c~2*xCxd - 6*B*c*d

"2 + 3%A*d"3 - 15%c”3*D))*(c + d*x)~(3/2))/(3*%d"7) + (2*%(a”3*xd"3*D + 3*a~2x*

bxd"2*x (Cxd - 4*c*D) - 3*axb”~2*xd*(4d*xcxCxd - B*d~2 - 10*c™2*D) + b~ 3x(10*xc™2%

Cxd - 4*Bxcxd™2 + Ax*d~3 - 20%c”3*D))*(c + d*x)~(5/2))/(5%d"7) + (2*xb*x(3*a"2

*d72+D + 3*axbxd*x(Cxd — 5xc*D) - b 2% (5kxckxCkxd — B*xd~2 — 15%c™2+D))*(c + d*x

)-(7/2))/(7%d"7) + (2%b~2x(b*Cxd - 6%b*cxD + 3ka*xd*D)*(c + d*xx)~(9/2))/(9*d

~7) + (2%b73*Dk(c + d*x)~(11/2))/(11%d"7)
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Rule 1620

Int[(Px_)*((a_.) + (b_)*(x_)) " (m_.)*x((c_.) + (d_.)*(x_))"(n_.), x_Symbol]
:> Int[ExpandIntegrand[Px*(a + bxx) m*x(c + d*x)"n, x], x] /; FreeQ[{a, b, c
, d, m, n}, x] &% PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) && GtQ[E
xpon[Px, x], 2]

Rubi steps

(a +bx)> (A + Bx + Cx + D) ] (<be + ad)?® (c>Cd — Bed? + Ad® - D) (be — ad)? (~ad (2cCd — Bd? -
f (C + dx) 2 *= f &5 + dx) 2 -

2(be - ad)® (c2Cd - Bed? + Ad® - D) 2(bc - ad)? (ad (2cCd - Bd? - 3¢2

d’c + dx

Mathematica [A] time = 1.14677, size = 391, normalized size = 0.9

2(693(c + dx)® (3a2bd*(Cd — 4cD) + a®d®D + 3abd (Bd? + 10c*D — 4cCd) + b3 (Ad® — 4Bcd? +10c2Cd — 20c¢3D)) —
(

Antiderivative was successfully verified.

[In] Integrate[((a + bxx)73*%(A + Bxx + Cxx"2 + D*x73))/(c + d*x)~(3/2),x]

[Out] (2*%(3465*%(b*xc — axd) ~3*(c™2+%C*d - Bkxc*d™2 + A*d~3 - c~3%D) - 3465*(b*c - ax*

d) "2*% (- (a*xd* (-2*xc*xCxd + B*d~2 + 3*c”2*D)) + bx(-5*xc”2xCxd + 4*B*xc*d™2 - 3*A

*d"3 + 6*%c”3*D))*(c + d*x) — 1155%(b*c - a*xd)*(a"2xd"2*x(Cxd - 3*c*D) + a*bx

d* (-8*c*Cxd + 3*Bxd~2 + 15%c™2%D) + b"2*x(10*%c~2*%Cxd - 6*B*xc*d™2 + 3*A*d~3 -
15%c™3*D) )*(c + d*x)~2 + 693*x(a~3*d"3*D + 3*a~2xb*xd"2*x(Cxd - 4xc*D) + 3*ax

b~2*xd* (—4*xcxCxd + B*d~2 + 10*c™2*D) + b~ 3*x(10*c™2%C*d - 4*B*c*d™2 + A*d~3 -
20%c”3*D) ) *(c + d*x)~3 + 495%b*(3*a”2*d"2*D + 3*axbxd*x(Cxd - 5*c*D) + b~ 2%
(-5*c*C*d + B*d"2 + 15%c”2*D))*(c + d*x)~4 + 385*b~ 2% (b*Cxd — 6xb*c*D + 3*a
*d*D)*(c + d*x)"5 + 315%b~3#D*(c + d*x)~6))/(3465*xd"7*Sqrt[c + d*x])

Maple [B] time = 0.007, size = 841, normalized size = 1.9

—630b>Dx®d® — 770 Ch3d®x° — 2310 Dab?d®x® + 840 Db3cd®x® — 990 Bb>d®x* — 2970 Cab?d®x* + 1100 Cb3cd®x* - 2

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((b*x+a) 3% (D*x~3+C*x~2+B*x+A)/(d*x+c)~(3/2),x)

[Out] -2/3465/(d*x+c)”(1/2)*(-315%D*b~3*d~6*x"6-385*C*b~3*d~6*x~5-1155%D*a*xb~2*d~
6*x"5+420*D*b " 3*c*xd"5*x"5-495*Bxb~3*d"6*x"4-1485*Cxaxb " 2xd"6*x"4+550*%Cxb~3*
c*d"b*xx"4-1485%D*a”2xb*d”~6*x~4+1650*D*a*xb”2*xc*xd"5*x"4-600*D*b"3*c"2*d"4*x"4
—693*%A*b"3*d"6*x"3-2079*B*xaxb”2*xd"6*x"3+792*B*xb”"3*c*xd"5*xx"3-2079*C*xa~2*b*d"
6*x"3+2376*Cxaxb”™2xcxd"bxx~3-880*C*b~3*c™2*d 4*x"3-693*D*a”3*d~6*x"3+2376*D
*a"2%b*c*d"5*x"3-2640*D*xaxb”2xc”2*%d"4*x"3+960*D*b”"3*c”3*d " 3*x"3-3465*A*ax*b”
2*%d"6xx"2+1386*%Axb"3*cxd"5*x"2-3465*Bxa”2*xbxd " 6*x"2+4158*Bxa*xb”2xc*d " bxx"2-
1584 *Bxb~3*c™2xd"4*x"2-1155%C*a " 3*d~6*x"2+4158*%Cxa”2*xbxc*d 5xx~2-4752*C*ax*b
T2%cT2%d"4*xx"2+1760%Ckb " 3%c"3%d " 3*x " 2+1386*D*a”3*cxd"5*x"2-4752%D*a”2xbxc”2
*d"4*xx"2+5280%D*axb”2*c”3*%d"3*x"2-1920%D*b " 3*c"4*d"2*%x"2-10395*%A*a"2*b*xd "6
x+13860*Axaxb~2*c*d"5*x-5544*A*xb™3*c”2*xd " 4*xx-3465*B*a”3*d"6*x+13860*B*xa”2*b
*cxd"5*x-16632*Bxaxb”2xc”2*%d"4*xx+6336*B*b"3*xc”3*d" 3*xx+4620*C*a” 3*xc*d " b*x-16
632xCxa”2*xbxc™2*d"4*xx+19008*Cxa*xb~2*c™3*%d" 3*xx-7040*Cxb~3*c~4*d"2*xx-5544*D*a
“3*%cT2%d"4*xx+19008*D*a” 2xb*c”3*xd " 3*x-21120*D*a*xb”2*xc"4*d " 2xx+7680*D*b”"3*c”5
*d*x+3465*%A*a”3*xd"6-20790*A*xa”2xb*xc*d"5+27720*A*xaxb™2xc”2xd"4-11088*A*b~3*c
~3*d"3-6930*B*a”3*%cxd"5+27720*B*a"2*b*c”2*d"4-33264*B*xaxb”2xc"3*d"3+12672*B
*b73*xcT4*xd"2+9240%Cxa”3*xc”2*d"4-33264*C*a” 2xbxc”3*xd"3+38016*Cxaxb~2*xc"4*xd "2
-14080*C*b~3*c"5xd-11088*D*a"3*c~3*d"3+38016*D*a”2xbxc™4*xd~2-42240*D*a*xb~2x
c~5%d+15360*%D*b~3*c~6) /d"7

Maxima [A] time = 2.58906, size = 849, normalized size = 1.96

1 9 7
315 (dx-+c) 2 Db3-385 (6 Db3c—(3 Dab?+Ch®)d)(dx-+c) 2 +495 (15 Db>c?-5 (3 Dab?+Cb> )cd+(3 Da?b+3 Cab?+Bb> )d?)(dx+c) 2 -693 (20 Dbc3-10 (3 Dab?-

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a) 3% (Dxx~3+C*x~2+B*x+A)/(d*x+c)~(3/2),x, algorithm="maxima"
)

[Out] 2/3465%((315%x(d*x + ¢)~(11/2)*D*b~3 - 385*(6*D*b~3xc - (3*D*a*b”2 + C*b~3)*
d)*(d*x + ¢c)~(9/2) + 495+ (15+%D*b~3*c”2 - 5x(3*D*a*xb~2 + C*b~3)*c*d + (3*Dx*a
“2%b + 3*Ckaxb”2 + Bxb"3)*d"2)*(d*x + ¢)”(7/2) - 693*(20*D*b"3*%c~3 - 10*(3*
D*a*b~2 + Cxb~3)*c™2+d + 4*(3*D*a”"2*b + 3*Cxa*xb~2 + B*b~3)*cxd"2 - (D*a”~3 +
3*C*xa~2*b + 3*B*axb”2 + A*¥b~3)*d"3)*(d*x + c)~(5/2) + 1155%(15*D*b~3*c"4 -
10* (3*D*a*xb~2 + C*b~3)*c~3*d + 6% (3*D*a”~2xb + 3*C*a*xb”2 + B*b~3)*c~2*xd"2 -
3% (D*a”3 + 3*C*xa~2xb + 3*B*a*xb™2 + A*b”~3)*c*d"3 + (Cxa~3 + 3*B*xa~2*b + 3*A
*axb~2)*d"4) *x(d*x + ¢)~(3/2) - 3465%(6%D*b"3*c”5 - 5x(3*D*xaxb~2 + C*b~3)*c”
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4xd + 4x(3xD*a~2%b + 3*C*a*b”™2 + B*b~3)*c”3%d"2 - 3*(D*a”3 + 3*Cxa~2xb + 3%
Bxaxb~2 + A*xb~3)*c”2+%d"3 + 2*%(C*a”~3 + 3*Bxa~2xb + 3*Axaxb”2)*c*d"4 - (B*a~3
+ 3*%A*a~2%b)*d"5)*sqrt(d*x + c))/d"6 - 3465*(D*b~3*c”6 + A*a~3*d"6 - (3*Dx
axb”2 + C*xb~3)*c"5xd + (3*xD*xa~2%b + 3*C*a*b”™2 + B*b~3)*c"4*d"2 - (D*a"3 + 3
*C*a " 2%b + 3*B*a*b”2 + A*b~3)*c”3*%d"3 + (C*xa”~3 + 3*Bxa~2xb + 3*A*xaxb”2)*c”2
*d"4 - (B*a"3 + 3*A*xa”2xb)*c*d”~5)/(sqrt(d*x + c)*d”6))/d

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a) 3% (Dxx~3+C*x~2+B*x+A)/(d*x+c)~(3/2),x, algorithm="fricas"
)

[Out] Exception raised: UnboundLocalError

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)**3* (Dkx*x*3+Ckx**2+B*x+A) / (d*x+c)**(3/2) ,%)

[Out] Timed out

Giac [B] time = 2.3888, size = 1440, normalized size = 3.32

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a) 3% (Dxx~3+C*x~2+B*x+A)/(d*x+c)~(3/2),x, algorithm="giac")

[Out] -2*%(D*b~3%c”6 - 3*D*xaxb~2*c”5*xd - Cxb~3*c~5*d + 3*D*a~2xbxc~4*d"2 + 3*Ckax*b
T2xcT4xd"2 + B¥b73%cT4*%d"2 — D*a"3%xc”3xd"3 - 3%Ckxa”2%b*c”3*d"3 - 3*Bkxaxb™2x%
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c"3*d"3 - A*b73*c”3%d"3 + C*a~3*c"2xd"4 + 3*Bxa"2%b*c”2+%d"4 + 3*kAxaxb"2xc”2
xd~4 - B*a"3*ckxd"b5 - 3*A*a"2*bxc*d”5 + A*a~3*d"6)/(sqrt(d*x + c)*d~7) + 2/3
465*% (315%(d*x + ¢)~(11/2)*D*b~3*d"70 - 2310*(d*x + ¢)~(9/2)*D*b~3*c*xd~70 +
7425% (d*x + ¢)~(7/2)*D*b~3*c"2xd"70 — 13860*(d*x + c)~(5/2)*D*b~3*c~3*d~70
+ 17325x(d*x + ¢)~(3/2)*#D*b~3*c”"4*d”70 - 20790*sqrt(d*x + c)*D*b~3*c~5xd~70
+ 1165%(d*x + c)~(9/2)*D*xa*xb~2+%d~71 + 385x(d*x + c)~(9/2)*Cxb~3+%d~71 - 742
5% (d*x + c)~(7/2)*D*xaxb~2xcxd~71 - 2475*%(d*x + c)~(7/2)*Cxb~3*c*xd~71 + 2079
O*(d*x + c)~(5/2)*D*xaxb~2%c™2%d"71 + 6930*(d*x + c)~(5/2)*C*b~3*c™2*d"71 -
34650*% (d*x + c)~(3/2)*D*a*xb~2%c”3*d"71 - 11550*(d*x + ¢)~(3/2)*C*xb~3*c~3*d"~
71 + 51976xsqrt(d*x + c)*D*axb~2xc~4*d~71 + 17325*sqrt(d*x + c)*Cxb~3xc~4x*d
71 + 1485 (d*x + c)”(7/2)*D*a~2%b*d"72 + 1485%x(d*x + c)~(7/2)*C*a*xb~2*xd"72
+ 495%(d*x + ¢)~(7/2)*Bxb~3*d"72 - 8316*(d*x + c)~(5/2)*D*xa"2*bxc*d"72 - 8
316x(d*x + c)~(5/2)*Cxa*xb™2*xc*d”72 - 2772x(d*x + ¢)~(5/2)*B*b~3*c*d”~72 + 20
790* (d*x + ¢)~(3/2)*D*xa~2%b*c™2*%d"72 + 20790*(d*x + c)~(3/2)*C*a*xb™2*xc”~2*xd"~
72 + 6930*(d*x + )~ (3/2)*Bxb~3*%c"2*d"72 - 41580*sqrt (d*x + c)*D*a~2*b*c~3x
d~72 - 41580*sqrt(d*x + c)*Ckaxb~2%c~3*d"72 - 13860*sqrt(d*x + c)*Bxb~3%c~3
*d772 + 693x(d*x + ¢)”(5/2)*D*a~3*%d"73 + 2079%(d*x + c)~(5/2)*C*xa~2*b*xd~73
+ 2079*%(d*x + c)~(5/2)*B*a*xb”2*d"73 + 693x(d*x + c)~(5/2)*A*b~3*d"73 - 3465
*(d*x + ¢)”(3/2)*D*a”~3*cxd~73 - 10395*(d*x + c)~(3/2)*Cxa~2xb*c*d~73 - 1039
5% (d*x + c¢)~(3/2)*Bxaxb~2xc*xd~73 - 3465*%(d*x + c)”(3/2)*A*xb~3*c*d"73 + 1039
Bxsqrt (d*x + c)*Dxa~3*c™2xd"73 + 31185*sqrt(d*x + c)*Cxa~2%b*c™2xd~73 + 311
85xsqrt (d*x + c)*Bkxa*xb~2*%c”2xd"73 + 10395*sqrt(d*x + c)*Axb~3*c”2*d~73 + 11
55 (d*x + c)~(3/2)*C*xa~3*xd~74 + 3465+ (d*x + c)~(3/2)*Bxa~2xbxd~74 + 3465*(d
*x + ¢)7(3/2)*xA*axb~2%d"74 - 6930*sqrt(d*x + c)*Cxa~3xc*d~74 - 20790*sqrt(d
*X + c)*Bxa”2xb*xcxd”74 - 20790*sqrt(d*x + c)*Axaxb"2xc*d"74 + 3465*sqrt (d*x
+ c)*B*a~3%d”75 + 10395*xsqrt(d*x + c)*A*a”~2xbxd~75)/d"~77
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3.11 dx

f (a+bx)2(A+Bx+Cx2+Dx3)
(c+dx)3/2
Optimal. Leaf size=322

2(c + dx)*? (a2d?(Cd - 3cD) — 2abd (~Bd? - 6¢2D + 3¢Cd) + b? (Ad® - 3Bed? + 6c2Cd - 10°D))  2(c + dx)*? (a?d
+
3d°

[Out] (-2*(b*c - a*xd) "2x(c™2*Cxd - B*cxd™2 + A*d~3 - c~3%D))/(d"6%Sqrt[c + d*x])
+ (2% (bxc - axd)*(axd*(2*%c*C+xd - B*d~™2 - 3*c™2*D) - b*(4*c™2*C*d - 3*Bkxc*xd™

2 + 2*%Axd"3 - Bb*c”3%D))*Sqrtlc + d*x])/d"6 + (2x(a”2+d"2x(C*d - 3*c*D) - 2%
axb*d* (3*ckxCkxd — Bxd™2 — 6%c”2%D) + b 2% (6xc”2xCxd — 3*Bxcxd™2 + A*d"3 - 10
*c73%D) ) *(c + d*x)"(3/2))/(3*%d"6) + (2*%(a”2xd"2*D + 2*axbxd*(C*d - 4*c*D) -

b~ 2% (4*cxCxd - B*d~2 - 10%c™2xD))*(c + d*x)~(5/2))/(5%d"6) + (2%bx(b*Cxd -
Bxb*c*D + 2*xaxd*D)*(c + d*xx)~(7/2))/(7*d"6) + (2xb~2*D*x(c + d*x)~(9/2))/(9
*d76)

Rubi [A] time = 0.258515, antiderivative size = 322, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 32, T~ > % _

integrand size
0.031, Rules used = {1620}

2(c + dx)*2 (a%d*(Cd — 3cD) — 2abd (~Bd? - 6¢2D + 3¢Cd) + b? (Ad® — 3Bed? + 6¢2Cd —10c°D))  2(c + dx)¥2 (a?d
+
3d6

Antiderivative was successfully verified.

[In] Int[((a + b*x)"2%(A + B*x + Cxx~2 + D*x"3))/(c + d*xx)~(3/2),x]

[Out] (-2*(b*c - axd) "2x(c™2*Cxd - B*cxd™2 + A*d™3 - c~3%D))/(d"6%Sqrt[c + d*x])
+ (2% (bxc - axd)*(axd*(2%c*C+*d - B*d™2 - 3*c™2xD) - b*(4*c”2*C*d - 3*Bkxc*xd™

2 + 2*%Axd"3 - b*c”3%D))*Sqrtlc + d*x])/d"6 + (2x(a”2%d"2x(Cxd - 3*c*D) - 2%
axb*d* (3*ckCkxd — Bxd"2 — 6xc”2%D) + b~ 2*%(6xc”2xCxd — 3*Bxcxd™2 + A*d"3 - 10
*c73%D))*(c + d*x)"(3/2))/(3*%d"6) + (2*%(a”2*d"2*D + 2*axbxd*(C*d - 4*c*D) -

b~ 2% (4*cxCxd - B*d~2 - 10%c™2xD))*(c + d*xx)~(5/2))/(5%d"6) + (2%bx(b*Cxd -
5xb*c*D + 2*xaxd*D)*(c + d*xx)~(7/2))/(7*d"6) + (2xb~2*D*x(c + d*x)~(9/2))/(9
*d~6)

Rule 1620

Int[(Px_)*((a_.) + (b_)*x(x_ D))" (m_.)*x((c_.) + (d_.)*x(x_))"(n_.), x_Symbol]
:> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢
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, d, m, n}, x] & PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) && GtQ[E
xpon[Px, x], 2]

Rubi steps

(a + bx)? (A +Bx + Cx* + Dx3) . (=bc + ad)? (csz — Bed? + Ad® - c3D) (bc — ad) (ad (ZCCd — Bd? - 3¢2
f (c + dx)32 r= f d>(c + dx)3?2 " ‘

2(be - ad)? (c>Cd — Bed? + Ad® - D) 2(bc - ad) (ad (2cCd - Bd? - 3¢2L
- +

dé+c + dx

Mathematica [A] time = 0.635643, size = 287, normalized size = 0.89

2 (105(c + dx)? (a2d%(Cd — 3cD) + 2abd (Bd? + 6¢2D - 3cCd) + b? (Ad® - 3Bed? + 6¢2Cd - 10¢°D)) + 63(c + dx)° (a?d:

Antiderivative was successfully verified.

[In] Integrate[((a + bxx)"2*%(A + Bxx + Cxx~2 + D*x73))/(c + d*x)~(3/2),x]

[Out] (2*%(315%(b*c — axd) 2% (-(c™2%C*d) + B*xc*d™2 - A*d~3 + c~3+D) + 315*x(b*c - a
*d) % (- (a*xd* (-2*c*Cxd + Bxd~2 + 3%c™2%D)) + bk (-4*c™2*xCxd + 3*Bxc*d™2 - 2*A%*

d"3 + 5%c”3*D))*(c + d*x) + 105%(a”2xd"2x(Cxd — 3*c*D) + 2*axbkxd*(-3*c*xCxd

+ Bxd"2 + 6%c”2%D) + b 2% (6%c”2%xCxd - 3*Bxckd™2 + A*d~3 - 10%c”3xD))*(c + d

*x) 72 + 63x(a”2xd"2%D + 2xaxbxd*(Cxd — 4*c*D) + b~ 2x(-4*c*xCxd + Bxd~2 + 10%
c”2xD))*(c + d*x)”3 + 45xbx(b*Cxd - 5xb*c*D + 2*a*d*D)*(c + d*x)~4 + 35%b~2

*xD* (c + d*x)75))/(315%d"6*Sqrt[c + d*x])

Maple [A] time = 0.009, size = 505, normalized size = 1.6

—70b2Dx°d® — 90 Ch2d°x* — 180 Dabd®x* + 100 Db2cd*x* — 126 Bb2d°x® — 252 Cabd®x® + 144 Cb?cd*x® — 126 Da?d°x

Verification of antiderivative is not currently implemented for this CAS.

[In] int((bxx+a) 2% (D*x~3+C*xx"2+B*x+A)/(d*x+c) ~(3/2) ,x%)

[Out] -2/315/(d*x+c)~(1/2)*(-35%D*b~2*d " 5*xx~5-45%Cxb~2*%d~5*xx~4-90*D*a*xb*d~5*xx~4+5
0*D*b™2*%c*d"4*x"4-63*B*b"2*d"5*xx"3-126*C*axb*d " 5xx"3+72*xC*b™2*c*d " 4*xx"3-63%*
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Dxa~2%d"5xx"3+144*D*xaxb*c*xd”4*x"3-80*D*b~2%c”2*%d"3*x"3-105%A*xb~2*xd " 5xx"2-21
O*Bxax*xb*xd~5*x"2+126*Bxb~2*c*d~4*x"2-105*%C*a~2*d " 5xx~2+252*C*a*xbxc*d 4*x~2-1
44xCxb~2xc™2xd " 3*x"2+126*D*a” 2*xc*xd"4*xx"2-288*D*ax*xb*c”2*d"3*x"2+160*D*xb"2xc”
3xd"2*x72-630*Axaxb*d " bxx+420%xA*xb" 2xcxd " 4*xx—-315*B*a”2*d " bxx+840*B*xaxbxcxd"4
*x-504*B*b"2xc”2%d " 3*x+420*C*a”~2*c*d 4xx-1008*C*axbxc™2xd~3*x+576*Cxb"2xc™3
*d"2%x-504*D*a”2xc”2*xd " 3*x+1152*D*xaxb*xc”3*%d"2*xx-640*%D*b"2*%c”"4*d*x+315*%A*a"2
*d"5-1260*A*xaxbxcxd”4+840*xAxb~2*c"2*%d"3-630*B*a”2*xc*xd~4+1680*B*a*xb*xc™2*xd"3-
1008*B*xb~2xc~3*d"2+840*C*a~2*c”2*d~3-2016*Cxaxb*xc~3*d"2+1152*Cxb~2*c"4*d-10
08*D*a~2*%c~3*d"2+2304*D*a*xbxc~4*d-1280*Dxb~2*c~5) /d~6

Maxima [A] time = 2.37962, size = 533, normalized size = 1.66

9 7 5
2%uﬂﬂmﬁﬁ@m%@mmw%WH&%Qmm%4@mm&%m@%ﬂwmw%ﬁnm1Nme%4@mmw%%H

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a) 2% (D*xx~3+C*x~2+B*x+A)/(d*x+c)~(3/2),x, algorithm="maxima"
)

[Out] 2/315%x((35*x(d*x + ¢)~(9/2)*D*b"2 - 45%(5xD*b~2xc — (2*D*axb + Cxb~2)*d)*(dx*
X + ¢c)7(7/2) + 63%(10*%D*b~2*%c”2 — 4*x(2xDxaxb + C*b~2)*c*d + (D*a~2 + 2xCxax

b + Bxb"2)*d"2)*(d*x + c)~(5/2) - 105*%(10*D*b~2%c~3 - 6*(2*D*axb + Cxb~2)*c

~2%d + 3*(D*a”2 + 2*xCkxaxb + Bxb~2)*c*d”2 - (C*a”™2 + 2xBxaxb + Axb~2)*d~3) *(

d*x + c)”(3/2) + 315%(5+%D*b"2%c"4 - 4*x(2*D*axb + Cxb~2)*c~3*d + 3*(D*a"2 +
2%C*xa*xb + Bxb"2)*c"2*xd"2 - 2% (C*a”2 + 2*Bxaxb + A*b~2)*c*d~3 + (B*a™2 + 2*A

xaxb) *d"4) *sqrt (d*x + ¢))/d"5 + 315%(D*b~2%c”5 - A*a~2*d"5 - (2*Dxa*b + C*b
“2)*xc”4*xd + (D*a”2 + 2xCxaxb + B*b~2)*c”3*d"2 - (C*xa”~2 + 2xBxaxb + A*xb~2)*c
~2%d”3 + (B*a"2 + 2xAxaxb)xc*d"4)/(sqrt(d*x + c)*d~5))/d

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.
Exception raised: UnboundLocalError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) 2% (D*x~3+C*xx~2+B*x+A)/(d*x+c)~(3/2),x, algorithm="fricas"
)
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[Out] Exception raised: UnboundLocalError

Sympy [A] time = 107.427, size = 435, normalized size = 1.35

7 5
2DV (c + dx)§ (c +dx)2 (2Cb?d + 4Dabd — 10DF?c)  (c + dx)2 (2Bb?d? + 4Cabd? — 8Cb?cd + 2Da?d? — 16Dabed
+ +
96 746 546

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)**2 (Dkx**3+Ckx**2+Bxx+A) / (d*x+c)**(3/2) ,x)

[Out] 2*D*b**2x(c + d*x)**(9/2)/(9*d**6) + (c + d*x)**x(7/2)*(2xCxb**2*d + 4xD*xa*b
*d — 10%D*b*x2xc)/(7*d**x6) + (c + d*xx)**x(5/2)* (2*xBxb*x*2%xd**x2 + 4*xCkxa*xb*xd*x*2

— 8%Cx*b*x2xc*xd + 2*Dkxa*x*x2*xd**x2 — 16*xDxaxbkckd + 20*xDxbx*x2kxc*x*2)/(5xd*x*6) +

(c + d*x)**x(3/2) % (2%A*xb*x*x2xd**3 + 4*Bkakxb*d*x*3 — B*Bxb**x2%xckd**x2 + 2kxCka*xx
2xd*x*3 — 12*%Ckaxbkxcxd*x*2 + 12%Ckb*x2xc*x*x2xd — B6xDkxa*xx2xcxd**x2 + 24*xD*xakxbkxcxk
*x2%d - 20%D*bx*2xc**3) /(3*d**6) + sqrt(c + d*x)*(4dxAxaxbxd**4 — 4*xAxb**2*Cx*
d**x3 + 2xBkxa*x*x2xdx*4 — 8xBxaxbxcxd*x*3 + GxBxb*xkx2kcx*2kd*x*x2 — 4*xCka*xxQkckd*x*
3 + 12xCxaxbkck*x2xd*x*2 — 8xCxbx*kkck*3%d + 6kDkax*2kckx2xd**x2 — 16*D*kakxbkcxk
*3xd + 10%Dxb*x*x2kxckx*4)/d**x6 + 2% (axd — bxc)**x2% (—Axd**3 + Bkxckxd**x2 — Ckc**x2
xd + Dxc*%*3)/(d*x6*xsqrt(c + dxx))

Giac [B] time = 2.57663, size = 879, normalized size = 2.73

2 (Db2c5 — 2 Dabc*d — Cbh2c*d + Da?c3d? + 2 Cabc®d? + Bb2c3d? — Ca?c?d® — 2 Babc?d® — Ab?c?d® + Ba?cd* + 2 Aabed

Vdx + cd®

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) ~2x (D*x~3+C*x~2+B*x+A) / (d*x+c)~(3/2) ,x, algorithm="giac")

[Out] 2*(D*b~2*c™5 — 2xDxaxb*c”4*d - C*xb~2*xc ™ 4*xd + D*xa~2xc~3*%d"2 + 2*Ckaxb*xc™3*d~
2 + Bxb72%xc73*%d"2 - Cxa”2%xc”2*%d"3 - 2xBkaxb*c"2*xd"3 - A*b"2*%c"2xd"3 + B*a"2
xcxd"4 + 2xAxaxb*xckd™4 - A*a”~2xd"5)/(sqrt(d*x + c)*d"6) + 2/315%(35%(d*x +
c)~(9/2)*D*b~2%d"48 - 225x(d*x + c)~(7/2)*D*b"2xc*d~48 + 630*(d*x + c)~(5/2
) *D*¥b~2*c"2+d"48 - 1050*(d*x + )~ (3/2)*Dxb~2%c~3*d"48 + 1575*%sqrt(d*x + c)
*D*b"2%c”4*d"48 + 90x(d*x + )~ (7/2)*D*xa*xb*d"49 + 45x(d*x + c)~(7/2)*C*b~2%
d"49 - 504*x(d*x + c)~(5/2)*D*xaxb*c*d"49 - 252x(d*x + c)~(5/2)*C*b~2*c*xd"49
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+ 1260*(d*x + c)~(3/2)*D*a*xb*xc™2*d"49 + 630x(d*x + c)~(3/2)*Cxb~2*c”2%d~49

- 2520*sqrt(d*x + c)*D¥xaxbxc~3*d"49 - 1260*sqrt(d*x + c)*Cxb"2xc~3*d"49 + 6
3x(d*x + c)7(5/2)*D*a”"2*d"50 + 126*(d*x + c)~(5/2)*Cxaxb*d~50 + 63*(d*x + c
)~ (56/2)*Bxb~2%d"50 - 315x(d*x + c)~(3/2)*D*a”~2xcxd~50 - 630*(d*x + c)~(3/2)
*Cxaxb*xckd”50 - 316x(d*x + c)~(3/2)*B*b~2%c*d~50 + 945*xsqrt(d*x + c)*D*xa”2x
c"2xd"50 + 1890%*sqrt(d*x + c)*Ckxaxb*xc™2xd"50 + 945*sqrt(d*x + c)*Bxb~2*c™2%
d"50 + 105x(d*x + c)~(3/2)*Cxa"2*xd"51 + 210*(d*x + c)~(3/2)*Bxaxbxd~51 + 10
Bk (d*x + c)”(3/2)*A*b~2xd"51 - 630*sqrt(d*x + c)*Cxa~2*cxd"51 - 1260*sqrt(d
*x + c)*Bxaxbxc*d"51 - 630*sqrt(d*x + c)*A*xb~2xc*d"51 + 315xsqrt(d*x + c)*B
*a~2%d"52 + 630*sqrt(d*x + c)*Axa*xb*xd~52)/d~54
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(a+bx)(A+Bx+Cx2+Dx3)
f (c+dx)3/2

3.12 dx

Optimal. Leaf size=210

2V + dx (ad (—de -3¢?D + 2ch) -b (Ad3 — 2Bcd? + 3c2Cd - 4C3D)) 2(bc — ad) (Ad3 — Bed? + c*Cd + c3(—D))
+
d° Ve + dx

[Out] (2x(b*c - a*xd)*(c”2xCxd - Bkcxd™2 + A*d™3 - c~3*D))/(d"5*Sqrt[c + d*x]) - (
2% (a*xd* (2%c*Ckxd — B*d~2 - 3%c72%D) - b*(3*c”™2xCkxd — 2*xBxcxd™2 + A*d™3 - 4x*c
~3%D))*Sqrt[c + d*x])/d"5 + (2x(axd*(C*d - 3*%cxD) - bx(3xc*Cxd - Bxd"2 - 6%
c”2xD) ) *(c + d*x)~(3/2))/(3*d"5) + (2% (b*C*d - 4*bxc*D + axd*D)*(c + d*x)~(
5/2))/(5%d"5) + (2*xb*D*x(c + d*x)~(7/2))/(7*d"5)

Rubi [A] time = 0.166234, antiderivative size = 210, normalized size of antiderivative =
1., number of steps used = 2, number of rules used = 1, integrand size = 30, number of rules _

integrand size
0.033, Rules used = {1620}

2V + dx (ad (-Bd? - 3¢2D +2cCd) — b (Ad® - 2Bcd? + 3¢2Cd - 4c°D))  2(be - ad) (Ad® — Bed? + 2Cd + ¢3(-D))

+
d° >\ + dx

Antiderivative was successfully verified.

[In] Int[((a + b*x)*x(A + Bxx + C*xx~2 + D*x73))/(c + d*x)~(3/2),x]

[Out] (2x(b*c - axd)*(c”2*%Cxd - Bxc*d™2 + Axd~3 - c¢~3%D))/(d"6*Sqrtlc + d*x]) - (
2% (a*xd* (2xc*xCxd — B*d"2 — 3%c™2%D) - b*(3*c™2*Cxd — 2*xBxcxd™2 + A*d™3 - 4x*c
~3%D))*Sqrt[c + d*x])/d"5 + (2x(axd*(C*d - 3*cxD) - bx(3xc*Cxd - Bxd"2 - 6%
c”2+D))*(c + d*x)~(3/2))/(3*d"5) + (2% (b*Cxd - 4*bxc*D + axd*D)*(c + d*x)~(
5/2))/(5*%d~5) + (2%b*xD*x(c + d*x)~(7/2))/(7*d"5)

Rule 1620

Int[(Px )*x((a_.) + (b_)*(x )" (m_.)*((c_.) + (d_)*(x_))"(n_.), x_Symbol]
:> Int[ExpandIntegrand[Px*(a + bxx) m*x(c + d*x)"n, x], x] /; FreeQ[{a, b, c
, d, m, n}, x] & PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) && GtQ[E
xpon [Px, x], 2]

Rubi steps
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(a +bx) (A + Bx + Ca? + Dx%) f((—bc + ad) (c2Cd - Bed?® + Ad® - D) —ad (2cCd - Bd? - 3¢2D) + b (;
X =

f (c + dx)32 d4(c + dx)3? " d4e -
2(bc - ad) (c>Cd — Bed? + Ad® - D) 2 (ad (2cCd - Bd? - 3¢2D) — b (3¢
- d°Vc + dx d

Mathematica [A] time = 0.304956, size = 188, normalized size = 0.9

14ad (d® (x (15B + 5Cx + 3Dx2) — 15A) + 2¢d?(15B — x(10C + 3Dx)) — 8c2d(5C — 3Dx) + 48¢>D) + b (4cd®(105A - x
10

Antiderivative was successfully verified.

[In] Integrate[((a + b*x)*(A + Bxx + C*x~2 + D*x73))/(c + d*x)~(3/2),x]

[Out] (14*axd*(48*c~3*D - 8*c~2*d*(5*C — 3*D*x) + 2xc*d™ 2% (15%B - x*(10*C + 3*D*x
)) + d73%(-15*%A + x*(15%B + 5*Cxx + 3%D*x72))) + b*x(-768*c~4*D + 96%c~3*d*(
T*C — 4*D*x) + 16%c™2%d" 2% (-35%B + 3*xx*(7*C + 2*D*x)) + 4*c*d"3*%(105%A - x*
(T0*B + 3*x*(7+C + 4xD*x))) + 2xd"4*x*x(105*%A + x*(35%B + 3*x*(7*C + 5*D*x))

)))/(105%d~5*Sqrt [c + d*x])

Maple [A] time = 0.005, size = 241, normalized size = 1.2

—30 Dbx*d* — 42 Cbd*x® — 42 Dad*x® + 48 Dbcd®x® — 70 Bbd*x% — 70 Cad*x? + 84 Cbcd>x? + 84 Dacd®x? — 96 Dbc?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*xx+a)*(D*xx~3+C*x~2+Bxx+A)/(d*x+c)~(3/2) ,x)

[Out] -2/105/(d*x+c)~(1/2)* (-15+%D*b*d"4*x"4-21*Cxb*xd~4*x~3-21*D*a*d " 4*x~3+24*D*bx*
c*xd"3%x"3-35%B*b*d"4*x"2-35*Cka*xd " 4*xx"2+42*Cxb*ckd " 3*xx"2+42*xDxaxcxd " 3*¥x"2-4
8*Dxbxc~2xd " 2%x"2-105*%A*b*d " 4*x-105*%B*axd~4*x+140*%Bxb*c*xd " 3*x+140*C*xa*c*d~3
*x—-168*Cxbxc™2x%d " 2*%x-168*D*a*xc”2xd " 2*xx+192*D*b*c~3*xd*x+105*%A*a*d~4-210*%A*xbx*
cxd”3-210*Bxa*c*xd~3+280%B*bxc™2*xd"2+280*C*a*xc™2*xd~2-336*C*b*xc~3*d-336*D*xa*c

~3%d+384*Dxb*c”4) /d"5
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Maxima [A] time = 1.77846, size = 278, normalized size = 1.32

7 5 3
15 (dx-+c) 2 Db—21 (4 Dbe—(Da+Ch)d)(dx+c)2 +35 (6 Dbc?~3 (Da+Ch)cd-+(Ca+Bb)d? ) (dx-+c) 2~105 (4 Dbc3-3 (Da+Ch)c?d+2 (Ca-+Bb)cd?—(Ba+ Ab)d® ) Vdx-

44

1054

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)*(D*x~3+C*x~2+B*x+A)/(d*x+c)~(3/2),x, algorithm="maxima")

[Out] 2/105%((15%x(d*x + c)~(7/2)*D*b - 21*(4*xDxbxc — (D*a + C*b)*d)*(d*x + c)~(5/
2) + 35*%(6*D*b*c”2 — 3*(D*a + C*b)*c*d + (C*xa + Bxb)*d~2)*(d*x + ¢)~(3/2) -

105*% (4*xDxb*xc~3 - 3% (D*a + C*b)*c™2xd + 2*x(Cxa + Bxb)*c*d™2 - (Bkxa + Axb)x*d
~3)*sqrt(d*x + c))/d"4 - 105*%(D*b*c”4 + Axaxd™4 - (D*a + Cxb)*c”3*d + (C*a
+ Bxb)*c72%d"2 - (B*a + Axb)*cxd~3)/(sqrt(d*x + c)*d~4))/d

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)* (D*x~3+Cxx~2+Bxx+A)/(d*x+c)~(3/2),x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError

Sympy [A] time = 43.6359, size = 230, normalized size = 1.1

7 5 3
2Db(c +dx)2  (c+dx)2 (2Cbd +2Dad - 8Dbc) (¢ +dx)2 (2Bbd? + 2Cad? — 6Cbed — 6Dacd +12Dbc?) Ve + da
+ + +

7d> 5d° 3d°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)* (Dkx**3+Ckx**2+B*x+A)/ (d*x+c)**(3/2) ,%)

[Out] 2*Dxbx(c + dxx)*x(7/2)/(7*d**5) + (c + d*xx)**x(5/2)*(2*C*b*d + 2*D*axd — 8*D
xbxc)/(5xd**x5) + (c + d*xx)**(3/2)*(2*%Bxbxd**2 + 2%Ckxaxd**2 — B*Cxbkxc*xd - 6%
Dxakxcxd + 12*xDxbkcx*2)/(3%d**5) + sqrt(c + dxx)*(2%A*bxd**3 + 2*Bkaxd*x3 -
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4xBxbxcxd*x*x2 — 4*xCkaxckxd*x*x2 + 6xCkbkxcx*x2%xd + 6xDkxakc*x*x2xd — 8*xDxbkxc**3) /d**
5 + 2x(axd - bxc)*x(-A*d**3 + Bkckxdx*2 - Cxc**2xd + D*xc*x*3)/(dx*b*sqrt(c + d

*x) )

Giac [A] time = 2.4333, size = 436, normalized size = 2.08

7 5
2 (Dbc4 — Dac®d — Cbcd + Cac?d? + Bbc?d? — Bacd® — Abcd® + Aad4) 2 (15 (dx + )2 Dbd™ — 84 (dx + ¢)2 Dbed®

+
Vdx + cd®

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)*(D*x~3+C*xx~2+B*x+A)/(d*x+c)”~(3/2),x, algorithm="giac")

[Out] -2%(D*b*c”™4 - D*a*xc”~3xd - Cxb*c~3*d + Ckaxc™2xd"2 + B*b*c™2*%d"2 - Bxa*xc*d™3
- Axbxc*d"3 + Axaxd"4)/(sqrt(d*x + c)*d~5) + 2/105*%(156x(d*x + c)~(7/2)*D*b

*d~30 - 84x(d*x + c)”~(5/2)*D*bxc*d~30 + 210*(d*x + c)~(3/2)*D*b*c~2*d~30 -
420*sqrt (d*x + c)*D*b*xc~3*%d~30 + 21x(d*x + c)~(5/2)*D*axd~31 + 21x(d*x + c)
~(5/2)*%C*bxd~31 - 105%(d*x + c)~(3/2)*D*a*xcxd~31 - 105*%(d*x + c)~(3/2)*Cxbx
c*d”31 + 316xsqrt(d*x + c)*D¥axc”2*%d"31 + 316xsqrt(d*x + c)*Cxb*c™2*d"31 +
35%(d*x + c¢)~(3/2)*Cxaxd~32 + 35x(d*x + c)~(3/2)*B*b*xd~32 - 210*sqrt(d*x +
c)*Cxaxc*d™32 - 210*sqrt(d*x + c)*B*b*cxd~32 + 105*sqrt(d*x + c)*B*axd~33 +
105*sqrt (d*x + c)*Axbxd~33)/d"35
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3.13

f A+Bx+Cx2+Dx> d
(c+dx)3/2

Optimal. Leaf size=113
2 (Acl3 — Bed? + ¢?Cd + c3(—D)) 2Vc + dx (—Bd2 - 3c¢?D + 2ch) 2(c +dx)¥%(Cd - 3cD)  2D(c + dx)??
A+ dx ) d " 344 T g

[Out] (-2*(c™2*C*d - B*c*d™2 + A*d~3 - c~3xD))/(d"4*Sqrtlc + dxx]) - (2%(2xc*Cx*d
- Bxd"2 - 3%c72#D)*Sqrtlc + d*x])/d"4 + (2%(Cxd - 3*cxD)*(c + d*x)~(3/2))/(
3%d74) + (2#Dx(c + dxx)~(5/2))/(5xd"4)

Rubi [A] time = 0.0810817, antiderivative size = 113, normalized size of antiderivative =
1., number of steps used = 2, number of rules used = 1, integrand size = 25, number of rules _

0.04, Rules used = {1850}
2 (Ad® - Bed? + 2Cd + 3(-D)) 2V +dx (-Bd? - 32D +2¢Cd)  2(c + dx)¥2(Cd - 3cD)  2D(c + dx)*?
e + dx ) i " 34 T

integrand size

Antiderivative was successfully verified.

[In] Int[(A + Bxx + C*x~2 + D*x~3)/(c + d*xx)~(3/2),x]

[Out] (-2%(c™2%C*d - B*cxd~™2 + A*d~3 - c73*D))/(d"4*Sqrtlc + d*x]) - (2%x(2xc*xCxd
- Bxd"2 - 3*c”2xD)*Sqrtlc + d*x])/d"4 + (2%x(Cxd - 3*c*D)*(c + d*x)~(3/2))/(
3*%d~4) + (2#D*(c + dxx)~(5/2))/(5%d"4)

Rule 1850

Int[(Pq )*((a_) + (b_.)*x(x_ )" (n_.))"(p_.), x_Symbol] :> Int[ExpandIntegrand
[Pg*(a + b*x"n)"p, x], x] /; FreeQ[{a, b, n}, x] && PolyQ[Pq, x] && (IGtQ[p
, 0] |l EqQQn, 11)

Rubi steps

(c + dx)2 B(c + dx) 2 M S e e P
2(c2Cd - Bed? + Ad® - D) 2(2cCd - Bd2 - 32 D) Ve +dx  2(Cd - 3cD)(c + dx)
+

d*Ve + dx d* 3d*

f A+ Bx + Cx? + Dx® f(csz — Bed? + Ad® - c*D -2cCd + Bd? + 3¢*D N (Cd — 3cD)Vc + dx . D(c + dx
x =
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Mathematica [A] time = 0.0800003, size = 82, normalized size = 0.73

2 (P (x (15B + 5Cx + 3Dx?) - 15A) + 2cd?(15B - x(10C + 3Dx)) - 8c2d(5C - 3Dx) + 48c°D)

1544V c + dx

Antiderivative was successfully verified.

[In] Integrate[(A + B*x + C*x72 + D*x73)/(c + d*x)~(3/2),x]

[Out] (2%(48%c~3*D - 8%c~2*xd*(5%xC — 3*D*x) + 2%cxd”2*x(15%B - x*(10*C + 3*D*x)) +
d73%(-15%A + x*x(15*%B + 5*C*x + 3*D*x72))))/(16%d"4*Sqrt[c + d*x])

Maple [A] time = 0.004, size = 91, normalized size = 0.8

—6Dx3d® =10 Cd®x? + 12 Dcd?x? — 30 Bd®x + 40 Ccd?x — 48 Dc%dx + 30 Ad® — 60 Bcd? + 80 Cc2d - 96 D 1

15 d4 Vdx + ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] int((D*x~3+Cxx~2+Bxx+A)/(d*x+c)~(3/2),x)

[Out] -2/15/(d*x+c)”(1/2)*(-3*D*d"3%x~3-5%C*d~3*x~2+6*D*xc*d~2%x~2-15%B*xd "~ 3*x+20*C
*Ckd " 2%xx—24%xDxc”2%d*x+15%A*xd"3-30*Bxckxd"2+40*%C*c~2*xd-48%D*xc"3) /d"4

Maxima [A] time = 3.07117, size = 138, normalized size = 1.22
5 3
3 (dx+c)2 D=5 (3 De-Cd)(dx-+¢)2 +15 (3 Dc2-2 Ced+Bd?)Vidx+c 15 (Dc3~Cc2d+Bed?-Ad®)

& * Vdx+cd®
15d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+B*x+A)/(d*x+c)~(3/2),x, algorithm="maxima")

[Out] 2/16%((3*(d*x + c)~(5/2)*D - 5% (3#D*c - Cxd)*(d*x + c)~(3/2) + 15%(3*Dxc~2
- 2%Cxcxd + B*d"2)*sqrt(d*x + c))/d~3 + 15%x(D*c™3 - C*c~2%d + Bxc*d™2 - Axd
~3)/(sqrt(d*x + c)*d~3))/d
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Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Dxx~3+C*x~2+B*x+A)/(d*x+c)~(3/2),x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError

Sympy [A] time = 14.2075, size = 114, normalized size = 1.01

2D (c + dx)§ (c+ dxﬁ (2Cd - 6Dc) Ve +dx (2Bd? - 4Ccd +6Dc?)  2(~Ad® + Bed? - Cc2d + Dc®)
+ + +

5d4 3d4 d* Ve + dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Dxx**3+Cxx**2+B*xx+A)/(d*x+c)**(3/2),x)

[Out] 2*Dx(c + d*x)**(5/2)/(5*d**4) + (c + dkx)**(3/2)*(2%Ckd - 6xD*c)/(3xd**4) +
sqrt(c + d*xx)*(2xB*xd**2 — 4*Cxckd + 6*%Dxc**2)/d**4 + 2% (-A*xd**3 + Bkcxd**2
— Cxc*x*2%d + Dxc*x3)/(d**x4*sqrt(c + d*x))

Giac [A] time = 2.30635, size = 171, normalized size = 1.51
5 3 3
) (Dc3 _Cc2d + Bed? — Ad3) 2 (3 (dx + ¢)2Dd" —15 (dx + ¢)2 Dcd™® + 45 Vdx + cDc2d™ + 5 (dx + ¢)2 Cd"” - 30 Va

+
Vdx + cd* 15420

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*xx~2+B*x+A)/(d*x+c)~(3/2),x, algorithm="giac")

[Out] 2x(D*c™3 - Ckc~2*d + Bkcxd™2 - A*d~3)/(sqrt(d*x + c)*d~4) + 2/15x(3x(d*x +
c)~(5/2)*D*d~16 - 15x(d*x + c)~(3/2)*D*xc*d~16 + 45*sqrt(d*x + c)*D*xc~2*d"16
+ bx(d*x + ¢c)~(3/2)*C*d~17 - 30*sqrt(d*x + c)*Cxc*d~17 + 1b*sqrt(d*x + c)*

Bxd~18)/d"20
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3.14

j‘A+Bx+Cx2+Dx3
(a+bx)(c+dx)3/2

Optimal. Leaf size=193

3 2 2 -1 \/Evc+dx
Z(Ab —a(a D—-abC+b B)) tanh ( N ) . 2(Ad3—Bcd2+c2Cd+c3(—D)) . 2o+ dx(—adD — beD + bC
B2(be — ad)32 Be + dx(be — ad) b>d?

[Out] (2%(c™2*C*d - B*c*d™2 + A*d~3 - c”3%D))/(d"3*(b*c - a*d)*Sqrt[c + d*x]) - (
2xcxD*xSqrt [c + d*x])/(bxd~3) + (2x(b*xC*d - b*cxD - axd*D)*Sqrt[c + d*x])/(b
~2%d”"3) + (2#D*(c + d*x)~(3/2))/(3*%bxd~3) - (2x(A*b~3 - a*x(b"2+B - a*b*C +
a~2xD) ) *xArcTanh [(Sqrt [b] *Sqrt[c + d*x])/Sqrt[bxc - a*xd]])/(b~(5/2)*(b*xc - a
*d) " (3/2))

Rubi [A] time = 0.240137, antiderivative size = 193, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 4, integrand size = 32, e -

0.125, Rules used = {1619, 43, 63, 208}

integrand size

3 2 2 -1 \/EVC+EIX
Z(Ab —a(a D-abC+b B)) tanh ( N ) . 2(Ad3—Bcd2+c2Cd+c3(—D)) . 2o + dx(-adD — beD + bC
b2 (be — ad)*? d3e + dx(be — ad) b2d?

Antiderivative was successfully verified.

[In] Int[(A + Bxx + C*x~2 + D*x"3)/((a + b*x)*(c + d*x)~(3/2)),x]

[Out] (2x(c™2xCxd - B*cxd™2 + A*d™3 - c73#D))/(d"3*(b*c - axd)*Sqrtlc + d*x]) - (
2xcxDxSqrt[c + d*x])/(b*d"3) + (2*%(b*C*d - bxc*D - axd*xD)*Sqrtl[c + d*x])/(b
"2%d"3) + (2#Dx(c + d*x)~(3/2))/(3xb*d"3) - (2% (A*b~3 - ax(b"2*B - a*b*C +
a~2xD) ) *xArcTanh [(Sqrt [b] *Sqrt [c + d*x])/Sqrt[bxc - a*xd]])/(b~(5/2)*(b*xc - a
*d)~(3/2))

Rule 1619

Int [((Px_)*((c_.) + (d_D)*(x_))"(n_.))/((a_.) + (b_.)*(x_)), x_Symbol] :> I
nt [ExpandIntegrand[1/Sqrt[c + d*x], (Px*(c + d*x)~(n + 1/2))/(a + bxx), x],
x] /; FreeQ[{a, b, ¢, d, n}, x] && PolyQ[Px, x] && ILtQ[n + 1/2, 0] && GtQ
[Expon[Px, x], 2]

Rule 43
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Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)7°n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL[7*m + 4xn + 4, 0]) || LtQ[9*m + 5%x(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 63

Int[((a_.) + (b_)*(x_)) " (m_)*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + bxx)~(1/p)]1, x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

(a + bx)(c + dx)32

+ + +
d%(=bc + ad)(c + dx)%? b2d2c + dx bdve +dx  B2(be — ad)(a + bx) Ve

A+ Bx + Cx? + Dx® f (CZCd —Bed? + Ad® - ®D bCd — beD — adD Dx AP — a (1B — abC +
X =

X 3 _
_ 2(c*Cd —Bed® + A&~ D) 2(bCd - beD — adD)Ve + dx ) D[ e ) (Ab® -

+
d3(bc — ad)Vc + dx b2d? bd

2(c2Cd - Bed? + Ad® - ¢°D) , 2bCd —beD - adD)Vc + dx . D[ (‘d\/—m
B(be — ad)Ve + dx b2

2 (Csz — Bed® + Ad® - CgD) 2cDVc + dx N 2(bCd — beD — adD)Vc + dx N 2D(c +d.

d3(bc — ad)Vc + dx bd3 b2d?

Mathematica [A] time = 0.535761, size = 174, normalized size = 0.9

(Ab3 —a (IZZD —abC + bZB)) tanh_l (\/5\/@

21 -

N ) .\ Ad® — Bed? + c*Cd + c3(-D) s Ve + dx(—adD - 2bcD + bCd) \

b52(be — ad)32 d3c + dx(be — ad) b2d>

Antiderivative was successfully verified.
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[In] Integrate[(A + B*x + C*x~2 + D*x73)/((a + b*x)*(c + d*x)~(3/2)),x]

[Out] 2x((c™2%C*d - Bxc*d™2 + A*d~3 - c~3*D)/(d"3*(b*c - a*d)*Sqrtlc + d*x]) + ((
b*xC*d - 2%bxc*D - axdxD)*Sqrt[c + d*x])/(b"2xd~3) + (Dx(c + d*x)~(3/2))/(3%
b*d"3) - ((A*b~3 - ax(b"2*B - a*b*C + a~2+D))*ArcTanh[(Sqrt[b]*Sqrtc + d*x
1)/Sqrt[b*xc - a*d]])/(b~(5/2)*(bxc - axd)~(3/2)))

Maple [B] time = 0.012, size = 366, normalized size = 1.9

2D 3 CVdx+c aDVdx + ¢ cDVdx + ¢ A Bce

(dx+c)2+2 2 +2 2
——dx+c - - - -
3 bd® bd? b2d? bd’ (ad —bco)Vdx+c  (ad-bo)dVdx+c  d2(ad

Verification of antiderivative is not currently implemented for this CAS.

[In] int((D*x~3+Cxx~2+Bx*x+A)/(b*xx+a)/(d*x+c)~(3/2),x)

[Out] 2/3*D*(d*x+c)~(3/2)/b/d"3+2/d"2/b*C* (d*x+c) ~(1/2)-2/d"2/b"2xD*ax (d*x+c) ~(1/
2)-4*c*D* (d*x+c) " (1/2) /b/d~3-2/ (a*d-b*c) / (d*x+c) ~(1/2) *A+2/d/ (a*d-b*c) / (d*x

+c) " (1/2)*Bxc-2/d"2/ (a*d-b*c) / (d*x+c) " (1/2) *Cxc~2+2/d~3/ (a*d-b*c) / (d*x+c) ~ (

1/2) *D*c~3-2/ (a*d-b*c) *b/ ((a*d-b*xc) *b) ~(1/2) *arctan (b* (d*x+c) ~(1/2)/((a*xd-b
*c)*b) " (1/2))*A+2/ (a*d-bxc) / ((a*d-b*c)*b) " (1/2) *arctan (b* (d*x+c) ~(1/2) / ((ax*
d-b*xc)*b) ~(1/2))*B*a-2/ (a*d-bxc) /b/ ((a*d-b*xc) *b) ~(1/2) *arctan (b* (d*x+c) ~(1/

2)/ ((a*d-b*c) *b) ~(1/2) ) *Cxa~2+2/ (a*d-b*c) /b~ 2/ ((a*xd-b*c)*b) ~(1/2) *arctan (b*
(d*x+c)~(1/2) / ((a*xd-b*c)*b) ~(1/2) ) *D*a"~3

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Dxx~3+C*x~2+B*x+A)/(bxx+a)/(d*x+c)~(3/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Dxx~3+C*x~2+B*x+A)/(b*x+a)/(d*x+c)~(3/2),x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError

Sympy [A] time = 50.8723, size = 172, normalized size = 0.89

3 2 (=Ab® + Bab? — Ca?b + Da) at:
2D (c+dx)z  2(-Ad® + Bed? - Cc?d + Dc®) , Y+ dx(2Cbd - 2Dad - 4Dbe) ( )

+
3bd? d3Vc + dx (ad — be) b3 b3 “d;bc (ad - bc)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Dxx**3+Cxx*x2+B*xx+A) /(b*x+a)/(d*x+c)**(3/2) ,%)

[Out] 2#D*x(c + d*xx)**x(3/2)/(3*bxd**3) + 2% (-A*xd**x3 + Bkcxd**2 — Ckc*x*2xd + Dxc**3
)/ (d**3*%sqrt(c + d*x)*(a*d - b*c)) + sqrt(c + d*x)*(2%Cxb*d - 2*Dxa*xd - 4x*D
xb*c) / (b**2%d*x*3) + 2% (-A*xb**3 + Bkaxb*x2 - Cxa*x*2xb + Dxa*x3)*atan(sqrt(c

+ dx*x)/sqrt((axd - bxc)/b))/(bx*3*sqrt((a*d - bxc)/b)*(axd - bx*c))

Giac [A] time = 2.41799, size = 270, normalized size = 1.4

Vdx+cb 3
3 2 2 3 296 _ 6/
2 (Da - Ca®b + Bab” — Ab ) arctan ( —b2c+abd) 2 (Dc3 —Ccd + Bed? - Ad3) 2 ((dx +¢)2Db"d® — 6 Vdx + cDU

- - +

(b3 - ab?d)V-b2c + abd (bed? — ad*)Vix + c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+B*x+A)/(b*x+a)/(d*x+c)~(3/2),x, algorithm="giac")

[Out] -2%x(D*a~3 - C*a"2%b + B*axb~2 - A*b~3)*arctan(sqrt(d*x + c)*b/sqrt(-b~2*c +
axb*d))/((b"3*c - a*xb”~2xd)*sqrt(-b"2%c + axb*xd)) - 2%(D*c”3 - Cxc~2*xd + Bx

c*d”2 - Axd~3)/((b*c*d™3 - a*d~4)*sqrt(d*x + c)) + 2/3x((d*x + c)~(3/2)*D*b
“2%d"6 - 6xsqrt(d*x + c)*Dxb”"2xc*xd”"6 - 3*sqrt(d*x + c)*Dxaxb*xd”7 + 3*sqrt(d

*x + c)*Cxb~2%d~7)/(b~3%d~9)
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3.15

j‘A+Bx+Cx2+Dx3
(a+bx)%(c+dx)3/2

Optimal. Leaf size=253

2D_abC+2B ~1 { VbVe+d
~a2bCd + a3dPD + ab?Bd® + b® (- (3AdP — 2Bcd? + 22Cd - 26°D) A _ AEDoaCHE) tanh ( a x)

_ b3 _ Vbc—ad
b3d?Nc + dx(bc — ad)? (a + bx)Vc + dx(bc — ad)

[Out] (a*b™2%B*d~3 - a"2%b*Cxd"3 + a~3*d"3*D - b~ 3*(2*xc™2+%C*d — 2*B*c*d~2 + 3*xA*xd
73 - 2%¢c73%D) )/ (b73*d"2x(b*xc - axd) "2*xSqrtlc + d*x]) - (A - (ax(b"2*B - a*b

*C + a”2%D))/b73)/((b*c - axd)*(a + b*x)*Sqrtlc + d*x]) + (2xDxSqrtl[c + d*x

1)/ (®72xd"2) - ((b™3%(2%B*c - 3*A*d) - axb™2x(4*xcxC - B*d) - 3*a”3*xd*D + a~

2%bx (C*d + 6%c*D))*ArcTanh[(Sqrt[bl*Sqrtlc + d*x])/Sqrt[b*c - a*d]])/(b~(5/
2)*(b*xc - axd)~(5/2))

Rubi [A] time = 0.601382, antiderivative size = 253, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 32, i L

0.125, Rules used = {1621, 897, 1261, 208}

integrand size

2D-abC+b?B -1 (VbVerdx
~a?bCl® + a>d®D + ab?Bd® + b® (— (3Ad® - 2Bed? + 2¢2Cd - 2¢°D)) A - DG anh ( - )

_ b3 _ c—ad
b3d?Nc + dx(bc — ad)? (a + bx)Vc + dx(bc — ad)

Antiderivative was successfully verified.

[In] Int[(A + Bxx + C*x"2 + D*x73)/((a + b*x) 2%(c + d*x)~(3/2)),x]

[Out] (a*xb~2*B*xd~3 - a~2*b*C*d~3 + a~3*d"3*D - b~ 3*(2xc™2*Cxd - 2*Bkc*xd™2 + 3*Axd
~3 - 2*%c”3*D))/(b~3*d"2* (b*c - axd) " 2xSqrt[c + d*x]) - (A - (ax(b™2*B - ax*b

*C + a”2%D))/b73)/((b*c - axd)*(a + b*xx)*Sqrtlc + d*x]) + (2xDxSqrtl[c + d*x

1)/ (®72xd"2) - ((b"3*(2*B*c — 3*Axd) - a*b~2*x(4*c*xC - B*xd) - 3*a”3*dxD + a~

2%b* (Cxd + 6*c*D))*ArcTanh[(Sqrt [b]*Sqrtl[c + d*x])/Sqrt[bxc - axd]]1)/(b~(5/
2)x(b*xc - axd)~(5/2))

Rule 1621

Int[(Px_)*((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol]

> With[{Qx = PolynomialQuotient[Px, a + bx*x, x], R = PolynomialRemainder [Px
, a + bxx, x]}, Simp[(R*(a + b*x)"(m + 1)*(c + d*x)"(n + 1))/((m + 1)*(bx*c
- axd)), x] + Dist[1/((m + 1)*(b*c - axd)), Int[(a + b*x) (m + 1)*(c + d*x)
“n*ExpandToSum[(m + 1)*(b*c - a*d)*Qx - d*Rx(m + n + 2), x], x], x]] /; Fre



96

eQ[{a, b, c, d, n}, x] && PolyQ[Px, x] && ILtQ[m, -1] && GtQ[Expon[Px, xI,
2]

Rule 897

Int[((d_.) + (e_)*(x_)) " (m)*x((f_.) + (g_)*x)) " (m )*((a_.) + (b_.)*(x_)
+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> With[{q = Denominator[m]}, Dist[q/e, S
ubst [Int[x"(gq*(m + 1) - 1)*((exf - d*xg)/e + (g*x~q)/e) " n*((c*d™2 - bxdxe +

axe”2)/e”2 - ((2xc*d - b*xe)*x~q)/e”2 + (c*x~(2%q))/e"2)7p, x], x, (d + exx)
~(1/9)], x11 /; FreeQ[{a, b, ¢, d, e, £, g}, x] && NeQ[exf - d*xg, 0] && NeQ
[b"2 - 4xaxc, 0] && NeQ[c*xd~2 - bxd*e + a*e”2, 0] && IntegersQ[n, p] &% Fra
ctionQ[m]

Rule 1261

Int [C(E_D)*(x_))"(m_.)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*x(x_)"2 + (
c_.)*(x_)"4)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(f*x) m*(d + e*x”~2) q*
(a + b*x"2 + c*x"4)7p, x], x] /; FreeQl{a, b, ¢, d, e, £, m, g}, x] && NeQ[
b~2 - 4xaxc, 0] && IGtQ[p, 0] && IGtQlq, -2]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQl{a, b}, x] && NegQ[a/b]

Rubi steps
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b3 (@Bc-3Ad)-ab?(2cC~Bd)+a3dD-a?b(Cd-2cD) _ (be-ad)(bC-aD)x _ (C_ ad ) Dx2
b

a(sz—abC+u2D) f b3 2
A+ Bx+Cx% + Dx? gy = — A- 3 N (a+bx)(c+dx)32 :
(a + bx)*(c + dx)¥? (bc — ad)(a + bx)Vc + dx —bc + ad
2(,3 2 3
_of _ad cd(bc—ad)(bC—aD)_d (b (2Bc-3Ad)-ab*(2cC—Bd)+a°dD
c (c 7)D+ 2 3
2
2Subst| [ d
a(b?B-abC+a*D 2 Zteras
A -7 d
— b3
(bc — ad)(a + bx)Vc + dx d(be
u(sz—abC+a2D) 5 Subst f _ (be-ad)D uszd3—a2de3+u3d3D—b3(2c2Cd—ZBcd2+3
—— v2d 263d(be—ad)x2

_(bc —ad)(a + bx)Vc + dx B
ab?Bd® — a?bCd® + a®d®D — b® (2c2Cd - 2Bed? + 3Ad® - 2c°D) A~

a(sz—abC+a2D

_ _ b3
b3d?(bc — ad)*c + dx (bc — ad)(a + bx)Ve -
b?B-abC+a?D
ab?Bd® — a?bCd® + a3dPD — b® (2c2Cd — 2Bed? + 3Ad® ~26D) A~ ”(++”
- b3d2(be — ad)2\e + dx (bc — ad)(a + bx)Ve -

Mathematica [A] time = 0.752097, size = 283, normalized size = 1.12
—1 { VoVe+dx —1 [ Voe+dx
Ve+dx(a (aZD _abC + sz) - AV) ) d (Ab® - a(a?D - abC + b?B)) tanh (ﬁ) ) 2 tanh ( — ) (ab(
b2(a + bx)(bc — ad)? b52(bc — ad)>/?

Antiderivative was successfully verified.

[In] Integrate[(A + B*x + Cxx"2 + Dxx"3)/((a + b*x)72%(c + d*x)~(3/2)),x]

[Out] (2x(-(c™2*%Cxd) + Bxc*d™2 - Axd~3 + c~3*D))/(d"2*(b*c - a*d) 2xSqrt[c + d*x]
) + (2xDxSqrt[c + dxx])/(b72%d"2) + ((-(A*b~3) + a*x(b"2+B - a*xb*C + a~2xD))
*Sqrt[c + d*x])/(b™2x(b*c - axd)"2x(a + b*x)) + (d*(A*b~3 - ax(b"2*B - a*bx

C + a~2#D))*ArcTanh[(Sqrt[bl*Sqrt[c + d*x])/Sqrt[bxc - a*d]])/(b~(5/2)*(b*c

- axd)”(5/2)) - (2x(-2%a*xb”2%c*xC + b~3*%(Bxc - Axd) - 2xa”3*d*D + a”2*bx*(Cx

d + 3%cxD))*ArcTanh[(Sqrt[b]l*Sqrtlc + d*x])/Sqrt[bxc - axd]])/(b~(5/2)*(b*c

- a*xd)~(5/2))
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Maple [B] time = 0.023, size = 604, normalized size = 2.4

DVdx + ¢ 5 Ad o Bc ) cC o Dc?
b2d? (ad - bc)2 Vdx + ¢ (ad - bc)2 Vdx + ¢ d(ad - bc)2 Vdx + ¢ d2 (ad - bc)2 Vdx +c  (ad — b

Verification of antiderivative is not currently implemented for this CAS.

[In] int((D*x~3+Cxx~2+Bxx+A)/(b*x+a) "2/ (d*xx+c) ~(3/2),x)

[Out] 2*D*(d*x+c)~(1/2)/b72/d"2-2*d/ (a*d-b*c) "2/ (d*x+c)~(1/2)*A+2/ (a*d-b*c) "2/ (dx*
x+c) " (1/2)*Bxc-2/d/ (a*d-b*c) "2/ (d*x+c) ~(1/2) *Cxc~2+2/d"2/ (a*d-b*c) "2/ (d*x+c
)~ (1/2)*D*c~3-d/ (a*xd-b*xc) ~2*xb*x (d*x+c) ~(1/2) / (b*d*x+a*d) *A+d/ (axd-b*c) ~2x (d*
x+c) " (1/2) / (bxd*x+a*d) *Bxa-d/ (axd-b*xc) "2/b* (d*x+c) ~(1/2) / (b*xd*x+a*xd) *Cxa~2+
d/ (axd-b*c) ~2/b"2*x (d*x+c) ~(1/2) / (b*d*x+ax*xd) *a~3*xD-3*d/ (a*d-b*c) ~2*b/ ((a*xd-b
xc)*b) ~(1/2) *arctan (b* (d*xx+c) ~(1/2) / ((a*d-b*xc)*b) ~(1/2) ) *xA+d/ (axd-b*xc) "2/ ((
a*d-bx*c)*b) " (1/2) *arctan (bx (d*x+c) ~(1/2) / ((a*d-b*c)*b) ~(1/2) ) *B*a+2/ (a*d-b*
c) "2xb/ ((axd-b*c)*b) ~(1/2)*arctan (b* (d*xx+c) ~(1/2) / ((a*d-b*xc)*b) ~(1/2)) *Bxc+
d/ (a*xd-b*xc) ~2/b/ ((a*xd-b*xc) *b) ~(1/2) *arctan(b* (dxx+c) ~(1/2)/((a*xd-b*c)*b) ~ (1
/2))*C*xa~2-4/ (axd-b*c) "2/ ((a*xd-b*c)*b) ~(1/2)*arctan (b*x(d*x+c) ~(1/2)/((a*d-b
*c)*b) ~(1/2) ) *Cxaxc-3*d/ (a*xd-b*xc) ~2/b~2/((a*xd-b*c)*b) ~(1/2) *arctan (b*x (d*x+c
)~ (1/2)/ ((a*d-b*c) *b) ~(1/2) ) *a~3*xD+6/ (a*xd-b*c) “2/b/ ((a*d-b*c) *b) ~(1/2) *arct
an (bx(d*x+c) ~(1/2)/ ((axd-b*c)*b) ~(1/2) ) *D*a"2%c

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Dxx~3+C*x~2+B*x+A)/(bxx+a) 2/ (d*x+c)~(3/2),x, algorithm="maxima"
)

[Out] Exception raised: ValueError

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((D*x~3+C*xx~2+B*x+A)/(b*x+a) 2/ (d*x+c)~(3/2),x, algorithm="fricas"
)

[Out] Exception raised: UnboundLocalError

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Dxx**3+Cxx**2+Bkx+A)/(b*x+a)**2/ (d*x+c)**(3/2),x)

[Out] Timed out

Giac [A] time = 2.25407, size = 524, normalized size = 2.07

Vdx+cb

2 2 3 3 2 2 3
(6Da bc — 4 Cabc + 2Bb°c — 3 Da’d + Ca*bd + Babd — 3 Ab d)arctan(m) . 2 (dx + )DB3c3 — 2 D3¢t — -

(b4c2 —2ab3cd + aZbZdZ)«/—bzc + abd

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Dxx~3+C*x~2+B*x+A)/(bxx+a) 2/ (d*x+c)~(3/2),x, algorithm="giac")

[Out] (6*D*a”2*b*c — 4*Cxaxb~2%c + 2*B*b~3*c - 3*D*a~3*d + C*xa~2%b*d + B*xaxb~2x*d
- 3*Axb~3x*d) *arctan(sqrt (d*x + c)*b/sqrt(-b"2*c + axb*d))/((b~4*c™2 - 2xaxb
“3%ckxd + a”2%b"2xd"2)*sqrt(-b~2%c + axbxd)) + (2*(d*x + c)*D*b~3%c”3 - 2x*Dx
b~3*c™4 - 2x(d*x + c)*C*xb73*c”™2*xd + 2*xD*xaxb”2*%c”3*d + 2*Cxb~3*c"3xd + 2x(d*
X + C)*Bxb"3%c*d”2 - 2*Ckaxb"2xcT2*xd"2 — 2*B*b"3*%c”2+%d"2 + (d*x + c)*Dxa”3%

d"3 - (d*x + c)*Cxa~2%b*d"3 + (d*x + c)*B*a*xb~2*xd~3 - 3*(d*x + c)*A*xb~3*d"3

+ 2*Bxa*xb"2%c*d”3 + 2*A*xb"3*kcxd"3 - 2xA*xaxb”2+%d"4)/((bT4*xc"2*d"2 - 2*axb”3
xc*d™3 + a”2xb"2xd"4)*x((d*x + ¢)~(3/2)*b - sqrt(d*x + c)xbxc + sqrt(d*x + c
)*axd)) + 2*sqrt(d*x + c)*D/(b~2xd"2)
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316 f A+Bx+Cx2+Dx> dx

(a+bx)3(c+dx)3/2
Optimal. Leaf size=350

-1 (VbVe+d
~a?bCd® + @D + ab?Bd® + b (- (5Ad® — 4Bcd? + 4c2Cd - 4c°D))  tanh (ﬁ) (~a?bd(Cd ~12¢D) - 324"

2W3dVe + dx(be — ad)? B

[Out] -(a*b™2%B*d~3 - a”2%b*xCxd~3 + a~3*d"3*D - b~ 3*(4*c™2+Cxd — 4*B*c*d~2 + 5*xAx
d"3 - 4*c”3%D))/(2xb~3*d* (b*c - a*xd) “3*Sqrtc + d*x]) - (A*b"3 - a*(b"2xB -

axb*C + a~2*D))/(2xb~3*(b*c - axd)*(a + b*xx) 2+Sqrt[c + d*x]) - ((b~3*(4x*B

xCc — bxA*d) - a*b”2%(8%c*C - Bxd) - 7*xa~3*%dxD + 3*a”2xb*(C*d + 4*cxD))*Sqrt

[c + d*x])/(4*xb"2x(b*xc - a*d)~3*(a + b*x)) - ((b"3*(8*c~2xC - 12%B*c*d + 15
*A*d"2) - 3*a”3*xd"2*D - a~2*b*d*(C*d - 12*c*D) + a*b~2x(8xc*xCxd - 3*B*d"2 -
24%c~2*D) ) *xArcTanh [ (Sqrt [b]*Sqrt[c + d*x])/Sqrt[bxc - a*d]])/(4*xb~(5/2)*(b

xc - axd)~(7/2))

Rubi [A] time = 0.832386, antiderivative size = 350, normalized size of antiderivative =
1., number of steps used = 5, number of rules used = 5, integrand size = 32, number of rules_

integrand size
0.156, Rules used = {1621, 897, 1259, 453, 208}

— \/EVC dx
~@2bCd + PdD + al?Bd + 1 (~ (5Ad® - 4Bcd? + 42Cd - 4°D))  tanh” (ﬁ) (~a%bd(Cd - 12¢D) - 30

23V + dx(be — ad)? B

Antiderivative was successfully verified.

[In] Int[(A + Bxx + C*x"2 + D*x73)/((a + b*x) 3*(c + d*x)~(3/2)),x]

[Out] -(a*b™2%B*d~3 - a~2%b*Cxd~3 + a~3*d"3*D - b~ 3*(4*c™2%Cxd — 4*B*c*d™2 + 5kxAx
d"3 - 4*c”3%D))/(2xb~3*d* (b*c - axd) "3*Sqrtc + d*x]) - (A*b"3 - a*(b"2xB -

axb*C + a”2xD))/(2¥b~3*(b*c - axd)*(a + b*xx) 2xSqrt[c + d*x]) - ((b~3*(4x%B

xCc — bxA*d) - a*b”2x(8*c*C - Bxd) - 7*xa~3*%dxD + 3*a”2xb*(C*d + 4*cxD))*Sqrt

[c + d*x])/(4*xb"2x(b*xc - a*d)~3*(a + b*x)) - ((b"3*(8*xc~2xC - 12%B*c*d + 15
*A*d"2) - 3*a”"3xd"2*xD - a~2xb*d*(C*d - 12*c*D) + a*xb~2*x(8xc*xCxd - 3*B*d"2 -
24xc~2*D) ) xArcTanh [ (Sqrt [b]*Sqrt[c + d*x])/Sqrt[bxc - a*d]])/(4*xb~(5/2)*(b

xc — axd)~(7/2))

Rule 1621

Int[(Px_)*((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol]
> With[{Qx = PolynomialQuotient[Px, a + b*x, x], R = PolynomialRemainder [Px
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, a + bxx, x]}, Simp[(R*(a + b*x)"(m + 1)*(c + d*x)"(n + 1))/((m + 1)*(bx*c

- axd)), x] + Dist[1/((m + 1)*(b*c - axd)), Int[(a + b*x)"(m + 1)*(c + d*x)
“n*ExpandToSum[(m + 1)*(b*c - a*d)*Qx - d*R*x(m + n + 2), x], x], x]] /; Fre
eQl{a, b, c, d, n}, x] &% PolyQ[Px, x] && ILtQ[m, -1] && GtQ[Expon[Px, x],

2]

Rule 897

Int[((d_.) + (e_)*x(x_))"m_)*((f_.) + (g_)*xx_))"(m_)*((a_.) + (b_.)*(x_)
+ (c_)*(x_)"2)"(p_.), x_Symbol] :> With[{q = Denominator[m]}, Dist[q/e, S
ubst [Int [x~(g*x(m + 1) - 1)*((exf - d*xg)/e + (g*x~q)/e) nx((cxd”2 - b*d*e +

axe”2)/e”2 - ((2*c*d - bxe)*x~q)/e”2 + (c*x~(2%q))/e"2)7p, x], x, (d + e*x)
~(1/9)1, %11 /; FreeQ[{a, b, c, 4, e, f, g}, x] && NeQ[exf - d*xg, 0] && NeQ
[b"2 - 4xaxc, 0] &% NeQ[c*d™2 - bxd*e + a*e”2, 0] && IntegersQ[n, p] && Fra
ctionQ [m]

Rule 1259

Int[(x_ )" (m_)*((d_) + (e_.)*x(x_)"2)"(q)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"
4)~(p_.), x_Symbol] :> Simp[((-d)~(m/2 - 1)*(c*d"2 - bxd*e + a*xe”2) p*x*x(d
+ exx2)7(q + 1))/ (2xe”(2%p + m/2)*(q + 1)), x] + Dist[(-d)~(m/2 - 1)/(2*xe”
(2%p)*(q + 1)), Int[x"mx(d + exx"2)"(q + 1)*ExpandToSum[Together [(1*(2*(-d)
“(-(m/2) + Dxe”(2*%p)*(q + 1)*(a + b*xx"2 + c*x"4)"p - ((c*d™2 - bxd*e + axe
~2)7p/(e”(m/2)*x"m) ) *x(d + ex(2xq + 3)*x72)))/(d + exx"2)], x], x], x] /; Fr
eeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xa*c, 0] && IGtQ[p, 0] && ILtQ[q, -1]
&& ILtQ[m/2, 0]

Rule 453

Int[((e_)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_.)*((c_) + (d_.)*(x_)"(n
_)), x_Symbol] :> Simp[(c*(e*x)”"(m + 1)x(a + bxx™n) " (p + 1))/(a*xex(m + 1)),
x] + Dist[(axd*(m + 1) - b*cx(m + nx(p + 1) + 1))/(a*e"n*(m + 1)), Int[(ex
x)"(m + n)*(a + b*x"n)"p, x], x] /; FreeQ[{a, b, c, d, e, p}, x] && NeQ[b*c
- axd, 0] && (IntegerQ[n] || GtQle, 0]) && ((GtQ[n, 0] && LtQ[m, -11) || (
LtQn, 0] && GtQ[m + n, -11)) && !'ILtQlp, -1]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQla/Db]

Rubi steps
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_ b3 (4Bc-5Ad)-ab?(4cC—Bd)+a3dD-a?b(Cd-4cD) _ 2(be-ad)(bC-aD)x s (C_ g)

A+Bx+Cx?+Dx® AW—a@%%wa+aqﬂ J = (a+bx)2(c+dx)32 - :
@+ bR+ a2 " " op(be — ad)(a + brPe + dx 2(bc — ad)
2 (C_ % ) - ch(bc—asz)(hc—aD) B dz(b3(4Bc—5Ad)—ab2(4cC2;33d)+a
Subst| [ a2
Ab® —a (sz —abC + azD) xz(__bct
" 2B3(be - ad)(a + bx)>Ve + dx c

Ab® - a (b®B - abC +a?D)  (b*(4Bc - 5Ad) — ab*(8¢C - Bd) — 7a%dD + 3a?b(Cd +
263(be — ad)(a + bx)?Vc + dx 4b?(be — ad)3(a + bx)

ab®Bd® — a?bCd® + a343D - b3 (4C2Cd — 4Bcd? + 5Ad8 - 4c3D) A3 —a (sz —abC
2b3d(bc — ad)3c + dx 2b3(bc — ad)(a + bx)?

ab?Bd® — a*bCd® + a3d3D - b® (4C2Cd — 4Bcd? + 5AD8 - 4c3D) Ab® —a (bZB —abC
2b3d(be — ad)3+c + dx 2b3(be — ad)(a + bx)?

Mathematica [A] time = 1.43742, size = 482, normalized size = 1.38

2tanh”! (%) (3a2bcdD + a3 (—dz) D - 3ab%c?D + b3 (Ad2 — Bed + CZC)) Vet drx (azb(3cD 4+ Cd) - 24%D -
C—a

b52(bc — ad)7/? b2(a + bx)(bc — ¢

Antiderivative was successfully verified.

[In] Integrate[(A + B*x + Cxx~2 + Dxx73)/((a + b*x)"3*(c + d*x)~(3/2)),x]

[Out] (2x(c™2%Ckd - Bxc*d™2 + A*d~3 - c~3%D))/(d*(b*c - axd) " 3*Sqrtlc + d*xx]) + (
(-(A*b~3) + ax(b~2+#B - a*b*C + a~2*D))*Sqrtlc + d*x])/(2*xb~2*(b*c - a*xd) 2%

(a + b*x)72) - ((-2%a*xb”2%c*C + b~3*%(Bkxc - Axd) - 2xa~3*d*D + a"2%b*(Cxd +

3xc*D))xSqrt[c + d*x])/(b™2x(bxc - a*xd) ~3*x(a + b*x)) - (2x(b~3*(c"2*C - Bxc

*d + A*d~"2) - 3*%axb”2%c”2*%D + 3*a”2%bxcxd*D - a~3xd"2#D)*ArcTanh[(Sqrt [b]*S

qrtlc + d*x])/Sqrt[bxc - a*d]])/(b~(56/2)*(b*c - axd)~(7/2)) + (dx(-2*a*b~2x

c*C + b~3x(B*c - Axd) - 2*xa”3xd*D + a”2%b*(Cxd + 3xc*D))*ArcTanh[(Sqrt [b]*S

grtlc + d*x])/Sqrt[b*xc - a*d]])/ (b~ (5/2)*(b*xc - a*xd)~(7/2)) - (3xd*(A*b~3 -
ax(b~2+#B - a*b*C + a~2#D))*(-(Sqrt[b]l*Sqrt[b*c - axd]*Sqrtlc + d*x]) + dx(

a + bxx)*ArcTanh[(Sqrt[b]*Sqrtlc + d*x])/Sqrtl[b*xc - axd]]))/(4*b~(5/2)*(b*c
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- axd) " (7/2)*(a + b*x))

Maple [B] time = 0.028, size = 1225, normalized size = 3.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((D*x~3+Cxx~2+Bxx+A)/(b*x+a) "3/ (d*xx+c)~(3/2),x)

[Out] -3*d/(axd-bxc)~3/b/((a*d-b*c)*b) ~(1/2)*arctan(b* (d*x+c)~(1/2)/((a*d-b*c)*b)
~(1/2))*D*a”~2*c-1/4%d"2/ (axd-b*c) "3/ (b*d*x+a*xd) “2*bx (d*x+c) ~ (1/2) *Bxa*xc+2*d
/ (a*xd-b*c) "3/ (bxd*xx+axd) ~2xbx (d*x+c) " (1/2) *Cxa*xc~2+3*d/ (axd-bxc) ~3/ (b*d*x+a
*d) "2* (d*x+c) " (3/2) *D*xa~2*xc-9/4*d"3/ (a*d-b*c) "3/ (bxd*x+a*xd) ~2*b* (d*x+c) ~(1/
2) *A*a-3/4*d"3/ (axd-b*xc) ~3/ (b*d*x+a*d) "2/b"2*x (d*x+c) ~(1/2) *D*a~4-2*d/ (axd-b
*c) "3/ ((a*xd-b*xc)*b) ~(1/2)*arctan (b* (d*x+c) ~(1/2)/ ((a*xd-b*c)*b) ~(1/2)) *C*ax*c
+3/4*d"2/ (a*d-b*c) "3/ (bxd*x+a*xd) ~2*xb* (d*xx+c) " (3/2) *B*xa+3*d/ (a*d-b*xc) ~3*b/ ((
a*xd-bxc)*b) ~(1/2)*arctan (b* (d*x+c) ~(1/2)/ ((axd-b*xc)*b) ~(1/2) ) *Bxc+1/4*xd~2/(
a*d-bxc) "3/b/ ((axd-b*c)*b) ~(1/2)*arctan (bx(d*x+c) " (1/2)/((a*xd-b*xc)*b) ~(1/2)
)*a~2%C+3/4*d"2/ (a*xd-b*c) “3/b"2/ ((a*d-b*c) *b) " (1/2) *arctan (b* (d*x+c) ~(1/2)/
((axd-b*c)*b)~(1/2))*a~3*D-5/4*d~2/ (a*d-b*c) "3/ (b*d*x+a*d) ~2/b* (d*x+c) ~(3/2
)*a~3*xD+9/4*d~2/ (a*d-b*c) ~3/ (bxd*x+a*xd) ~2xb~2* (d*x+c) ~ (1/2) ¥*Axc-1/4*d~3/ (a*
d-b*c) "3/ (bxd*xx+axd) ~2/b* (d*x+c) ~(1/2) *Cxa~3-7/4*xd~2/ (a*d-b*c) "3/ (b*xd*x+ax*xd
) "2x (d*x+c) " (1/2) *Cxa~2*xc+d/ (axd-bxc) ~3/ (b*xd*x+ax*xd) ~2*xb~2*x (d*x+c) ~(3/2) *B*c
+2/d/ (axd-b*xc) "3/ (d*x+c) ~(1/2) #*D*c~3-d/ (a*xd-b*c) ~3/ (b*d*x+a*d) ~2*xb~2* (d*x+c
)~ (1/2)*#B*c~2-3*d/ (a*d-b*xc) ~3/ (bxd*x+a*xd) ~2* (d*x+c) " (1/2) *D*a”~2*xc~2+2*d/ (a*
d-bxc) "3/ (d*x+c) " (1/2) *B*xc-2xd/ (a*d-b*c) ~3/ (bxd*x+a*d) ~2*xb* (d*x+c) " (3/2) *C*
axc+15/4*d~2/ (a*xd-b*c) "3/ (bxd*x+a*xd) ~2/b* (d*x+c) " (1/2) *D*xa”~3*c-2/ (axd-b*c) "~
3/ (d*x+c) " (1/2) *Cxc~2-2xd"2/ (a*xd-b*xc) ~3/ (d*x+c) " (1/2) *A+5/4*d"~3/ (a*xd-b*c) "3
/ (bxd*x+ax*xd) ~2*x (d*x+c) ~(1/2) *B*a~2-15/4*d"2/ (axd-b*xc) ~3*b/ ((a*d-b*c) *b) ~(1/
2)*arctan (bx(d*x+c) " (1/2)/((a*d-b*c) *b) ~(1/2) ) *A-7/4*d"2/ (a*d-b*c) "3/ (b*xd*x
+a*d) "2xb~2* (d*x+c) " (3/2) ¥*A+1/4*d"2/ (a*xd-b*c) "3/ (bxd*x+a*xd) ~2* (d*x+c) ~(3/2)
*C*a~2-2/ (a*xd-b*xc) "3*b/ ((a*xd-b*c)*b) ~(1/2) *arctan (b*x (d*x+c) ~(1/2) / ((a*d-bx*c
)*b) " (1/2)) *Cxc~2+6/ (a*d-bxc) "3/ ((a*d-b*xc) *b) ~(1/2) *arctan (b*x (d*x+c) ~(1/2)/
((a*d-b*c)*b) ~(1/2)) *D*axc~2+3/4*d~2/ (a*d-b*c) "3/ ((a*xd-b*c)*b) ~(1/2) *arctan
(bx (d*x+c)~(1/2) /((a*d-bxc)*b)~(1/2))*B*a

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Dxx~3+C*x~2+B*x+A)/(b*x+a) 3/ (d*x+c)~(3/2),x, algorithm="maxima"
)

[Out] Exception raised: ValueError

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*xx~2+B*x+A)/(b*x+a) 3/ (d*x+c)~(3/2),x, algorithm="fricas"
)

[Out] Exception raised: UnboundLocalError

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Dxx**3+Cxx**2+B*xx+A)/(b*x+a)**3/(d*x+c)**(3/2) ,x)

[Out] Timed out

Giac [A] time = 2.02575, size = 833, normalized size = 2.38

(24 Dab?c? — 8 Cbh3c? — 12 Da2bed — 8 Cab?cd + 12 Bb3cd + 3 Dadd? + Ca?bd? + 3 Bab?d? — 15 Ab3d2) arctan (

Vdx+cl

V-b2c+a

4(b5c3 - 3ab*c?d + 3 a2b3cd? - a3b2d3)V-b2c + abd
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+Bxx+A)/(b*x+a) 3/ (d*x+c)”(3/2),x, algorithm="giac")
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[Out] -1/4%(24xD*axb~2%c™2 - 8*C*b~3*c”™2 - 12*D*a”2%b*xckd - 8*Cxa*xb~2%ckd + 12*Bx
b~3%cxd + 3xD*a”3%d”2 + C*a~2%bxd~2 + 3*Bxa*xb"2xd”"2 - 15*%A*b~3*d~2)*arctan(
sqrt(d*x + c)*b/sqrt(-b~2*c + a*bxd))/((b~5xc”3 - 3*axb~4*c~2*d + 3*a~2%b~3
xc*d"2 - a”3%b72xd"3)*sqrt(-b~2*c + axbxd)) - 2%x(D*c~3 - C*c”"2xd + Bxckxd"2
- A*xd"3)/((b7™3*c™3*d - 3*a*b™2*c”"2*d"2 + 3*a”2*b*c*d”"3 - a”3%d"4)*sqrt(d*x
+ c)) - 1/4x(12x(d*x + c)~(3/2)*D*a"2xb"2xc*xd - 8*%(d*x + c)~(3/2)*Cxa*xb~3*c
xd + 4x(d*x + c)7(3/2)*B*b"4*cxd - 12*sqrt(d*x + c)*D*a~2xb~2xc”2xd + 8xsqr
t(d*x + c)*Ckxaxb~3*xc™2xd - 4*xsqrt(d*x + c)*Bxb~4*xc™2*xd - 5x(d*x + c)”~(3/2)%
D*xa”3*b*d~2 + (d*x + c)~(3/2)*Cxa”2xb~2*d"2 + 3*(d*x + c)~(3/2)*B*axb~3*d"2
- 7x(d*x + c)”(3/2)*A*b~4*d"2 + 1b*sqrt(d*x + c)*D*a”3xb*xc*d~2 - 7*sqrt(dx*
X + c)*Cxa”2xb~2%cxd"2 - sqrt(d*x + c)*Bxaxb~3*cxd"2 + 9*sqrt(d*x + c)*A*xb~
4xcxd”2 - 3*sqrt(d*x + c)*D*xa"4*d”3 - sqrt(d*x + c)*Cxa”~3%bxd~3 + b*xsqrt(d*
X + c)*Bxa”2xb"2*%d"3 - 9xsqrt(dxx + c)*A*xaxb~3*%d"3)/((b"5%c”3 - 3kaxb"4xc”2
xd + 3%a”2xb"3*kcxd"2 - a"3xb"2xd"3)*((d*x + c)*b - bxc + axd)"2)
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317 f A+Bx+Cx2+Dx> dx

(a+bx)*(c+dx)3/2

Optimal. Leaf size=463

Ve + dx (—a?bd(11Cd - 18cD) + 5a°d2D + ab? (~7Bd? — 72c2D + 36cCd) + b® (49 Ad? — 42Bcd + 24¢%C))
- +

—a?bCd®

24b%(a + bx)(bc — ad)*

[Out] (a*b~2*B*xd~3 - a~2*b*C*d~3 + a~3*d"3*D - b~ 3*(6xc”2*Cxd - 6*Bkc*xd™2 + 7*Axd
"3 - 6%c”3*D))/(3*%b"3*(b*c - a*d) “4xSqrtlc + d*x]) - (Axb~3 - ax(b"2*B - ax

b*C + a~2*D))/(3*b~3*(b*c - a*xd)*(a + b*x) 3xSqrtl[c + d*x]) - ((b~3*(6%Bx*c

- TxA*d) - a*xb”"2x(12xc*C - B*d) - 11xa”3*d*D + a~2xb*(5*xCxd + 18%cxD))*Sqrt

[c + dxx])/(12*%b"2*%(b*xc - axd) "3x(a + b*x)~2) - ((b~3*(24xc~2%C - 42xB*cxd

+ 49xA*d”2) + 5*a~3*%d"24D - a”2*xbxd* (11*%Ckd - 18%cxD) + axb~2*%(36*c*xCxd - 7
*Bxd"2 - 72*c”"2*D))*Sqrtc + d*x])/(24*b"2x(b*c - axd)"4x(a + b*x)) - ((a~3
*d"3%D + a"2*%b*d"2*(Cxd - 6%c*D) - axb”2xd*x(12xc*C*d - 5xB*d~2 - 24%c~2xD)

- b73%(24%c”2xC*d - 30%Bkcxd”~2 + 35*%A*d~3 - 16%c~3*D))*ArcTanh [(Sqrt [b]*Sqr

tlc + d*x])/Sqrt[bxc - axd]])/(8*b~(5/2)*(b*xc - a*d)~(9/2))

Rubi [A] time = 1.14999, antiderivative size = 463, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 32, e -

integrand size
0.188, Rules used = {1621, 897, 1259, 456, 453, 208}

Ve + dx (-a?bd(11Cd - 18cD) + 5a°d2D + ab? (~7Bd? — 72c2D + 36cCd) + b® (49 Ad? — 42Bcd + 24¢%C))
- +

—a2bCd3

24b%(a + bx)(bc — ad)*

Antiderivative was successfully verified.

[In] Int[(A + B*x + Cxx~2 + D*x73)/((a + b*x) 4*x(c + d*x)~(3/2)),x]

[Out] (axb~2*B*xd~3 - a~2xb*C*d~3 + a~3*%d"3#D - b~ 3% (6xc”2xCxd - 6*Bxc*xd”™2 + 7*xAxd
73 - 6%c”3%D))/(3*b~3*%(b*c - axd)“4*Sqrt[c + dxx]) - (A*b~3 - ax(b"2*#B - ax

b*xC + a~2*D))/(3*b~3*(b*c - a*d)*(a + b*x) " 3xSqrtl[c + d*x]) - ((b~3*(6xBx*c

- TxA*d) - a*xb”2x(12xc*C - B*d) - 11xa”3*d*D + a~2*xb*(5*%Cxd + 18%cxD))*Sqrt

[c + d*x])/(12xb"2%(b*c - axd)"3*(a + b*x)~2) - ((b73%(24*c™2*%C - 42*Bxc*d

+ 49%xA*d”2) + B*a~3*d"24D - a”2*xbxd*(11*%Ckd - 18%c*D) + axb~2x(36*cxCxd - 7
*Bxd~2 - 72%c”2#D))*Sqrt[c + d*xx])/(24*%b"2x(b*c - a*d) "4*x(a + b*x)) - ((a~3
*xd"3*%D + a”2%b*d"2*(Ckd - 6%c*D) - axb”2xd*(12xc*Cxd - 5xB*d~2 - 24*c~2xD)

- b73%(24*c”2*%Cxd - 30*Bxc*d~2 + 35%A*xd~3 - 16%c~3*D))*ArcTanh[(Sqrt [b]*Sqr

tlc + d*x])/Sqrtlb*xc - axd]])/(8xb~(5/2)*(b*c - a*xd)~(9/2))
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Rule 1621

Int[(Px_)*((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :
> With[{Qx = PolynomialQuotient[Px, a + b*x, x], R = PolynomialRemainder [Px
, a + b*xx, x]}, Simp[(R*x(a + b*x)"(m + D*(c + d*xx)"(n + 1))/((m + 1)*(b*c

- axd)), x] + Dist[1/((m + 1)*x(b*c - a*xd)), Int[(a + b*x)"(m + 1)*(c + d*x)
“n*ExpandToSum[(m + 1)*(b*c - a*d)*Qx - d*R*(m + n + 2), x], x], x]] /; Fre
eQl{a, b, ¢, d, n}, x] && PolyQ[Px, x] &% ILtQ[m, -1] && GtQ[Expon[Px, x],

2]

Rule 897

Int[((d_.) + (e_.)*(x_))"(m_)*x((£f_.) + (g_.)*x(x_))"(m_)*((a_.) + (b_.)*(x_)

+ (c_)*(x_)"2)"(p_.), x_Symbol] :> With[{q = Denominator[m]}, Dist[q/e, S
ubst [Int[x"(gq*(m + 1) - 1)*((exf - d*g)/e + (g*x~q)/e) " n*((c*xd™2 - bxdxe +
axe”2)/e”2 - ((2xc*d - b*xe)*x~q)/e”2 + (c*x~(2xq))/e"2)7p, x], x, (d + exx)
~(1/9)], %11 /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[exf - d*xg, 0] && NeQ
[b72 - 4xaxc, 0] && NeQ[c*d™2 - bxd*e + a*e”2, 0] &% IntegersQ[n, p] && Fra
ctionQ [m]

Rule 1259

Int[(x_ )" (m_)*((d_) + (e_.)*x(x_)"2)"(q)*((a_) + (b_.)*(x_)72 + (c_.)*(x_)"
4)~(p_.), x_Symbol] :> Simp[((-d)~(m/2 - 1)*(c*d”2 - bxd*e + akxe”2) p*x*x(d
+ exx"2)7(q + 1))/ (2xe”(2%p + m/2)*(q + 1)), x] + Dist[(-d)"(m/2 - 1)/(2*%e”
(2xp)*x(q + 1)), Int[x"m*(d + e*xx"2)"(q + 1)*ExpandToSum[Together [(1*(2*(-d)
“(-(m/2) + 1)xe”(2xp)*(q + 1)*(a + b*¥x™2 + c*x"4)"p - ((c*d™2 - bkd*e + axe
~2)7p/(e”(m/2)*x"m) )*x(d + ex(2xq + 3)*x72)))/(d + exx~2)], x], x], x] /; Fr
eeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4x*axc, 0] && IGtQ[p, 0] && ILtQlq, -1]
&& ILtQ[m/2, 0]

Rule 456

Int [(x_)"(m_)*((a_) + (b_.)*x(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2), x_Symbol] :
> Simp[((-a)~(m/2 - D) *(b*c - axd)*xx(a + b*xx"2)"(p + 1))/(2xb~(m/2 + 1) *(p
+ 1)), x] + Dist[1/(2*xb"(m/2 + D)*(p + 1)), Int[x"mx(a + b*x"2)"(p + 1)*Ex
pandToSum [2xbx(p + 1)*Together [(b~(m/2)*(c + d*x~2) - (-a)~(m/2 - 1)*(b*c -
axd)*x~(-m + 2))/(a + b*x"2)] - ((-a)~(m/2 - 1)*(b*c - a*d))/x"m, x], x],
x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c - axd, 0] && LtQ[p, -1] && ILtQ[m/2

, 0] && (IntegerQ[p] || EqQ[m + 2%p + 1, 0])

Rule 453

Int[((e_)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(m_))"(p_.)*((c_) + (d_)*(x_)"(n
_)), x_Symbol] :> Simp[(c*(e*x)"(m + 1)*x(a + bxx™n) (p + 1))/(a*xex(m + 1)),



108

x] + Dist[(axd*(m + 1) - b*cx(m + nx(p + 1) + 1))/(a*e"n*(m + 1)), Int[(ex
x)"(m + n)*(a + b*x™n)"p, x], x] /; FreeQ[{a, b, c, d, e, p}, x] && NeQ[bx*c
- a*xd, 0] && (IntegerQ[n] || GtQle, 0]) && ((GtQ[n, 0] && LtQ[m, -11) || (
LtQ[n, 0] && GtQ[m + n, -11)) && !'ILtQ[p, -1]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

_ b3(6Bc=7 Ad)-ab®(6cC~Bd)+a3dD~a®b(Cd—6cD) _ 3(be-ad)(bC-aD)x 3 (C_ a_d)

263 12 b

A+ Bx + Cx2 + Dx3 e Ab® -a (sz —abC + ﬂzD) _ f (a+bx) (c+dx)32
(a + bx)*(c + dx)¥? 363(be — ad)(a + bx)3Vc + dx 3(bc — ad)

a2 (C_ ad ) 1, 3cd(be—ad)(bC=aD) _ d2(b3(6Bc—7 Ad)-ab® (6cC—Bd)

b »2 2p3

2Subst| [ -

Ab® — a (6B - abC + a°D) “

" 3b3(be — ad)(a + bx)PVe + dx

Ab> - a (b®B—abC +a?D)  (b%(6Bc — 7Ad) — ab?*(12cC — Bd) — 11a%dD + a?b(5Cd.
3b3(be — ad)(a + bx)3Ve + dx 120%(be — ad)3(a + bx)?

Ab® —a(PB-abC +a?D)  (b3(6Bc - 7Ad) - ab?(12cC — Bd) - 11a%dD + a?b(5Cd
3b3(bc — ad)(a + bx)3Vc + dx 12b2(bc — ad)®(a + bx)?

ab®>Bd® — a?bCd® + a3dBD - b3 (602Cd — 6Bcd? + 7A - 6c3D) A3 -2 (sz —abC +
3b3(bc — ad)*Vc + dx 3b3(bc — ad)(a + bx)3

ab®Bd® — a*bCd® + a3d®D - b3 (6c2Cd — 6Bcd? + 7Ad - 6c3D) Ab® —a (bZB —abC +

3b3(bc — ad)*Vc + dx 3b3(be — ad)(a + bx)3

Mathematica [A] time = 2.52002, size = 697, normalized size = 1.51

-1 ( VbVe+d .
Ve + dx (-3a?bedD + a®d?D + 3ab?c?D — b (Ad2 — Bed + CZC)) d tanh (ﬁ) (3¢%bedD + a® (~d?) D - 3ab?c

b2(a + b)(be — ad)’? - 2 (be — ad)o2
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Antiderivative was successfully verified.

[In] Integrate[(A + B*xx + Cxx"2 + D*x73)/((a + b*x) 4x(c + d*x)~(3/2)),x]

[Out] (2x(-(c™2xCxd) + B*c*d™2 - A*d~3 + c~3%D))/((bxc - a*xd) “4*Sqrtlc + d*x]) +
((-(A*b~3) + a*x(b"2%B - a*b*C + a~2*D))*Sqrt[c + d*x])/(3*b~2x(bxc - a*xd) "2
*(a + bxx)73) - ((-2*%axb~2*c*C + b~ 3*(Bxc - A*d) - 2*a”3*d*D + a"2%b*(Cxd +
3xc*D))*Sqrt[c + d*xx])/(2*¥b"2*(b*c - a*xd) "3x(a + b*x)~2) + ((-(b"3x(c™2*C
- Bxc*d + A*d"2)) + 3%axb”2xc”2*D - 3*%a~2*bxc*d*D + a~3*%d"2xD)*Sqrt[c + d*x
1)/ (b~2%(bxc - a*xd)~4*(a + b*xx)) + (2+Sqrt[bl*(c”2*Cxd - Bkcxd™2 + A*d~3 -
c~3xD)*ArcTanh [(Sqrt [b]*Sqrt[c + d*x])/Sqrtl[b*c - a*d]])/(b*c - a*xd)~(9/2)
+ (d*(b~3%(c™2*%C - Bxckd + Axd"2) - 3%a*b™2xc”2*D + 3xa”~2*bxcxd*D - a~3xd"2
*xD)*ArcTanh [ (Sqrt [b]*Sqrt[c + d*x])/Sqrt[b*c - a*d]])/(b~(5/2)*(b*c - a*xd)~
(9/2)) + (3*d*(2%a*b”™2xcxC + b~3%(-(Bxc) + Axd) + 2xa~3*d*D - a~2%b*(Cxd +
3xc*xD) ) * (- (Sqrt [b]*Sqrt [bxc - a*xd]*Sqrtlc + d*x]) + d*x(a + b*x)*ArcTanh[(Sq
rt[bl*Sqrt[c + dxx])/Sqrtlb*xc - a*d]]))/(4*xb~(5/2)*(b*xc - a*xd)~(9/2)*(a + b
xx)) + (5*%d*x(A*b~3 - ax(b"2*B - axb*C + a~2*D))*(Sqrt[b]*Sqrt [b*c - a*xd]*Sq
rt[c + dxx]*(2xb*c - bkaxd - 3xb*d*x) + 3*d"2*(a + b*x) 2*xArcTanh[(Sqrt [b]*
Sqrt[c + d*x])/Sqrtlbxc - axd]]))/(24xb~(5/2)*(b*c - a*xd)~(9/2)*(a + b*x)~2
)

Maple [B] time = 0.034, size = 2108, normalized size = 4.6

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((D*x~3+Cxx~2+B*x+A)/(b*x+a) 4/ (d*x+c)~(3/2),x)

[Out] -3/4/(a*xd-b*c) 4/ (b*d*x+a*xd) ~3*(d*xx+c) ~(5/2)*D*xa~2*b*c*d~2+1/ (a*d-b*xc) "4/ (b
*d*x+ax*xd) "3*d"4/b*x (d*x+c) " (1/2) *D*a~4*c+6/ (a*d-b*xc) "4/ (bxd*x+axd) ~3*b*xd ™2 (
d*x+c) " (3/2) *D*xa~2xc~2+3/ (a*d-b*c) "4/ (bxd*x+a*xd) “3xd*b~2* (d*x+c) " (1/2) *D*xax*
c~4-21/4/ (a*xd-b*c) "4/ (bxd*x+a*xd) ~3*xd~2*b* (d*x+c) ~(1/2) *D*a~2xc~3+29/4/ (a*xd-
b*xc) "4/ (bxd*xx+a*xd) ~3*d"4*b~2* (d*x+c) ~(1/2) *A*xa*xc+31/8/ (a*d-b*xc) "4/ (bxdxx+a*
d) "3*d"3*b* (d*x+c) ~(1/2) *C*xa~2*xc~2-1/2/ (a*xd-b*xc) ~4/ (b*d*x+a*xd) ~3*d"2*xb~2* (d
xx+c) ~(1/2)*C*axc~3-3/2/ (axd-b*c) "4/ (bxd*x+a*d) ~3* (d*x+c) ~(5/2) *C*xaxb™2*c*d
~2-25/8/ (a*d-b*xc) "4/ (bxd*x+axd) ~3+*d~3*b~2* (d*x+c) ~ (1/2) *Bxaxc~2+1/8/ (a*d-b*
c)~4/b/ ((axd-b*c)*b) ~(1/2)*arctan(b* (d*xx+c) ~(1/2) /((a*d-b*xc)*b) ~(1/2))*a~2%
Cxd~3+1/8/ (a*d-bxc) "4/b~2/ ((axd-b*xc)*b) ~(1/2) *arctan (b*x (d*x+c) ~(1/2)/((a*xd-
bxc)*b) ~(1/2))*a~3+*d"3*%D+15/4/ (a*xd-b*c) ~4xb/ ((a*d-b*c) *b) ~(1/2) *arctan(b* (d
xx+c) " (1/2)/ ((a*d-b*c) *b) ~(1/2) ) #*Bxcxd~2+1/8/ (a*xd-b*c) "4/ (bxd*x+a*d) ~3* (d*x
+c) " (5/2) *a”~2xb*xCxd~3+11/8/ (a*d-b*c) "4/ (bxd*x+a*d) ~3*d~3* (d*x+c) ~(1/2) *D*a~



110

3*%c”2+1/3/ (axd-bxc) ~4/ (b*d*x+ax*xd) ~3*d~3* (d*x+c) ~(3/2) *D*xa~3*c+7/4/ (a*d-b*c)
~4/ (b*xd*x+ax*xd) ~3*x (d*x+c) ~(5/2) *B¥b~3*c*d"2-1/ (axd-b*xc) ~4/ (b*d*x+a*d) ~3* (d*x
+c) " (5/2) *Cxb~3*c~2xd+1/3/ (a*d-b*c) "4/ (bxd*x+axd) ~3*d~4* (d*x+c) ~(3/2) *C*xa~3
+11/8/ (axd-b*xc) "4/ (bxd*x+a*d) ~3*d"5* (d*x+c) " (1/2) *Bxa~3-19/8/ (a*d-b*c) "4/ (b
*d*x+ax*xd) "3*x (dxx+c) " (5/2) *Axb~3*%d"3+1/8/ (a*d-b*c) "4/ (bxd*x+a*d) ~3* (d*x+c) ~(
5/2)*a~3*d~3%D+5/8/ (a*d-b*c) "4/ ((a*d-b*c)*b) ~(1/2)*arctan (b* (d*x+c) ~(1/2) /(
(a*d-b*c)*b) ~(1/2)) *a*xBxd~3-35/8/ (a*d-b*c) ~4*b/ ((a*d-b*xc)*b) ~(1/2)*arctan(b
*(d*x+c) " (1/2)/ ((axd-b*c)*b) ~(1/2)) *A*d"3+2/ (axd-b*xc) “4*b/ ((a*d-b*c) *b) ~(1/
2)*arctan (b (d*x+c) ~(1/2)/ ((axd-b*c)*b) ~(1/2) ) *D*xc~3-2/ (a*xd-b*c) ~4/ (d*xx+c)”
(1/2)*A*d"3+2/ (a*xd-b*xc) "4/ (d*x+c) "~ (1/2) #*D*c~3+3/ (a*d-b*c) ~4/ (bxd*x+a*d) ~3*(
dxx+c) " (5/2) *D*xaxb~2*xc~2%d-3/4/ (a*d-b*c) "4/b/ ((a*xd-b*c) *b) ~(1/2) *arctan (b*(
d*x+c)~(1/2) / ((axd-b*c) *b) ~(1/2) ) *D*a~2xc*xd~2+2/ (a*xd-b*c) "4/ (bxd*x+a*d) ~3*b
~2%d72* (d*x+c) " (3/2) *Cxaxc~2-1/2/ (a*d-b*c) "4/ (bxd*xx+a*xd) ~3*xd~4xb* (d*x+c) ~ (1
/2)*B*a~2*xc-13/3/ (axd-b*c) ~4/ (b*d*x+a*d) ~3*b*xd~3* (d*x+c) ~(3/2) *C*xa~2*c+7/3/
(a*d-b*c) "4/ (b*xd*x+a*xd) “3*xb~2xd~3* (d*x+c) " (3/2) *Bxaxc-6/ (axd-b*xc) ~4/ (b*d*x+
a*xd) "3*b"2*d* (d*x+c) " (3/2) *Dxa*xc~3+2/ (a*d-b*c) "4/ (d*x+c) ~(1/2) *B*xc*d"2-2/ (a
xd-b*c) "4/ (d*x+c) " (1/2) *Cxc~2*d+5/8/ (a*d-b*c) “4/ (bxd*xx+axd) ~3* (d*x+c) ~(5/2)
*axb~2¥B*xd~3-3/2/ (a*d-b*c) ~4/ ((a*d-b*c)*b) ~(1/2) *arctan (b*x (d*x+c) ~(1/2)/((a
*d-b*c) *b) " (1/2) ) *Cxaxcxd~2+3/ (a*d-b*c) "4/ ((a*xd-b*xc)*b) ~(1/2) *arctan (b* (d*x
+¢)~(1/2)/ ((axd-b*c)*b) ~(1/2) ) *D*xaxc”2*d-9/4/ (axd-b*c) ~4/ (b*d*x+a*xd) ~3*d"4x*
(d*x+c) " (1/2) *C*a~3*c-4/ (axd-b*c) ~4/ (b*d*x+a*xd) ~3*b~3*xd"2* (d*x+c) ~(3/2) ¥*B*c
~2+2/ (a*d-b*c) "4/ (bxd*xx+axd) ~3*b~3*d* (d*x+c) ~(3/2) *Cxc~3-1/3/ (a*d-b*c) "4/ (b
*d*x+ax*xd) ~3/bxd"4x* (d*x+c) " (3/2)*D*a~4-29/8/ (a*d-b*c) 4/ (bxdxx+a*d) ~3*d " 5*b*
(d*x+c)~(1/2) *A*a~2-29/8/ (axd-bxc) ~4/ (b*d*x+ax*xd) ~3*d~3*xb~3* (d*xx+c) ~(1/2) *A*
c~2+9/4/ (a*d-b*c) "4/ (bxd*x+a*xd) ~3*xd~2*b~3* (d*x+c) " (1/2) *Bxc~3-1/8/ (a*d-b*c)
~4/ (b*xd*x+ax*xd) "3*d"5/b* (d*x+c) ~(1/2) *C*a~4-1/(a*xd-b*c) ~4/ (bxd*x+a*d) ~3*d*b~
3k (d*x+c) " (1/2)*Cxc~4-1/8/ (a*xd-b*c) "4/ (b*xd*x+a*d) ~3*%d~5/b"2* (d*x+c) ~(1/2) *D
*a~5-17/3/ (a*d-b*xc) 4/ (bxdxx+a*d) ~3*b~2*xd"4* (d*x+c) ~(3/2) *Axa+17/3/ (a*d-b*c
) "4/ (b*d*x+a*d) ~3*b~3*d"3* (d*x+c) ~(3/2) *A*xc+5/3/ (a*d-b*xc) 4/ (bxd*x+a*d) ~3*b
*d"4* (d*x+c) " (3/2) *Bxa~2-3/ (a*d-b*c) "4*b/ ((a*xd-b*xc)*b) ~(1/2) *arctan (b* (d*xx+
c)~(1/2)/((a*d-b*c)*b) ~(1/2) ) *Cxc~2*d

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Dxx~3+C*x~2+B*x+A)/(b*x+a) 4/ (d*x+c)~(3/2),x, algorithm="maxima"
)

[Out] Exception raised: ValueError
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Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*xx~2+B*x+A)/(b*x+a) 4/ (d*x+c)~(3/2),x, algorithm="fricas"
)

[Out] Exception raised: UnboundLocalError

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((D*x**3+Cxx**2+B*x+A)/ (b*x+a)**4/ (d*x+c)**(3/2) ,x)

[Out] Timed out

Giac [B] time = 1.67914, size = 1465, normalized size = 3.16

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Dxx~3+C*x~2+B*x+A)/(bxx+a) 4/ (d*x+c)~(3/2),x, algorithm="giac")

[Out] 1/8*(16*D*b~3*c~3 + 24*D*a*xb~2%c”2*d - 24*Cxb~3*c™2xd - 6*D*a”2%b*c*d”™2 - 1
2xCxaxb”~2%c*d"2 + 30*B*b~3*c*d”"2 + D*a~3*d"3 + Cxa”~2*b*d~3 + 5*B*xa*b~2xd"~3

- 35%Axb~3xd"3) *arctan(sqrt (d*x + c)*b/sqrt(-b~2*c + a*xbxd))/((b"6xc”4 - 4x
axb~b*xc73*d + 6*%a”2%bT4xcT2xd"2 - 4*a”~3*b”3xc*d”3 + a~4*b"2xd"4)*sqrt (-b~2x*

c + axb*d)) + 2x(D*c”3 - Cxc™2*d + Bxcxd™2 - A*d~3)/((b"4*c”4 - 4xa*xb~3*c”3

xd + 6*%a”2xb72%c72*%d"2 - 4xa”3xbxc*d”3 + a"4*d"4)*sqrt(d*x + c)) + 1/24x%(72
*(d*x + c)7(5/2)*D*xaxb~4xc"2xd - 24*(d*x + c)”(5/2)*Cxb"5xc"2xd - 144*(d*x

+ ¢)7(3/2)*#D*axb~4*xc~3*%d + 48*(d*x + c)~(3/2)*Cxb~5*xc~3*d + 72*sqrt(d*x + c
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)*D¥xaxb~4xc”4*d - 24xsqrt(d*x + c)*Cxb~5xc™4xd - 18x(d*x + c)~(5/2)*D*a~2*b
“3%cxd"2 - 36%x(d*x + c)7(5/2)*Ckaxb~4xc*xd"2 + 42*(d*x + )~ (5/2)*Bxb~5xc*d”
2 + 144x(d*x + c)7(3/2)*D*a”~2%b~3*xc"2xd"2 + 48x(d*x + c)~(3/2)*Ckaxb~4*xc~2x*
d”2 - 96%(d*x + c)~(3/2)*B*xb~5xc"2%xd"2 - 126%sqrt(d*x + c)*D*a~2*b~3*c~3*d"
2 - 12*sqrt(d*x + c)*Cxaxb~4*c~3*xd"2 + Bdxsqrt(d*x + c)*Bxb~5xc”3*%d"2 + 3x(
dxx + ¢)7(5/2)*D*a”~3%b"2%xd"3 + 3*(d*x + c)”(5/2)*Cxa”2%b~3*%d"3 + 15x(d*x +
c)~(5/2)*Bxa*xb~4xd"3 - b57*(d*x + c)”(5/2)*A*b~5+xd"3 + 8*(d*x + c)~(3/2)*Dx*a
“3%b72%c*kd”3 - 104*(d*x + c)”(3/2)*Cxa”2xb~3*%cxd~3 + 56*(d*x + c)~(3/2)*B*a
xb~4*xcxd”™3 + 136%(d*x + c)~(3/2)*A*b~5*cxd~3 + 33xsqrt(dxx + c)*D*a”~3xb~2%c
“2%d"3 + 93*sqrt(d*x + c)*Cxa~2+b~3*%c"2xd"3 - 7b*sqrt(d*x + c)*Bkaxb~4*xc”2x
d™3 - 87*xsqrt(d*x + c)*Axb~5xc™2*%d"3 - 8x(d*x + c)~(3/2)*D*a"4*b*xd~4 + 8x(d
*x + ¢)7(3/2)*%C*a~3%b"2%d"4 + 40x(d*x + c)7(3/2)*B*a"2xb"3*%d"4 - 136*(d*x +
c)~(3/2) *Axaxb”4xd"4 + 24xsqrt(d*x + c)*D*a"4xbkxcxd™4 - Bdxsqrt(d*x + c)*C
*a"3%b"2*%cxd"4 - 12xsqrt(dxx + c)*B*a"2xb”3xc*d"4 + 174xsqrt(d*x + c)xAxaxb
“4xcxd~4 - 3*sqrt(d*x + c)*xD*a"5*xd”5 - 3*xsqrt(d*x + c)*Cxa~4*xbxd”~5 + 33*sqr
t(d*x + c)*B*a”3%b~2%d"5 - 87*sqrt(dxx + c)*A*a”2*xb~3*d"5)/((b~6*c™4 - 4*ax
b7B*c73*d + 6*%a"2%b74xcT2xd"2 - 4*a”3%b”"3*c*d”3 + a"4*b"2xd"4)*((d*x + c)*b
- b*c + axd)~3)
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(a+bx)3 (A+Bx+Cx2+Dx3)
f (c+dx)>/2

3.18 dx

Optimal. Leaf size=434

2(c + dx)*? (3a2bd?(Cd - 4cD) + a*d®D - 3ab?d (~Bd? - 10c2D + 4cCd) + b> (Ad® - 4Bed? +10c2Cd - 20c°D)) 2

3d”

[Out] (2*%(b*xc - a*d) " 3x(c™2%Cxd - Bxc*xd™2 + A*d~3 - c¢~3*D))/(3xd~7*(c + dx*x)~(3/2

)) + (2% (b*c - ax*xd) "2k (axd*x(2xcxCxd - B*d~2 - 3*c”2*D) - b*x(5xc”2xCxd - 4%B
xc*d”2 + 3xA*d~3 - 6%c”3%D)))/(d"7*Sqrtlc + d*x]) - (2*(b*c - axd)*(a”2*d"2
*(Cxd - 3*c*D) - axbxd*x(8xcxCxd - 3*B*d"2 - 15%c”2*D) + b~ 2% (10*c™2*C*d - 6
*xBxcxd™2 + 3*%A*d"3 - 15xc”3*D))*Sqrtlc + d*x])/d”7 + (2%(a”~3*d"3*D + 3*a~2x
b*xd"2*x (Cxd - 4*c*D) - 3*axb”~2xd*(4d*xcxCxd — B*d~2 - 10%c™2*D) + b~ 3*(10*c~2%
Cxd - 4xB*cxd”2 + A*d™3 - 20%c™3*D))*(c + d*x)~(3/2))/(3%d”7) + (2%b*(3*a~2
*d"2+D + 3*axbxdx(Cxd — 5xc*D) - b~ 2% (5kxckCxd — Bxd~2 - 15%c™2+D))*(c + d*x
)7(5/2))/(5%d"7) + (2*b~2x(b*Cxd - 6%b*c*D + 3*axd*D)*(c + d*xx)~(7/2))/(7*d
7)) + (2%b73*Dx(c + d*x)~(9/2))/(9%d"7)

Rubi [A] time = 0.352548, antiderivative size = 434, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 32, e -

0.031, Rules used = {1620}

integrand size

2(c + dx)*2 (3a2bd?(Cd - 4cD) + a>d®D — 3ab?d (~Bd? - 102D + 4cCd) + b (Ad® — 4Bcd? +10c2Cd - 20°D)) 2

3d’

Antiderivative was successfully verified.

[In] Int[((a + b*x)~3%(A + B*x + C*x~2 + D*x~3))/(c + d*x)~(5/2),x]

[Out] (2*%(b*c - a*d) ~3*(c”2xCxd - B*cxd™2 + A*d"3 - c~3*D))/(3xd"7*x(c + dx*xx)~(3/2

)) + (2% (b*c - ax*xd) "2*x(axd*x(2xcxCxd - B*d™2 - 3*c”2*D) - b*x(5xc”2*xCxd - 4%B
xc*d"2 + 3xA*d”~3 - 6%c”3*D)))/(d"7*Sqrtlc + d*x]) - (2*%(b*c - axd)*(a~2*d"2
*(C*xd - 3*c*D) - axbxd*(8*xc*xCxd - 3*%B*d"2 - 15%c”2*D) + b~ 2% (10*c™2*C*d - 6
*Bxcxd™2 + 3*A*d"3 - 15%c”3#D))*Sqrtlc + d*x])/d"7 + (2x(a”3*d"3*D + 3*a”2%
bxd"2*x (Cxd - 4*c*D) - 3*axb ™ 2xd*(4dxcxCxd - B*d~2 - 10*c™2*D) + b~ 3*(10*xc™2%
Cxd - 4*Bxcxd™2 + Ax*d~3 - 20%c”3*D))*(c + d*x)~(3/2))/(3%d"7) + (2*xb*x(3*a~2
*d72+D + 3*axbxd*x(Cxd — 5xc*D) - b 2% (5kxckxCkxd — B*xd~2 — 15%c™2+D))*(c + d*x
)"(5/2))/(5%d"7) + (2%b~2x(b*Cxd - 6%b*xcxD + 3ka*xd*D)*(c + dxx)~(7/2))/(7*d
~7) + (2%b~3*%D*(c + d*x)~(9/2))/(9%d"7)
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Rule 1620

Int[(Px_)*((a_.) + (b_)*(x_))"(m_.)*x((c_.) + (d_.)*(x_))"(n_.), x_Symbol]
:> Int[ExpandIntegrand[Px*(a + bxx) m*x(c + d*x)"n, x], x] /; FreeQ[{a, b, c
, d, m, n}, x] &% PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) && GtQ[E
xpon[Px, x], 2]

Rubi steps

(a +bx)® (A + Bx + Ca? + Dx%) ] (=bc + ad)* (c2Cd - Bed?® + Ad® - D) (be - ad)? (—ad (2cCd — Bd? -
f (c + dx)52 *= f dé(c + dx)>2 - 1

2(bc — ad)® (CZCd — Bed? + Ad® - C3D) 2(bc — ad)? (ad (ZCCd — Bd? - 3¢*D
= +
3d7(c + dx)32 47

Mathematica [A] time = 0.715992, size = 391, normalized size = 0.9

2 (105(c + dx)? (3a%bd?(Cd — 4cD) + a®d®D + 3ab?d (Bd? + 10c2D - 4cCd) + b* (Ad® — 4Bcd? +10c2Cd — 20c¢°D)) - 3

Antiderivative was successfully verified.

[In] Integrate[((a + b*x)~3%(A + B*x + C*x~2 + D*x73))/(c + d*x)~(5/2),x]

[Out] (2*(105%(b*c — axd) ~3*(c”2*%C*d - B*xc*d"2 + A*d~3 - c¢~3%D) + 315%(b*c - a*xd)
~2% (- (a*xd* (-2*c*Cxd + B*xd~2 + 3%c™2%D)) + bk (-5xc™2*Cxd + 4*xBxc*xd™2 - 3*A*d

“3 + 6%c”3*D))*(c + d*x) - 315x(b*c - a*d)*(a~2*d"2%(Cxd - 3*c*D) + axb*xd*(
-8%c*C*d + 3*B*d”™2 + 15%c”2xD) + b~ 2% (10*c™2*Cxd - 6*Bxcxd™2 + 3*%A*d"3 - 15
*c73%D))*(c + d*x)72 + 105%(a~3*%d"3*D + 3*a " 2xbxd"2x(Cxd - 4*c*D) + 3*a*b”2

*d* (—4*c*Ckd + B*d™2 + 10*%c™2%D) + b~ 3*(10*c™2*Cxd — 4*Bxcxd™2 + A*d"3 - 20
*c73%D))*(c + d*x)”"3 + 63*xb*x(3*%a~2+%d"2+D + 3*axbkd*x(Cxd — 5xc*xD) + b~ 2% (-5*
c*xC*xd + B*d~"2 + 15%c™2%D))*(c + d*x)~4 + 45*b~ 2% (b*Cxd - 6*xb*c*D + 3*axd*D)

*(c + d*x)75 + 35%b~3*Dx(c + d*x)~6))/(3156%d"7x(c + d*x)~(3/2))

Maple [B] time = 0.008, size = 841, normalized size = 1.9

—70 B3Dx®d® — 90 Cb3d®x® — 270 Dab?d®x® + 120 Db3cd®x® — 126 Bb3dox* — 378 Cab?d®x* + 180 Cb3cd°x* — 378 Da?l

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((b*x+a) 3% (D*x~3+C*x~2+B*x+A)/(d*x+c)~(5/2),x)

[Out] -2/315/(d*x+c) " (3/2)*(-35%D*b~3*d"6*x~6-45*Cxb~3*d "~ 6*x~5-135*D*a*b”2*xd " 6*x~
5+60*D*b~3*c*xd"5*x"5-63*B*xb~3*d"6*x"4-189*Cxaxb~2xd " 6*x~4+90*Cxb~3*c*d " 5xx”
4-189%D*a” 2xb*d~6*x~4+270*D*a*xb~2xckxd"5*xx"4-120*D*b~3*c"2*d"4*x"4-105%A*b~3
*d76*xx~3-315%B*a*b”2+xd"6xx"3+168*B*b"3*xc*d"5*xx"3-315%C*a”2xb*d"6xx~3+504*C*
a*b”2xc*d"bxx"3-240%C*b~3*xc”2*d"4*x"3-105*D*a~3*d"6xx~3+504*D*a"2*xb*cxd " 5*x
~3-720%D*a*xb~2*c”2xd"4*x"3+320*D*b " 3*c"3*d"3*xx"3-945*A*a*b~2+xd"6xx"2+630%A*
b~ 3%c*kd"5*x"2-945%B*a”2%b*d"6%x " 2+1890*B*axb~2*xcxd"5*x"2-1008*B*b~3*c"2*d"4
*x72-315*%C*a”3*%d"6%x"2+1890*C*a " 2*%bxc*xd~5*x"2-3024*Cxa*xb~2*%c~2*d~4*x"2+1440
*C*b73%c”"3*d"3*x"2+630*D*a”~3*kckd " 5*x"2-3024*D*a " 2*bxc"2*xd"4*x"2+4320*D*axb”
2%Cc”3xd"3*x72-1920%D*b " 3*xc"4*d"2%x " 2+945 % Axa " 2*xb*d " 6*x-3780*A*axb~2*xcxd"5*x
+2520%A*b~3%c”2xd "4 *x+315%B*a~3*%d " 6xx-3780*B*a”~2xb*c*d " 5*xx+7560%B*axb~2*c”2
*d"4*xx-4032*B*b~3*c"3*%d " 3xx-1260%C*a” 3xc*d " 5xx+7560*C*a”2xb*c~2*xd~4*x-12096
*Cxa*xb™2*xc”3kd " 3*xx+5760*C*xb~3*c™4*d " 2*xx+2520*%D*a”~3*c”2*d " 4*x-12096*D*a " 2*bx*
c”3*xd"3xx+17280%D*a*b~2*xc 4*d " 2*xx-7680*D*b " 3*Cc 5*xd*xx+105*A*a~3*d"6+630*%A*xa”
2%bxcxd"5-2520*%A*axb~2xc"2%d"4+1680*A*xb~3*c”3xd"3+210*B*a”~3*c*d~5-2520*B*a”
2%b*c”2+%d"4+5040*Bxa*xb”2*xc " 3*d"3-2688*B*xb~3*c"4*d"2-840*C*xa~3*c”2xd"4+5040%
Cxa~2*b*c~3%d"3-8064*Cxa*xb~2*xc~4*d~2+3840*Cxb~3*c~5+d+1680*D*a~3*c~3*d~3-80
64*D*a”2%b*xc”"4*d"2+11520*D*a*xb~2%c~5%d-5120*D*b~3*c”6) /d"7

Maxima [A] time = 1.64268, size = 846, normalized size = 1.95

9 7 5
35 (dx-+c) 2 Db®~45 (6 Db3c—(3 Dab?+Cb?)d )(dx-+c) 2 +63 (15 Db>c2-5 (3 Dab?+Cb? )cd-+(3 Da?b+3 Cab?+Bb>)d? )(dx-+c) 2 =105 (20 Db3c3-10 (3 Dab?+C

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a) 3% (D*xx~3+C*x~2+B*x+A)/(d*x+c)~(5/2),x, algorithm="maxima"
)

[Out] 2/315%((35*x(d*x + ¢)~(9/2)*D*b"3 - 45%(6xD*b~3*c — (3*D*xa*xb~2 + Cxb~3)*d) *(
d*x + ¢c)”(7/2) + 63x(15%D*b~3*c”2 - 5*x(3*D*a*xb~2 + Cxb~3)*c*d + (3*D*a”2*b
+ 3*C*xa*xb”™2 + Bxb~3)*d"2)*(d*x + c)~(5/2) - 105*%(20*D*b~3*c~3 - 10*(3*D*ax*b
"2 + Cxb73)*c”2*xd + 4*x(3*xD*xa~2%b + 3*%Cxa*xb”2 + B*b"3)*cxd"2 - (D*a~3 + 3*Cx
a~2xb + 3*B*xaxb”2 + A*b~3)*d"3)*(d*x + c)”(3/2) + 315x(15xD*b~3*%c"4 - 10*(3
*D*xa*xb”2 + Cxb~3)*c"3*d + 6x(3*%D*a~2%b + 3*Ckxaxb™2 + Bxb~3)*c~2%d"2 - 3*(D*
a~3 + 3*C*a”2*b + 3*Bxaxb~2 + A*b"3)*c*d”3 + (C*a”~3 + 3*xBxa~2%b + 3*A*xa*b”2
)*d"4)*xsqrt(d*x + c))/d"6 - 105*%(D*b~3*c”™6 + A*a~3*d"6 - (3*xD*xa*xb”2 + C*b~3
)*xc75xd + (3#%D*a”2*b + 3*Cxaxb™2 + Bxb~3)*c”4*%d"2 - (D*a”3 + 3*Cxa~2xb + 3%
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Bxaxb™2 + Axb~3)*c”3+%d"3 + (C*a~3 + 3*Bxa~2xb + 3*A*xaxb~2)*c”"2*d"4 - (B*a~3
+ 3*kA*a”2*xb)*cxd"5 - 3% (64D*b~3*c”5 - 5k (3*D*axb”2 + Cxb~3)*c”4*d + 4*(3*D
*a"2%b + 3*C*xaxb”™2 + Bxb~3)*c”3*%d"2 - 3*(D*a”3 + 3*C*xa~2xb + 3*Bxaxb™2 + Ax
b~3)*c"2*%d"3 + 2% (C*a”3 + 3*B*a"2*b + 3xAxaxb~2)*c*d”4 - (B*a~3 + 3xAxa~2xb
)*d”B)*x(d*x + c¢))/((d*x + ¢)~(3/2)*d"6))/d

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a) 3% (Dxx~3+C*x~2+B*x+A)/(d*x+c)~(5/2),x, algorithm="fricas"
)

[Out] Exception raised: UnboundLocalError

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)**3% (Dkx*x*3+Ckx**2+B*x+A) / (d*x+c)**(5/2) ,%)

[Out] Timed out

Giac [B] time = 2.40143, size = 1391, normalized size = 3.21

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a) 3% (Dxx~3+C*x~2+B*x+A)/(d*x+c)~(5/2),x, algorithm="giac")

[Out] 2/3*%(18*%(d*x + c)*D*b~3*%c™5 - D*b"3*%c™6 - 45%x(d*x + c)*D*xaxb™2*xc~4*xd - 15x%(
d*xx + c)*Cxb~3*%c~4*xd + 3*Dxaxb”2*xc”bxd + Cxb~3*%c”b*xd + 36%(d*x + c)*D*xa”2x%b
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*Cc73%d"2 + 36k (d*x + c)*Cxaxb~2%c”3*%d"2 + 12*%(d*x + c)*B*b~3%c”3%d"2 - 3*D*
a~2%b*c”4*d72 - 3*Cxaxb~2xc"4*d"2 - B¥b"3*c”4*d”2 - 9x(d*x + c)*D*a”3*c”2x*d
"3 - 27*x(d*x + c)*C*xa~2xbxc”2%d"3 - 27*(d*x + c)*Bxaxb~2*xc”2+%d"3 - 9k (d*x +
Cc)*A*xb~3*%c"2x%d"3 + D*a " 3*c”3*%d"3 + 3*Ckxa~2*bxc~3*%d"3 + 3*Bxaxb"2xc”3*d"3 +
Axb~3*c"3*%d"3 + 6% (d*x + c)*C*a"3*ckxd"4 + 18*x(d*x + c)*B*a 2%b*ckd"4 + 18%
(d*x + c)*A*axb”2*xc*xd"4 - Cxa~3*c™2*d"4 - 3*Bxa~2*b*c”2+%d"4 - 3*xA*xaxb~2*c”2
*d~4 - 3*%(d*x + c)*B*xa~3*d"5 - 9% (d*x + c)*A*a”~2*xb*xd~5 + B*xa~3%c*d”5 + 3kAx
a~2%b*c*d”5 - A*a”~3*d”"6)/((d*x + ¢)~(3/2)*d"7) + 2/315%(35x(d*x + c)~(9/2)*
D*b~3*d"56 - 270*(d*x + c)~(7/2)*D*b"3*xc*xd~56 + 945*(d*x + c)~(5/2)*D*b~3*c
~2%d"56 - 2100*(d*x + c)~(3/2)*D*b~3*c”3*%d"56 + 4725*%sqrt(d*x + c)*Dxb~3*c”
4xd~56 + 135%(d*x + c)~(7/2)*D*xa*xb~2%d"57 + 45x(d*x + c)~(7/2)*C*b~3*xd~57 -
945% (d*x + c)~(5/2)*Dxaxb~2xc*d~57 - 315%(d*x + c)~(5/2)*Cxb~3*c*d~57 + 31
50 (d*x + c)~(3/2)*D*axb~2xc~2%d~57 + 1050*(d*x + c)~(3/2)*Cxb~3*c~2*d"57 -
9450*sqrt (d*x + c)*Dxa*xb~2%c”~3*xd"57 - 3150*sqrt(d*x + c)*C*b~3*c~3xd~57 +
189*% (d*x + ¢)~(5/2)*D*a”2*xb*d"58 + 189*(d*x + c¢)~(5/2)*C*a*xb™2*xd"58 + 63*(d
*x + ¢)”(5/2)*B*b~3*xd"58 - 1260*(d*x + c)~(3/2)*D*a”"2*bxc*xd~58 - 1260* (d*x
+ ¢)~(3/2) #*Cxa*xb~2xc*d"58 - 420*(d*x + c)~(3/2)*Bxb~3xc*d~58 + 5670*sqrt (d*
X + c)*Dxa”2xb*xc”2xd"58 + 5670*sqrt(d*x + c)*Ckaxb~2*c~2*d"58 + 1890*sqrt(d
*xX + c)*B*xb"3*c"2*d"58 + 105%(d*x + c¢)~(3/2)*D*a~3*d"59 + 315%(d*x + c¢c)~(3/
2) *C*a~2*%b*d"59 + 315x(d*x + ¢)~(3/2)*B*a*b”™2*d"59 + 105x(d*x + c¢)~(3/2)*A*
b~3%d"59 - 945%sqrt(d*x + c)*Dxa”3*cxd"59 - 2835*xsqrt(d*x + c)*Cxa~2*xbxcxd”
59 - 283b*sqrt(d*x + c)*Bxaxb~2*cxd”"59 - 945*sqrt(d*x + c)*A*b~3*c*xd"59 + 3
15%sqrt (d*x + c)*C*a~3*%d"60 + 945xsqrt(d*x + c)*B*a"2%bxd~60 + 945*sqrt (d*x
+ c)*Axaxb~2*xd~60)/d"63
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3.19 dx

(a+bx)? (A+Bx+Cx2+Dx3)
f (c+dx)>/2

Optimal. Leaf size=322

2Vc + dx (a2d?(Cd - 3cD) — 2abd (~Bd? - 62D + 3cCd) + b? (Ad® — 3Bcd? + 6¢2Cd - 10°D))  2(c + dx)¥? (a2d?D -
+
d6

[Out] (-2%(b*c - a*xd) 2% (c™2*Cxd - B*c*xd™2 + A*d~3 - c”3*D))/(3*xd"6*x(c + d*x)~(3/
2)) - (2%(b*c - axd)*(axd*x(2xc*C+xd - B*d"2 - 3*c”™2*D) - bx(4xc™2%Cxd - 3*B*

c*d”2 + 2xA*d”3 - 5xc”3%D)))/(d"6*xSqrtlc + d*x]) + (2%x(a"2xd"2x(Cxd - 3*c*D

) — 2%axb*xd* (3*%c*Ckd - B*d™2 — 6*c”2xD) + b7 2% (6*%c”2*%C*kd - 3*Bxcxd™2 + Axd~

3 - 10%c”3#D))*Sqrtlc + d*x])/d"6 + (2x(a"2+xd"2*D + 2xa*bxd*(C*xd - 4*c*D) -

b~ 2% (4*cxCxd - B*d~2 - 10%c™2xD))*(c + d*xx)~(3/2))/(3%d"6) + (2%bx(b*Cxd -
Bxb*c*D + 2*%axd*D)*(c + d*xx)~(5/2))/(5xd"6) + (2xb~2*D*x(c + d*xx)~(7/2))/(7

*d76)

Rubi [A] time = 0.242589, antiderivative size = 322, normalized size of antiderivative =
1., number of steps used = 2, number of rules used = 1, integrand size = 32, number of rules _

integrand size
0.031, Rules used = {1620}

2V + dx (a2d%(Cd — 3cD) — 2abd (~Bd? — 6¢*D + 3cCd) + b? (Ad® - 3Bcd? + 6¢2Cd -10¢°D))  2(c + dx)*? (a?d?D -
+
d6

Antiderivative was successfully verified.

[In] Int[((a + b*x)"2%(A + Bxx + Cxx~2 + D*x"3))/(c + d*xx)~(5/2),x]

[Out] (-2%(bxc - a*xd) 2x(c"2%C*d - B*c*xd™2 + A*d~3 - c~3%D))/(3%xd"6x(c + d*x)~(3/
2)) - (2%(b*c - axd)*(axd*x(2xc*C+xd - B*d~2 - 3*c”™2*D) - bx(4xc™2%Cxd - 3*B*

c*d”2 + 2xA*d”3 - 5xc”3%D)))/(d"6*xSqrtlc + d*x]) + (2x(a"2xd"2x(Cxd - 3*c*D

) — 2%axb*xd* (3*c*Ckxd - B*d™2 — 6*c”2xD) + b7 2% (6*%c”2*%Ckd - 3*Bxcxd™2 + Axd~

3 - 10%c”3#D))*Sqrtlc + d*x])/d"6 + (2x(a"2xd"2*D + 2xa*bxd*(C*xd - 4*c*D) -

b~ 2% (4*cxCxd - B*d~2 - 10%c™2xD))*(c + d*x)~(3/2))/(3%d"6) + (2%bx(b*Cxd -
5xb*c*D + 2*xaxd*D)*(c + d*xx)~(5/2))/(5xd"6) + (2xb~2*D*x(c + d*xx)~(7/2))/(7

*d~6)

Rule 1620

Int[(Px_)*((a_.) + (b_)*x(x_ D))" (m_.)*x((c_.) + (d_.)*x(x_))"(n_.), x_Symbol]
:> Int[ExpandIntegrand [Px*(a + b*x) m*(c + d*x)°n, x], x] /; FreeQ[{a, b, ¢
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, d, m, n}, x] & PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) && GtQ[E
xpon[Px, x], 2]

Rubi steps

(a + bx)? (A +Bx + Cx* + Dx3) ; (=bc + ad)? (CZCd — Bed? + Ad® - c3D) (bc — ad) (ad (ZCCd - Bd*-3
f (c + d0)2 r= f B(c + do)2 "

2(be - ad)? (c2Cd - Bed? + Ad® - D) 2(be - ad) (ad (2cCd - Bd? - 3¢2
- 3d6(c + dx)3/2 - d

Mathematica [A] time = 0.668733, size = 287, normalized size = 0.89

2 (105(c + dx)? (a2d%(Cd — 3cD) + 2abd (Bd? + 6¢2D - 3¢Cd) + b? (Ad® - 3Bed? + 6c2Cd —10¢°D)) + 35(c + dx)> (a

Antiderivative was successfully verified.

[In] Integrate[((a + bxx)72*%(A + Bxx + Cxx"2 + D*x73))/(c + d*x)~(5/2),x]

[Out] (2*%(35%(b*c — a*xd) 2% (-(c”2%C*d) + Bkxc*d™2 — A*d~3 + c¢~3%D) - 105*%(b*c - ax*
d) * (- (axd*x (-2*xc*xCxd + B*d~2 + 3*%c™2*D)) + b*x(-4*c~2xCxd + 3*B*xc*d™2 - 2*Ax*xd

“3 + 5*c”3*D))*(c + d*xx) + 105%(a”2*%d"2*(Ckd - 3*c*xD) + 2xaxb*d*(-3*c*Cxd +
B*d~2 + 6*%c”2%D) + b~2x(6%c”2*xCxd - 3*%Bxcxd"2 + A*d~3 - 10*c”3%*D))*(c + d*

X) 72 + 35%(a”2xd"2+D + 2*axbkd*(Cxd — 4*xc*xD) + b7 2% (-4*c*C*xd + B*d~2 + 10*c
~2«D))*(c + d*x)”3 + 21*bx(b*C*xd - 5*b*c*D + 2*a*xd*D)*(c + d*x)~4 + 15%b~2%

Dx(c + d*x)~5))/(105%d~6%(c + d*x)~(3/2))

Maple [A] time = 0.006, size = 505, normalized size = 1.6

—30b2Dx°d® — 42 Ch?d®x* — 84 Dabd®x* + 60 Db2cd*x* — 70 Bb2d°x3 — 140 Cabd®x3 + 112 Cb%cd*x® — 70 Da?d®x3 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int((bxx+a) 2% (D*x~3+C*xx"2+B*x+A)/(d*x+c) " (5/2) ,x%)

[Out] -2/105/(d*x+c)”(3/2)*(-15%D*b~2*%d " 5*xx"5-21*Cxb~2%d " 5*xx~4-42*xD*a*xb*xd~5*xx~4+3
0*D*b~2*%c*d"4*xx"4-35*B*b™2*d"5xx"3-70*C*a*xb*xd~5*x~3+56*%C*xb~2*c*xd~4*xx~3-35%D
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*a”2xd"5*x"3+112*%D*a*xbxcxd"4*x"3-80*D*xb"2*c”2x%d"3*x"3-105%A*b"2*xd"5*x"2-210
*B*xaxb*xd " 5xx"2+210%B*b”" 2% c*d"4*xx"2-105%C*a”~2*xd " 5*xx"2+420*Cxa*bxcxd " 4*x~2-33
6*C*b~2%c™2%d " 3*x"2+210*D*xa~2*c*d"4*x"2-672*D*axb*xc”2xd " 3*xx"2+480*D*b"2*c"3
*d72xx " 2+210%A*axbxd"5xx-420%Axb"2*cxd"4*x+105%B*a”2*%d " 5*xx—-840*B*axb*xcxd "4
x+840*Bxb~2%c™2xd"3*x-420*Cxa~2*c*xd~4*x+1680*Cxaxb*xc™2xd " 3*x-1344*Cxb~2%c™3
*d"2%x+840*D*a” 2% c”2*xd " 3*%x-2688*D*xaxb*xc”3%d"2*xx+1920*D*b" 2% c"4*xd*xx+35*A*a"2
*d"5+140*Axaxbxcxd”4-280*xAxb~2*c”2%d"3+70*B*xa”~2*xc*xd~4-560*Bxa*xb*c”2*d"3+560
*B*xb"2%c”3*d"2-280*%Cxa”2xc”2xd " 3+1120*C*ax*xb*c”3*d~2-896*Cxb~2xc~4*d+560*D*a
“2%c73%d"2-1792*D*axb*xc~4*d+1280*%D*b~2*c~5) /d"6

Maxima [A] time = 2.00347, size = 531, normalized size = 1.65

7 5 3
15 (dx-+c)2 Db?-21 (5 Dbc—(2 Dab+Cb?)d) (dx-+c) 2 +35 (10 Db%c24 (2 Dab+Cb? )cd-+(Da?+2 Cab+Bb? )d? ) (dx-+c) 2 =105 (10 Db?c3~6 (2 Dab+Cb? ) c2d+3 (
45

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a) 2% (D*xx~3+C*x~2+B*x+A)/(d*x+c)~(5/2),x, algorithm="maxima"
)

[Out] 2/105%x((156%x(d*x + c)~(7/2)*D*b"2 - 21*(5xD*b~2*c — (2*D*axb + C*xb~2)*d)*(dx*
X + ¢c)7(5/2) + 35%(10*D*b~2*c”2 — 4x(2xDxaxb + C*b~2)*c*d + (D*a~2 + 2xCxax

b + Bxb"2)*d"2)*(d*x + c)~(3/2) - 105*%(10*D*b~2%c~3 - 6*(2*D*xaxb + Cxb~2)*c

~2%d + 3*%(D*a”2 + 2xCxaxb + B*xb~2)*c*d”2 - (C*xa”2 + 2xBxaxb + A*b~2)*d"3)*s
grt(d*x + c))/d"5 + 35%(D*b~2*c”5 - Axa~2xd"5 - (2xD*axb + Cxb~2)*c~4x*d + (

D*a”~2 + 2*xCxaxb + B*b~2)*c”"3*d"2 - (C*xa~2 + 2*Bxaxb + A*b~2)*c"2*xd"3 + (B*a

"2 + 2%Axaxb)*kckd"4 - 3x(5xD*b"2%c”4 - 4% (2*Dkaxb + Cxb~2)*xc”3%d + 3*(D*a”2

+ 2*Ckaxb + B*b"2)*c"2%d"2 - 2% (C*a”2 + 2*Bxaxb + Axb~2)*c*d"3 + (B*a™2 +
2%Axaxb)*d"4) *x(d*x + ¢))/((d*x + ¢)~(3/2)*d"5))/d

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.
Exception raised: UnboundLocalError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) 2% (D*x~3+C*xx~2+B*x+A)/(d*x+c)~(5/2),x, algorithm="fricas"
)
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[Out] Exception raised: UnboundLocalError

Sympy [A] time = 133.078, size = 377, normalized size = 1.17

5 3
DB (c +dx)7 (¢ +dx)? (2Ch%d + 4Dabd —10Db%c)  (c + dx)2 (2Bb?d? + 4Cabd? — 8Cl2ed + 2Da?d? ~ 16Dabee
+ +
7d6 5d° 3d6

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)**2% (Dkx**3+Ckx**2+B*x+A) / (d*x+c)**(5/2) ,x)

[Out] 2*xD*bx*2*(c + d*x)**(7/2)/(7T*d*x6) + (c + d*x)**x(5/2)*(2+Cxb**2*d + 4*D*a*b
*d — 10%D*b*x2xc)/(5k%d**6) + (c + d*xx)**x(3/2)* (2*xBxb*x*2*xd**2 + 4*xCkaxbkxd*x*2

— 8%Cxkb*x2xc*xd + 2*Dkxa*x*2%xd**x2 — 16*xDxaxbkxckd + 20%xDxbx*x2xcx*2)/(3xd*x*6) +
sqrt(c + d*x)* (2xA*xb**2xd*x3 + 4xBkaxb*xd**3 - 6*Bxb*xx2*ckd**2 + 2xCkxax*2xd

*%x3 — 12xCkaxbkxckd**x2 + 12kxCxbx*2kckx*2%xd — 6*kDkakx*2kxckd**x2 + 24xDxaxb*xckx*x2x

d - 20*Dxb**2kxc*%*3) /d**x6 - 2x(a*xd - bxc)*(2xA*xbxd**3 + Bkaxd**3 — 3*Bxb*cxd

k2 — 2kCkakcxd**2 + 4*xCkbxc*k*2*%d + 3kDxakxcx*2xd — 5xD*bxc**3)/(d**6*sqrt(c

+ d*xx)) + 2x(axd — bxc)*x2x (—A*xd**x3 + Bxckxd**x2 — Cxc*x*x2xd + Dxc**3)/(3kxd*x*

6x(c + d*x)**(3/2))

Giac [B] time = 2.27425, size = 840, normalized size = 2.61

2 (15 (dx + c)Db?c* — Db?c® — 24 (dx + c)Dabc3d — 12 (dx + c)Cb?c3d + 2 Dabc*d + Cb?c*d + 9 (dx + c)Da?c?d? + 18

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a) 2% (Dxx~3+C*x~2+B*x+A)/(d*x+c)~(5/2),x, algorithm="giac")

[Out] -2/3%(15%(d*x + c)*D*¥b"2%c”4 - D*b"2*c”™5 — 24x(d*x + c)*D*a*b*xc™3*d - 12*x(d
*x + c)*C*b~2*%c”3*%d + 2xDxaxbxc”4*d + C*xb~2*c”4*d + 9x(d*x + c)*D*a”2*c”2x*d

"2 + 18*(d*x + c)*Cxaxbxc™2xd"2 + 9% (d*x + c)*Bxb"2*xc"2*%d"2 - D*xa”2%c”3*d"2

- 2*C*axb*c™3*d"2 — Bxb"2%c73*%d"2 - 6*x(d*x + c)*Cxa~2xc*xd”3 - 12*%(d*x + c)
*Bxaxbxc*d™3 — 6x(d*x + c)*Axb"2%c*d"3 + C*xa 2%c”2xd"3 + 2*Bxaxb*xc"2%d~3 +
A*¥b"2xc"2*%d"3 + 3*(d*x + c)*B*a"2*d"4 + 6x(d*x + c)*A*xaxb*d"4 - B*a"2*xcxd"4

- 2xAxaxb*c*d~4 + A*a”2+d"5)/((d*x + ¢)~(3/2)*d"6) + 2/105%(15x(d*x + c)~(
7/2)*D*b~2xd~36 - 105%(d*x + c)~(5/2)*D*b~2xc*xd~36 + 350*(d*x + c)~(3/2)*Dx*
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b~2xc”"2%d"36 - 1050*sqrt(d*x + c)*D*b~2xc”~3%d"36 + 42x(d*x + c)~(5/2)*D*axb
*xd~37 + 21x(d*x + c)7(5/2)*C*b~2%d"37 - 280*(d*x + c)~(3/2)*D*axb*xc*xd~37 -

140 (d*x + c)~(3/2)*C*b~2xc*d~37 + 1260*sqrt(d*x + c)*D*xaxb*c™2%d~37 + 630%

sqrt(d*x + c)*C*b~2xc~2xd~37 + 35x(d*x + c)~(3/2)*D*a~2+%d"38 + 70x(d*x + c)

~(3/2)*C*xaxbxd~38 + 35x(d*x + c)~(3/2)*B*b~2xd~38 - 315*sqrt(d*x + c)*Dxa~2

xc*d"38 - 630*sqrt(d*x + c)*Cxaxbxc*d”38 - 315xsqrt(d*x + c)*Bxb~2%c*d~38 +
105*sqrt (d*x + c)*C*xa~2xd~39 + 210*sqrt(d*x + c)*B*axb*xd~39 + 105*sqrt(d*x
+ c)*A*b"2xd"39) /d"42
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(a+bx)(A+Bx+Cx2+Dx3)
f (c+dx)>2

3.20 dx

Optimal. Leaf size=210

2 (ad (-Bd? - 3¢2D + 2cCd) — b (Ad® — 2Bcd? + 3¢2Cd - 4c°D))  2(be - ad) (Ad® - Bed? + c2Cd + ¢3(-D))  2Vc*
BV + ’ 3(c + A" '

[Out] (2x(b*c - axd)*(c™2%Cxd — B*c*d~2 + A*d~3 - c¢~3*D))/(3*d"5x(c + d*x)~(3/2))
+ (2% (axd* (2xc*xCxd — Bxd~2 - 3%c”2#D) - b*(3*c™2*xCxd - 2xBxc*d™2 + A*d"3 -
4xc~3%D)))/(d"5*xSqrtc + d*x]) + (2x(axd*(C*xd - 3*c*xD) - b*x(3xc*Ckxd - Bxd~

2 - 6*xc”2xD))*Sqrt[c + d*x])/d"5 + (2% (b*Cxd - 4*bxcxD + a*xd*D)*(c + d*xx)~(
3/2))/(3*d"5) + (2*xb*xDx(c + d*x)~(5/2))/(5xd"5)

Rubi [A] time = 0.172371, antiderivative size = 210, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 30, e -

integrand size
0.033, Rules used = {1620}

2 (ad (-Bd? - 3¢2D +2cCd) — b (Ad® - 2Bcd? + 3¢2Cd - 4c°D))  2(be - ad) (Ad® — Bed? + 2Cd + ¢3(-D))  2vc-
+ +

d®>Ve + dx 3d>(c + dx)¥2

Antiderivative was successfully verified.

[In] Int[((a + b*xx)*(A + Bxx + C*xx~2 + D*x73))/(c + d*x)~(5/2),x]

[Out] (2x(b*xc - axd)*(c”2*%Cxd - B*c*d™2 + A*d”™3 - c¢73%D))/(3*d"5x(c + d*xx)~(3/2))
+ (2% (axd* (2xcxC*xd - B*d™2 - 3*c”2xD) - b*(3*c™2*%Cxd - 2%Bkcxd”™2 + A*d~3 -
4xc~3%D)))/(d"6*Sqrtc + d*xx]) + (2x(axd*x(Cxd - 3*c*D) - b*x(3*ckxCxd - B*d~

2 - 6xc”2«D))*Sqrt[c + d*x])/d"5 + (2x(b*Cxd - 4*b*c*D + a*xd*D)*(c + d*x)~(
3/2))/(3%d"5) + (2xbxDx(c + d*x)~(5/2))/(5%d"5)

Rule 1620

Int[(Px )*x((a_.) + (b_)*(x )" (m_.)*((c_.) + (d_)*(x_))"(n_.), x_Symbol]
:> Int[ExpandIntegrand[Px*(a + bxx) mx(c + d*x)"n, x], x] /; FreeQ[{a, b, c
, d, m, n}, x] & PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) && GtQ[E
xpon [Px, x], 2]

Rubi steps
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(a + bx) (A +Bx +Cx% + Dx3) f((—bc + ad) (CZCCZ — Bed? + Ad® - C3D) —ad (ZCCd — Bd? - 3c2D) +b (30
x =

f (c + dx)52 d4(c + dx)>? - d4(c + da

2(be - ad) (c2Cd - Bed? + Ad® - D) 2 (ad (2cCd — Bd? - 3¢2D) - b (3¢*C
N 3d5(c + dx)32 " d5ve + dx

Mathematica [A] time = 0.294512, size = 177, normalized size = 0.84

2 (b (~2cd® (5A + x (~30B + 15Cx + 4Dx?)) + d*x (x (15B + 5Cx + 3Dx2) - 15A) + 8¢%d?(5B + 3x(2Dx - 5C)) + (1S
15d°(c -

Antiderivative was successfully verified.

[In] Integrate[((a + bxx)*(A + Bxx + C*x"2 + D*x73))/(c + d*x)~(5/2),x]

[Out] (2*x(-5*a*xd*x(16*c~3*%D - 8*c~2*d*(C - 3*D*x) + 2xc*xd™ 2% (B + 3*x*(-2*C + D*x))
+ d73*(A + 3*Bxx - x72%(3*%C + D*x))) + b*x(128*c~4*D + c~3*%(-80*C*xd + 192*d
*D*x) + 8*cT2%d" 2% (5%B + 3*xk(-5%C + 2xD*x)) + d"4*x*(-15%A + x*x(15*B + 5x*C
*X + 3%D*x72)) - 2xc*d”"3x(5%A + x*(-30%B + 15%C*x + 4*D*x72)))))/(15*d"5%(c

+ d¥x)7(3/2))

Maple [A] time = 0.004, size = 241, normalized size = 1.2

—6 Dbx*d* — 10 Cbd*x® — 10 Dad*x® + 16 Dbcd®x® — 30 Bbd*x? — 30 Cad*x? + 60 Cbcd®x? + 60 Dacd3x? — 96 Dbc?d?x

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*xx+a)*(D*xx~3+C*xx~2+Bxx+A)/(d*x+c)~(5/2) ,x)

[Out] -2/15/(d*x+c) " (3/2)* (-3*%D*b*d"4*x~4-5*Cxb*xd~4*x~3-5*%D*a*d ~4*x"3+8*D*xb*c*xd~3
*x"3-15*%Bxb*xd"4*x"2-15*Cxa*xd~4*x~2+30*Cxb*xcxd~3*x~2+30*D*a*c*d~3*x~2-48*D*b
*CT2xd72*%x "2+ 1 5% Axbxd " 4*x+15*Bxa*d " 4*xx—60*B*b*c*xd " 3*x-60*Craxckxd " 3*kx+120*Cxk
b*c™2xd"2xx+120%D*a*c”2*xd"2*xx—-192*xDxb*c”3*d*x+5*A*xaxd"4+10*xAxbxcxd~3+10*Bx*xa
*cxd~3-40*Bxb*xc”2xd"2-40*Ckxaxc~2%d " 2+80*Cxbxc~3*d+80*D*xa*xc~3*d-128*Dxbxc~4)

/d"5
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Maxima [A] time = 1.18824, size = 275, normalized size = 1.31

5 3
3 (dx+c)2 Db-5 (4 Dbc—(Da+Ch)d)(dx+c) 2 +15 (6 Dbc2-3 (Da+Cb)cd+(Ca+Bb)d2)\/dx+c 5 (Dbc4+Aad4—(Da+Cb)c3d+(Cu+Bb)czd2—(Ba+Ab)cd3—3

44
(dx+c
15d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)*(D*xx~3+C*x~2+B*x+A)/(d*x+c)~(5/2) ,x, algorithm="maxima"

[Out] 2/15%x((3*(d*x + c)~(5/2)*D*b - 5*(4*Dxb*c — (D*a + Cxb)*d)*(d*x + c)~(3/2)
+ 15%x(6xD*b*c”2 - 3*(D*a + Cxb)*cxd + (Cxa + Bxb)*d~2)*sqrt(d*x + c))/d"4 -

5% (D*b*c”™4 + A*axd"4 — (D*a + C*b)*c”3*d + (Cka + B*xb)*c~2xd"2 - (B*a + A%
b)*cxd~3 — 3% (4*D*b*c”3 - 3*(D*a + Ckxb)*c~2xd + 2% (C*a + B*b)*cxd™2 - (B*a

+ Axb)*d”"3)*x(d*x + c))/((d*x + ¢c)~(3/2)*d"4))/d

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)* (D*x~3+Cxx~2+B*x+A)/(d*x+c)~(5/2) ,x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError

Sympy [A] time = 60.0426, size = 230, normalized size = 1.1

2Db(c+dx)?  (c+dx)? (2Chd + 2Dad —8Dbc) Ve + dx (2Bbd? + 2Cad? - 6Cbed - 6Dacd +12Dbc?) 2 (Abd:
+ + -
545 345 &

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)* (D*x**3+Ckx**2+B*xx+A) /(d*x+c)**(5/2) ,%)

[Out] 2#D*b*(c + d*x)**(5/2)/(5*d**5) + (c + d*x)**(3/2)*(2+%C*b*d + 24D*a*xd - 8D
xb*xc)/(3*%dx*5) + sqrt(c + d*x)*(2xB*xbxd**2 + 2xCkaxd**2 - 6+Cxbxc*xd - 6*D*a
xckd + 12%Dxbkxc**2)/d*x*5 — 2% (Axbxd**3 + Bkxakxd**x3 — 2xBxbkxckd**x2 — 2%Ckxakxcxk
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d*x*2 + 3*%Cxbxc**2xd + 3*xDkaxckx*2xd - 4*xDxbxc**3)/(d**x5*xsqrt(c + d*x)) + 2x(
axd — bx*c)*x(-A*xd*x*3 + Bxckxd**x2 — Ckc*x*x2%d + Dxc**3)/(3xd*x5x(c + d*xx)**x(3/2
))

Giac [A] time = 2.27812, size = 408, normalized size = 1.94

2 (12 (dx + ¢)Dbc® — Dbc* — 9 (dx + c)Dac?d — 9 (dx + ¢)Cbc?d + Dac’d + Cbc3d + 6 (dx + ¢)Cacd? + 6 (dx + c)Bbcd? —

3
3(dx +c)2d®
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)* (D*x~3+C*xx~2+B*x+A)/(d*x+c)~(5/2),x, algorithm="giac")

[Out] 2/3*(12x(d*x + c)*D*b*c~3 - D¥b*c”™4 - 9x(d*x + c)*Dxa*xc”2+xd - 9*x(d*x + c)*C
*b*c”2%d + D*axc”3xd + Cxbxc™3*d + 6*(d*x + c)*Ckxaxcxd™2 + 6x(d*x + c)*B*b*

cxd"2 - Cxa*xc™2*%d"2 - Bxbxc™2*%d"2 - 3*(d*x + c)*B*xaxd™3 - 3x(d*x + c)*Axbx*d

"3 + Bkaxc*d™3 + Axbxcxd~3 - A*a*d"4)/((d*x + c)~(3/2)*d"5) + 2/15%(3*(d*x

+ ¢)7(5/2)*D*b*d~20 - 20*(d*x + c)~(3/2)*Dxb*c*d~20 + 90*sqrt(d*x + c)*Dxbx
c72%d"20 + b5k (d*x + c)”(3/2)*#D*xa*xd"21 + 5x(d*x + c)~(3/2)*C*bxd~21 - 45%xsqr
t(d*x + c)*D*xaxc*d”21 - 4b5*sqrt(d*x + c)*Ckxbxc*d~21 + 1b5*sqrt(d*x + c)*Cxkax

d"22 + 15*sqrt(d*x + c)*Bxbxd~22)/d"25
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3.21

f A+Bx+Cx2+Dx> d
(c+dx)°/2

Optimal. Leaf size=113

2(Ad® - Bed? + 2Cd + 3(-D))  2(-Bd? -3c2D +2cCd)  2+/c +dx(Cd - 3cD)  2D(c + dx)*?
3d4(c + dx) P2 * TN * i T 3
[Out] (-2%(c”2*Cxd - B*cxd"2 + A*d~3 - ¢”3x%D))/(3*xd"4x(c + d*xx)~(3/2)) + (2% (2xcx*

Cxd - B*d™2 - 3xc”2#D))/(d"4*Sqrtlc + d*x]) + (2%(Cxd - 3*cxD)*Sqrt[c + dx*x
1)/d74 + (2+#Dx(c + d*x)~(3/2))/(3*d"4)

Rubi [A] time = 0.0721717, antiderivative size = 113, normalized size of antiderivative =
1., number of steps used = 2, number of rules used = 1, integrand size = 25, number of rules

0.04, Rules used = {1850}

2 (Ad® - Bed? + 2Cd + 3(-D)) 2 (—Bd2 ~3c2D +2cCd)  2v/c +dx(Cd - 3cD)  2D(c + dx)??
334 (c + dx) P2 " et " T T

integrand size

Antiderivative was successfully verified.

[In] Int[(A + Bxx + C*x~2 + D*x~3)/(c + d*xx)~(5/2),x]

[Out] (-2*(c™2%C*d - B*cxd™2 + A*d™3 - c¢73#D))/(3*d"4x(c + d*x)~(3/2)) + (2% (2*cx*
Cxd - Bxd~™2 - 3*%c”2+D))/(d"4*Sqrtlc + d*x]) + (2x(Cxd - 3xc*D)*Sqrt[c + d*x
1)/d74 + (2#D*(c + d*x)~(3/2))/(3+d™4)

Rule 1850

Int[(Pq )*((a_) + (b_.)*x(x_ )" (n_.))"(p_.), x_Symbol] :> Int[ExpandIntegrand
[Pg*(a + b*x"n)"p, x], x] /; FreeQ[{a, b, n}, x] && PolyQ[Pq, x] && (IGtQ[p
, 0] |l EqQQn, 11)

Rubi steps

(c + dx)o2 B(C + dx)P2 TR pverdr | D
2(c2Cd - Bed? + Ad® - D) . 2 (2cCd - Bd? - 3¢2D) , 2Cd - 3cD)Ve + dx 2D
3d%(c + dx)3? d*Ve + dx d*

f A+ Bx + Cx? + Dx3 f(csz —Bed? + Ad® - c®D  -2cCd+Bd?+3c?D Cd-3cD DVc+dx P
= X
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Mathematica [A] time = 0.0844059, size = 75, normalized size = 0.66

2 (d® (A + 3Bx + x2(~(3C + Dx))) + 2cd?(B + 3x(Dx - 2C)) — 8c%d(C - 3Dx) +16¢°D)
- 3d4(c + dx)3/2

Antiderivative was successfully verified.

[In] Integrate[(A + B*x + C*x72 + D*x73)/(c + d*x)~(5/2),x]

[Out] (-2%(16%c”3%D — 8*xc”2xd*(C - 3%D*x) + 2%xc*xd"2*%(B + 3*xx*x(-2*%C + D*x)) + d~3x*
(A + 3%Bxx - x72%(3%C + D*x))))/(3*d~4*x(c + dx*xx)~(3/2))

Maple [A] time = 0.004, size = 90, normalized size = 0.8

—2Dx3d® — 6 Cd®x?% + 12 Dcd?x? + 6 Bd®x — 24 Ccd?x + 48 Dc?dx + 2 Ad® + 4 Bed? — 16 Cc2d + 32 D¢ (dx + )_;
- X+cC
3d4

Verification of antiderivative is not currently implemented for this CAS.

[In] int((D*x~3+Cxx~2+Bx*x+A)/(d*x+c)~(5/2),x%)

[Out] -2/3/(d*x+c)”(3/2)* (-D*d~3*x"3-3*C*xd~3*x"2+6*D*xc*d~2%x~2+3*%Bxd~3*xx-12*C*xc*d
“2%xx+24%D*c " 2xd*xx+A*d " 3+2*%Bxc*kd"2-8%Ckxc"2%d+16*D*c~3) /d"4

Maxima [A] time = 3.07524, size = 132, normalized size = 1.17

3
5 (dx+¢)2 D=3 (3 De—Cd)Vdx+c N Dc3-Cc2d+Bed?~ Ad®-3 (3 Dc?-2 Ced+Bd?) (dx+c)
das 3
(dx+c)2d3

3d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Dxx~3+C*x~2+B*x+A)/(d*x+c)~(5/2),x, algorithm="maxima"

[Out] 2/3*%(((d*x + ¢c)~(3/2)*D - 3*(3#D*c - C*xd)*sqrt(d*x + c))/d~3 + (D*c~3 - Cxc
“2xd + Bxcxd"2 - A*d"3 - 3*(3*D*c”2 - 2%Cxc*d + Bxd"2)*(d*x + c))/((d*x + c
)~ (3/2)*d~3))/d
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Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((D*x~3+C*x~2+B*x+A)/(d*x+c)~(5/2),x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError

Sympy [A] time = 1.28978, size = 425, normalized size = 3.76

2Ad3 4Bcd? 6Bd3x 16Cc2d 24Ccd?x 6

- - = + + +
Bed4Vo+dx+3d5xVe+dx  3cd4Vo+dx+3d0xVe+dx  3cd4Ve+dx+3d3xVe+dx  3cd*Ve+dx+3d9xVe+dx  3cd4Ve+dx+3d5xVe+dx  3cdVe+d

Bx2 Cx3 Dt
Ax+—+—F+—

2 3 4
5
c2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Dxx**3+Cxx**2+B*xx+A) /(d*x+c)**(5/2) ,%)

[Out] Piecewise((-2*Axd**3/(3*ckxd**x4*sqrt(c + d*x) + 3xd*xb*xx*ksqrt(c + d*x)) - 4%
Bxckd**2/ (3xckdx*4xsqrt(c + d*x) + 3*kdx*xbxx*sqrt(c + dxx)) - 6*%Bxd*x3*x/ (3%
ckdx*xdxsqrt(c + d*x) + 3*kdx*5xx*xsqrt(c + dxx)) + 16%Ckcx*2xd/ (3kcxd**4d*sqrt
(c + d*x) + 3*kd*x*b*xx*ksqrt(c + d*x)) + 24*Ckcxd**2xx/(3xcxd**4xsqrt(c + d*x)
+ 3kd*xbxx*xsqrt(c + dxx)) + 6*%Ckxd*x*3*xx**2/(3kckdx*4*xsqrt(c + d*x) + 3*xd*x5
xx*sqrt(c + dxx)) - 32#«Dkc**3/(3*ckd*x*x4*sqrt(c + d*xx) + 3*xd**b*xx*sqrt(c + d
xx)) - A84Dkcx*k2xd*x/(3xckdx*4*xsqrt(c + d*x) + 3*xd*x*5xx*sqrt(c + d*xx)) - 12
*xD*xckd**2xxk*2/ (3kckd*x*4*xsqrt (¢ + d*x) + 3*d**b*xxxsqrt(c + d*x)) + 2+D*kd**3
*xxx*3/ (3xckdx*xd*sqrt(c + d*xx) + 3xd*x*5*xx*ksqrt(c + d*x)), Ne(d, 0)), ((Axx +
Bxx*%2/2 + Ckx**x3/3 + D¥x**4/4)/cx*x(5/2), True))

Giac [A] time = 2.48542, size = 155, normalized size = 1.37

3
2(9(dx + ¢)Dc? - Dc - 6 (dx + c)Ced + Cc2d + 3 (dx + ¢)Bd? — Bed? + Ad®) 2 ((dx +¢)2Dd® ~ 9 Vdx + cDed® +

- 3 + 12
3 (dx + )24 3d

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((D*x~3+C*x~2+B*x+A)/(d*x+c)~(5/2),x, algorithm="giac")

[Out] -2/3%(9%(d*x + c)*D*c”2 - D*c~3 - 6*x(d*x + c)*Cxcxd + Cxc™2xd + 3x(d*x + c)
*Bxd"2 - B*cxd™2 + A*xd"3)/((d*x + c)~(3/2)*d"4) + 2/3%((d*x + c)~(3/2)*D*xd~
8 - 9xsqrt(d*x + c)*D*c*xd~8 + 3*sqrt(d*x + c)*Cxd~9)/d~12
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3.22

j‘A+Bx+Cx2+Dx3
(a+bx)(c+dx)>/2

Optimal. Leaf size=210

2(Ab®~a(a’D - abC + 1?B)) tanh™! (%) 2 (ad (~-Bd? ~ 362D + 2cCd) — b (~Ad® + 2Cd - 25°D)) 2 (A
- b32(be — ad)32 * Ve + dx(be — ad)? *

[Out] (2*%(c™2%C*d - B*c*d"2 + A*d™3 - c~3*D))/(3*d"3*(bxc - axd)*(c + d*x)~(3/2))
+ (2x(axd* (2*%cxC*xd - B*d™2 - 3*c”2*D) - b*x(c™2%C*xd - A*d~3 - 2%c~3xD)))/(d
“3%(b*c - axd) "2xSqrt[c + d*xx]) + (2xD*Sqrtlc + dxx])/(b*d~3) - (2x(A*xb~3 -
ax(b~2+#B - a*b*C + a~2#D))*ArcTanh[(Sqrt[b]l*Sqrtlc + d*x])/Sqrt[b*c - ax*d]
1)/~ (3/2)*(b*c - axd)~(5/2))

Rubi [A] time = 0.313043, antiderivative size = 210, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 32, e -

0.094, Rules used = {1619, 63, 208}

integrand size

2(Ab®~a(a’D - abC + 1?B)) tanh™! (%) 2 (ad (~Bd? ~ 362D + 2Cd) — b (~Ad® + Cd - 25°D)) 2 (A
) b2 (be - ad)>? " d3Vc + dx(bc — ad)? ’

Antiderivative was successfully verified.

[In] Int[(A + Bxx + C*x~2 + D*x"3)/((a + b*x)*(c + d*x)~(5/2)),x]

[Out] (2*(c™2#C*d - B*c*d™2 + A*d~3 - c~3*D))/(3*d"3*(b*c - axd)*(c + d*x)~(3/2))
+ (2% (axd* (2*%c*xCxd - B*d™2 - 3%c”2*D) - b*x(c™2*Cxd - A*d~3 - 2xc~3*D)))/(d
“3x(b*c - axd)"2*Sqrtlc + d*x]) + (2*D*Sqrtlc + d*x])/(b*d"3) - (2*(Axb~3 -
ax(b~2%B - a*bxC + a~2+#D))*ArcTanh[(Sqrt[b]*Sqrtl[c + d*x])/Sqrt[b*c - ax*dl]
1)/~ (3/2)*(b*xc - axd)~(5/2))

Rule 1619

Int [((Px_)*((c_.) + (d_D)*(x_))"(n_.))/((a_.) + (b_.)*(x_)), x_Symbol] :> I
nt [ExpandIntegrand[1/Sqrt[c + d*x], (Px*(c + d*x)~(n + 1/2))/(a + bxx), x],
x] /; FreeQ[{a, b, ¢, d, n}, x] && PolyQ[Px, x] && ILtQ[n + 1/2, 0] && GtQ
[Expon[Px, x], 2]

Rule 63
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Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)*(c - (axd)/b +
(d*x~p)/b)°n, x], x, (a + b*xx)~(1/p)], x]1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, xJ]

Rule 208
Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

A + Bx + Cx? + Dx® c?Cd - Bed? + Ad® - 3D —ad (2CCd ~ Bd* - 3C2D) +b (Csz - Ad® - chD)
(a + bx)(c + dx)2 B f d?(=bc + ad)(c + dx)>? " d%(bc — ad)?(c + dx)3/2 " be
2(c2Cd - Bed? + Ad® - D) 2(ad (2cCd — Bd? - 3¢2D) - b (c2Cd - Ad® - 2¢°D))

- 3d3(bc — ad)(c + dx)32 ¥ d3(bc — ad)®Vc + dx "

2(c®Cd - Bed? + Ad® - D) 2(ad (2cCd - Bd? - 3¢2D) - b (c*Cd - Ad® - 2¢°D))

=T 3B -adc+ AR B(be — adyVe + dx T
2(c2Cd - Bed? + Ad® - D) 2(ad (2cCd - Bd? - 3¢2D) - b (c2Cd - Ad® - 2°D))
T 3Plc—ad(c+d? d3(be — ad)?\c + dx "

Mathematica [A] time = 0.653803, size = 210, normalized size = 1.

— \/I;\/ dx
) (AP® - a(a*D - abC + 1?B)) tanh™ (%) ad (~Bd? = 32D +2cCd) — b (~Ad® + 2Cd - 2¢°D) AL - B
i BP(bc — ad) ¥ e + dx(be — ad)? T TR

Antiderivative was successfully verified.

[In] Integrate[(A + Bxx + Cxx"2 + D*x73)/((a + b*x)*(c + d*x)~(5/2)),x]

[Out] 2*x((c™2*C*d - B*c*d™2 + A*d~3 - c~3#D)/(3*xd"3*(b*c - a*d)*(c + d*x)~(3/2))
+ (axd*(2xc*xC*xd - B*d~™2 - 3*c™2%D) - b*x(c™2*xC+xd - A*d~3 - 2%c”3%xD))/(d"3*(b
xc - axd)"2*Sqrtlc + d*x]) + (D*Sqrtlc + d*x])/(b*d~3) - ((A*b"3 - a*(b~2xB
- axb*C + a~2xD))*ArcTanh[(Sqrt[b]*Sqrt[c + d*x])/Sqrtl[b*xc - a*d]])/(b~(3/
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2)*(bxc - a*xd)~(5/2)))

Maple [B] time = 0.017, size = 464, normalized size = 2.2

DVdx + ¢ 2A _3 2 Bc _3 2¢2C _3 2Dc3 _3
2 - d 24+ ———(d 2—-—— 2 4 —(d 2 -
b 3ad—30c ) P 30 d P P T 3@ a0 ) T 3B ad b Y

Verification of antiderivative is not currently implemented for this CAS.

[In] int((D*x~3+Cxx~2+B*x+A)/(b*x+a)/(d*x+c)~(5/2),x)

[Out] 2*D*x(d*x+c)”~(1/2)/b/d"3-2/3/(a*d-b*c)/(d*x+c) " (3/2)*A+2/3/d/ (a*d-b*c) / (d*x+
c)~(3/2)*Bxc-2/3/d"2/ (a*xd-b*c) /(d*x+c) ~(3/2) *Cxc~2+2/3/d~3/ (axd-b*c) / (d*x+c

)~ (3/2)*D*c”3+2/ (a*xd-bxc) "2/ (d*x+c) ~(1/2) *A*xb-2/ (a*d-b*c) "2/ (d*x+c) ~(1/2) *B
*a+4/d/ (a*xd-b*xc) "2/ (d*x+c) ~(1/2) *Cxa*xc-2/d"2/ (axd-b*xc) ~2/ (d*x+c) ~ (1/2) *C*b*
c~2-6/d"2/ (a*d-b*c) "2/ (d*x+c) ~(1/2) *D*xa*xc~2+4/d"3/ (axd-b*xc) "2/ (d*x+c) ~(1/2)
*D*b*c”3+2*%b"2/ (a*xd-b*xc) ~2/ ((a*d-b*c) *b) " (1/2) *arctan (b* (d*x+c) ~(1/2) / ((a*xd
-b*c)*b) ~(1/2) ) *A-2*xb/ (axd-b*c) "2/ ((a*d-b*c) *b) ~ (1/2) *arctan (b* (d*x+c) ~(1/2

)/ ((a*xd-bxc)*b) ~(1/2) ) *B*xa+2/ (a*xd-b*c) ~2/ ((a*d-b*c) *b) ~(1/2) *arctan (b* (d*x+
c)~(1/2)/((axd-b*c)*b) ~(1/2))*C*xa~2-2/b/ (a*d-bxc) "2/ ((a*d-b*xc) *b) ~(1/2) *arc

tan (b*x (d*x+c)~(1/2)/((a*d-b*c)*b) ~(1/2) ) *D*xa"3

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*xx~2+B*x+A)/(b*x+a)/(d*x+c)~(5/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((D*x~3+C*x~2+Bxx+A)/(b*x+a)/(d*x+c)~(5/2),x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError

Sympy [A] time = 87.2755, size = 214, normalized size = 1.02

2(-Ap +1

2DVe+dx  2(-Abd® + Bad® - 2Cacd? + Cbc?d + 3Dac?d — 2Dbc®) 2 (-Ad® + Bed? - Cc?d + Dc)
- +

bd® Ve + dx (ad - be)” 3d3 (c + clx)g (ad — bc)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Dxx**3+Cxx*x2+B*xx+A)/(b*x+a)/(d*x+c)**(5/2) ,%)

[Out] 2xD*sqrt(c + d*x)/(b*d**3) - 2% (-Axb*d**3 + Bkaxd**3 - 2*Ckaxckd**2 + Ckb*c
*x2%d + 3kDxakxck*x2*xd — 2#Dxbkxc**3)/(d*x*3*sqrt(c + dxx)*(axd - bkxc)**2) + 2%
(—Axd**3 + Bxckxdx*2 — Ckxcx*2%d + Dxc*x*3)/(3xd*x*3*%(c + d*x)**(3/2)*x(a*d - bx*

c)) - 2% (-A*xb**3 + Bkaxb*x2 - Cxa*x*2xb + Dxa*x3)*atan(sqrt(c + d*x)/sqrt((a

*xd - bxc)/b))/(bx*2xsqrt((a*d - b*c)/b)*(axd - b*c)*x2)

Giac [A] time = 2.59033, size = 379, normalized size = 1.8

Vdx+cb
2(Da’ - Ca®h + Bab? ~ AP®) arctan (ﬁ) , 2(6(dx+9Dbe? - Dbt -9 dx + ODac’d - 3 dx + ICbe*d + T

(b3c2 —2ab?cd + azbdz)\/—bzc + abd

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Dxx~3+C*x~2+B*x+A)/(b*x+a)/(d*x+c)~(5/2),x, algorithm="giac")

[Out] -2x(D*a”3 - C*a~2*xb + B*a*b~2 - A*b~3)*arctan(sqrt(d*x + c)*b/sqrt(-b~2*xc +
axbxd))/((b7"3*c™2 - 2*a*b~2xc*d + a~2xb*xd"2)*sqrt(-b"2xc + a*b*xd)) + 2/3*(
6% (d*xx + c)*Dxb*c”3 - Dxb*c™4 - 9x(d*x + c)*D¥axc™2*d - 3*(d*x + c)*Cxb*c™2
*d + D*xa*c”3xd + Cxb*c™3xd + 6*%(d*x + c)*Cka*xc*d™2 — Cka*c™2xd"2 - Bxb*c™2x%
d”2 - 3x(d*x + c)*B*axd~3 + 3*(d*x + c)*Axb*xd~3 + Bkaxc*d~3 + Axb*cxd™3 - A
*xaxd~4)/((b™2*%c™2xd"3 - 2*axbxc*d™4 + a~2xd"5)*(d*x + c)~(3/2)) + 2*sqrt(dx*

x + c)*D/(b*d"3)
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j‘A+Bx+Cx2+Dx3
(a+bx)%(c+dx)>2

3.23

Optimal. Leaf size=336

2bCd® — a3d3D + ab?d (—3Bd2 - 602D + 4ch) + 5 (— (—5Ad3 + 2Bcd? - 2c3D)) —3a2bCd3 + 3a3d3D + 3ab?Bd
- +
b2d2+c + dx(be - ad)3 3b3d2(

[Out] (3*a*b™2*%Bxd~3 - 3*a~2*xb*C*d~3 + 3*a”~3*d"3*D - b~ 3*(2%c~2*xCxd - 2%Bxcxd~2 +
5xA*d~3 - 2xc”3%D))/(3*b~3*xd" 2% (b*c - a*xd) " 2*(c + d*x)~(3/2)) - (A - (ax(b

~2%B - a*b*C + a"2*D))/b"3)/((b*c - a*d)*(a + b*x)*(c + d*x)~(3/2)) - (a™2%

b*C*xd~3 — a~3*%d"3*D + a*b”2*xd*(4d*xcxCxd — 3*%B*d"2 - 6%c”2*D) - b~ 3% (2*xBxcxd”

2 - B5xAxd~3 - 2xc”3xD))/(b"2*d"2*x(b*c - axd)~3xSqrtlc + d*x]) - ((b~3*%(2*Bx

c - 5%Axd) - a*b”2*x(4xcxC - 3*Bxd) - a~3*d*D - a~2*bx(Cxd - 6*xcxD))*ArcTanh
[(Sqrt[bl*Sqrtlc + d*x])/Sqrtlb*c - axd]])/(b~(3/2)*(b*c - axd)~(7/2))

Rubi [A] time = 0.791175, antiderivative size = 336, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 32, >

0.125, Rules used = {1621, 897, 1261, 208}

integrand size

a2bCd3 — 33D + ab?d (—3Bd2 — 602D + 4ch) + b3 (— (—5Ad3 +2Bcd? - 2c3D)) —3a2bCd® + 3a3d3D + 3ab*Bd
- +
b2d?~c + dx(bc — ad)? 3b3d2(

Antiderivative was successfully verified.

[In] Int[(A + B*x + C*x~2 + D*x"3)/((a + bxx) 2x(c + d*x)~(5/2)),x]

[Out] (3*a*xb™2*xB*xd~3 - 3*a~2%b*C*d~3 + 3*a~3*d"3*D - b~ 3% (2%c~2+%C*d - 2*Bkxc*xd~2 +
5%A*d"3 - 2*c”~3*D))/(3*¥b~3*%d" 2% (b*c - a*xd) " 2x(c + d*x)~(3/2)) - (A - (ax(b

~2%B - a*b*C + a"2*D))/b"3)/((b*c - a*d)*(a + b*x)*(c + d*x)~(3/2)) - (a™2%

b*C*xd~3 — a~3*%d"3*D + a*b”2*xd*(4d*xcxCxd — 3*%B*d"2 - 6%c”2*D) - b~ 3% (2*xBxcxd”

2 - BxAxd~3 - 2%xc”3xD))/(b~2*d"2*x(b*c - axd)“3xSqrtlc + d*x]) - ((b~3*%(2*Bx

c - 5%Axd) - a*b”2*x(4*xcxC - 3*Bxd) - a~3*d*D - a~2*xb*(Cxd - 6*xcxD))*ArcTanh
[(Sqrt [b]l*Sqrt[c + dxx])/Sqrtlb*c - axd]])/(b~(3/2)*(bxc - a*xd)~(7/2))

Rule 1621

Int[(Px_)*((a_.) + (b_)*x(x_ D))" (m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol]
> With[{Qx = PolynomialQuotient[Px, a + b*x, x], R = PolynomialRemainder [Px
, a + bxx, x]}, Simp[(R*x(a + b*x)"(m + D*(c + d*x)"(n + 1))/((m + 1)*(b*c
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- a*xd)), x] + Dist[1/((m + 1)*(b*c - a*d)), Int[(a + b*x)"(m + 1)*(c + d*x)
“n*ExpandToSum[(m + 1)*(b*c - axd)*Qx - d*R*(m + n + 2), x], x], x]] /; Fre
eQ[{a, b, c, d, n}, x] && PolyQ[Px, x] && ILtQ[m, -1] && GtQ[Expon[Px, x],

2]

Rule 897

Int[((d_.) + (e_.)*(x_))"(m_)*x((f_.) + (g_.)*(x_))"(n_)*((a_.) + (b_.)*(x_)
+ (c_)*(x_)"2)"(p_.), x_Symbol] :> With[{q = Denominator[m]}, Dist[q/e, S
ubst [Int[x"(g*(m + 1) - 1)*((exf - d*g)/e + (g*x~q)/e) "n*((c*xd™2 - bxdxe +

axe”2)/e”2 - ((2xc*d - b*xe)*x~q)/e”2 + (c*x~(2xq))/e"2)7p, x], x, (d + exx)
“(1/q9], x11 /; FreeQ[{a, b, ¢, d, e, £, g}, x] && NeQ[exf - d*xg, 0] && NeQ
[b"2 - 4*axc, 0] && NeQ[c*d™2 - bxd*e + a*e”2, 0] &% IntegersQ[n, p] && Fra
ctionQ [m]

Rule 1261

Int [C(E_D*(x_))"(m_.)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (
c_.)*(x_)"4)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(f*x) m*(d + e*x~2) g*
(a + b*x"2 + c*x74)7p, x], x] /; FreeQ[{a, b, c, d, e, £, m, g}, x] && NeQ[
b2 - 4*xaxc, 0] && IGtQ[p, 0] && IGtQlq, -2]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps



A+ Bx + Cx? + Dx°

(a + bx)%(c + dx)52

Mathematica [A]

Ve + dx (a (42D - abC + 12B) - Ab?) i 2tanh ™" ( N ) (3a%bcD + a3(~d)D + ab?(Bd — 2cC) + b*(Bc - 2Ad))
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_ b3(@Bc-5Ad)-ab?(2cC-3Bd)+3a3dD-ab(3Cd-2cD) _ (be-ad)(bC-aD)x _(C_ a_d)

a(bZB—ahC+a2D) 213 2 b
__ A~ b3 " f (a+bx)(c+dx)>/2
(bc — ad)(a + bx)(c + dx)3? ~bc + ad
of  ad cd(be—ad)(bC—aD) d2(b3(ZBC—5Ad)—ab2(2cC—SBd)+E
- (C—?)D+ 2 - 3
2Subst| [ &
a(sz—abC+u2D) x4(:‘
_ o 4- = _
~ (bc - ad)(a + bx)(c + dx)3? G
2BabCaaD 3ab?Bd3-3a2bCd®+3a%d> D-b3(2c2Cd~2Bed?+5 Ad>-2c3
— a(i]—?’ﬂ) 2 SUbSt (f( 2h3d(bc—ad)x4
T (be - ad)(a + bx)(c + dx)32
a(sz—ubC
3ab?Bd® - 3a2bCd® + 3a°®D — b (2c2Cd - 2Bcd? + 5Ad° - 2¢°D) A-—0f
B 3b3d2(be — ad)?(c + dx)32 ~ (bc— ad)(a + bx)
a(sz—abC
3ab?Bd® — 3a2bCd® + 3a°d®D - b* (2c2Cd — 2Bed? + 5Ad°® - 2¢°D) A- =
a 3b3d2(bc — ad)?(c + dx)3/? B (bc — ad)(a + bx)

time = 1.07435, size = 334, normalized size = 0.99

VbVe+dx

=+ -

b(a + bx)(bc — ad)3 b32(bc — ad)7/?

Antiderivative was successfully verified.

[In] Integratel[(A + B*x + C*x"2 + D*x73)/((a + b*x)~"2*(c + d*x)~(5/2)),x]

[Out] (2x(-(c™2%C*d) + B*c*d™2 - A*d~3 + c73%D))/(3*d"2%(b*c - axd) " 2x(c + d*x)~(
3/2)) + (—2%axd*(-2%c*Cxd + B*d"2 + 3%c~2%D) + bx(-2%Bkxc*d~2 + 4xA*d~3 + 2%
c”3%D))/(d"2x(-(b*c) + axd)~3*Sqrtlc + d*x]) + ((-(A*b~3) + ax(b"2*B - a*bx

C + a"2xD))*Sqrtlc + d*x])/(b*(b*c - a*xd)"3*(a + bxx)) - (2%(b"3*x(Bxc - 2xA

xd) + axb”2%(-2*c*xC + Bxd) + 3*a”2%bxc*D - a~3*d*D)*ArcTanh[(Sqrt[b]*Sqrt[c

+ d*x])/Sqrt[bxc - axd]])/ (b~ (3/2)*(bxc - a*xd)~(7/2)) + (dx(A*xb~3 - ax(b~2

*B — a*xb*C + a~2#D))*ArcTanh[(Sqrt[b]l*Sqrtlc + d*x])/Sqrtl[bxc - a*xd]])/(b~(
3/2)*%(b*xc - axd)~(7/2))

Maple [B] time = 0.025, size = 730, normalized size = 2.2

result too large to display



138

Verification of antiderivative is not currently implemented for this CAS.

[In] int((D*x~3+Cxx~2+B*x+A)/(b*x+a) "2/ (d*x+c)~(5/2),x%)

[Out] -2/3*d/(axd-b*xc) "2/ (d*x+c) " (3/2)*A+2/3/ (a*xd-b*c) "2/ (d*x+c) "~ (3/2) *Bxc-2/3/d/
(a*d-b*c) "2/ (d*x+c) ~(3/2) *Cxc~2+2/3/d72/ (a*d-b*c) "2/ (d*x+c) ~(3/2) #*D*c~3+4x*d
/ (a*xd-b*xc) "3/ (d*x+c) ~(1/2) *Axb-2*xd/ (axd-bxc) "3/ (d*x+c) ~ (1/2) *Bxa-2/ (a*d-b*c
) "3/ (d*x+c) "~ (1/2) *Bxb*c+4/ (axd-bxc) ~3/ (d*x+c) ~(1/2) *Cxa*xc-6/d/ (axd-b*c) ~3/(
d*xx+c) " (1/2)*Dxaxc~2+2/d"2/ (a*d-b*c) "3/ (d*x+c) ~(1/2) *D*b*c~3+d/ (a*d-b*c) ~3*
b~ 2* (d*xx+c) ~(1/2) / (b*d*x+ax*xd) *A-d/ (a*xd-b*xc) ~3*b* (d*x+c) " (1/2) / (bxd*x+a*d) *a
*B+d/ (a*d-b*xc) "3* (d*x+c) ~(1/2) / (b*d*x+a*d) *Cxa~2-d/ (a*d-bxc) ~3/b* (d*x+c) ~ (1
/2)/ (bxd*x+axd)*a~3*D+5*d/ (a*xd-b*c) “3*xb~2/ ((a*d-b*c) *b) ~ (1/2) *arctan (b* (d*x
+c) " (1/2)/ ((axd-b*c)*b) ~(1/2) ) *A-3*d/ (axd-b*xc) “3*b/ ((a*d-b*c) *b) ~(1/2) *arct
an (b* (d*x+c) ~(1/2)/ ((a*xd-b*c)*b) ~(1/2)) *B*a-2/ (axd-b*c) ~3*b~2/ ((a*d-b*c) *b)
~(1/2)*arctan (b* (d*xx+c) ~(1/2)/ ((a*d-b*xc) *b) ~(1/2)) *Bxc+d/ (a*d-b*xc) ~3/ ((axd-
bxc)*b) ~(1/2) *arctan (b (d*x+c) ~(1/2)/((a*xd-b*c)*b) ~(1/2) ) *Cxa~2+4/ (axd-b*c)
~3*b/ ((a*d-b*c)*b) " (1/2)*arctan (b* (d*x+c) ~(1/2) / ((a*d-b*c)*b) ~(1/2) ) *Cxa*xc+
d/ (a*d-b*c) ~3/b/ ((a*d-b*xc) *b) ~(1/2) *arctan(b* (d*x+c) ~(1/2)/((a*xd-b*c)*b) ~ (1
/2))*a~3*D-6/ (axd-b*c) 3/ ((axd-b*c)*b) ~(1/2)*arctan (b* (d*x+c) " (1/2)/((a*d-b
*c)*b) " (1/2)) *D*a"2*c

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*x~2+B*x+A)/(b*x+a) 2/ (d*x+c)”(5/2),x, algorithm="maxima"
)

[Out] Exception raised: ValueError

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*xx~2+B*x+A)/(b*x+a) 2/ (d*x+c)~(5/2),x, algorithm="fricas"
)
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[Out] Exception raised: UnboundLocalError

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Dxx**3+Cxx**2+B*xx+A)/(b*x+a)**2/(d*x+c)**(5/2) ,%)

[Out] Timed out

Giac [A] time = 1.66378, size = 593, normalized size = 1.76

2 2 3 3 2 2 3 Vdx+ch
(6Da bc — 4 Cab*c + 2 Bb’c — Da’d — Ca“bd + 3 Bab“d — 5 Ab d)arctan(m) . \/mDa%l— \/deCazlm
(b4c3 —3ab3c?d + 3 a2b?cd? — a3bd3)\/—bzc + abd (b4c3 —3ab3c?d + 3 a2b?cq

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Dxx~3+C*x~2+B*x+A)/(bxx+a) 2/ (d*x+c)~(5/2),x, algorithm="giac")

[Out] (6*D*a”2*bxc — 4*xCxaxb~2%c + 2*B*b~3*c — D*a~3*d - Ckxa~2%b*d + 3*B*xaxb~2x*d
- BxAxb~3xd) *arctan(sqrt (d*x + c)*b/sqrt(-b"2*c + axb*d))/((b~4*c”3 - 3xaxb
T3%c72xd + 3*%a”2%b72xc*d”2 - a”3*b*d"3)*sqrt(-b"2xc + axbkxd)) + (sqrt(d*x +
c)*D*a~3*d - sqrt(d*x + c)*C*xa”2xb*d + sqrt(d*x + c)*B*axb~2*xd - sqrt(d*x

+ c)*Axb73*xd) / ((b~4*c™3 - 3*a*xb”3*kc”™2*xd + 3*a"2*xb"2xc*d"2 - a”3*b*xd"3) *((d*

X + c)*b - bxc + a*xd)) - 2/3*(3x(d*x + c)*Dxb*c”3 - D*b*c”™4 - 9*x(d*x + c)*D
*a*xc”2*d + Dxaxc”3*xd + Cxbxc”3%d + 6*(d*x + c)*Ckaxcxd™2 - 3x(d*x + c)*B*b*
cxd”2 - Cxa*c™2*%d"2 - Bxbxc™2*xd"2 - 3*(d*x + c)*B*xaxd™3 + 6x(dxx + c)*Axbx*d

3 + Bkaxc*d"3 + Axbxcxd"3 - A*a*d”4)/((b"3*c”3*d"2 - 3*axb"2xc"2%d"3 + 3*a
~2%b*c*d”™4 - a”"3xd"5)*x(d*x + ¢)~(3/2))
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394 f A+Bx+Cx2+Dx> dx

(a+bx)3(c+dx)>2

Optimal. Leaf size=438

a?bCd? + a® (~d2) D + ab? (-3Bd? - 62D + 4cCd) + b* (7Ad? — 4Bcd +2¢2C)  ~3a?bCd® + 3a°d®D + 3ab?Bd® + b°

b2vVc + dx(bc — ad)* 6b3d(c + dx)*

[Out] -(3*a*xb™2*B*xd~3 - 3*a~2%b*C*d"3 + 3*a~3*xd"3*D - b~ 3*(4*c™2*%C*xd - 4*Bkxcxd™2
+ TxAxd~3 - 4%c~3*D))/(6%b~3xd*x(bxc - axd) " 3x(c + d*x)~(3/2)) - (Axb~3 - ax
(b~2%B - a*b*C + a~2*D))/(2*xb~3x(b*c - a*d)*(a + b*x) " 2x(c + d*x)~(3/2)) +
(a™2%b*C*d"2 + b7 3*(2%c™2*C — 4*Bxcxd + 7*A*d"2) - a~3*d"2*D + axb~ 2% (4*c*C

xd - 3*%B*d"2 - 6%c”2*D))/(b"2x(b*c - a*xd) 4*xSqrtlc + d*x]) - ((b~3*(4*Bxc -
TxAxd) - axb~2%(8*c*C - 3*Bxd) - 5*a~3*d*D + a~2*bx(Ckd + 12%c*D))*Sqrt[c

+ d*x])/(4%b*x(b*c - axd)"4*(a + b*x)) - ((b73*%(8*%c™2%C - 20%Bkcxd + 35%A*d”

2) + a”3*d"2*D + 3*a~2xbxdx (Cxd - 4*c*D) + 3*axb~2x(8xcxCxd - 5+¥B*d~2 - 8*c
~2%D) ) *ArcTanh [ (Sqrt [b]*Sqrt[c + d*x])/Sqrt[b*c - a*xd]])/(4xb~(3/2)*(b*c -

a*xd) ~(9/2))

Rubi [A] time = 1.21388, antiderivative size = 438, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 32, e -

integrand size
0.156, Rules used = {1621, 897, 1259, 1261, 208}

a?bCd? + a> (~d?) D + ab? (~3Bd? - 6¢2D + 4cCd) + b® (7Ad? — 4Bcd +2c2C)  =3a2bCd® + 3ad°D + 3ab?Bd® + b°

b2ve + dx(be — ad)* 6b3d(c + dx)

Antiderivative was successfully verified.

[In] Int[(A + B*x + Cxx~2 + D*x"3)/((a + b*x) 3x(c + d*x)~(5/2)),x]

[Out] -(3*a*xb™2*B*d~3 - 3*a~2%b*C*d~3 + 3*a~3*xd"3*D - b~ 3*(4*c™2*C*xd - 4*Bxcxd™2
+ T*A*d"3 - 4xc~3*D))/(6%b~3*d*(b*c - a*xd) "3*x(c + d*x)~(3/2)) - (A*b~3 - ax
(b~2%B - a*b*C + a~2*D))/(2*xb~3*(b*c - a*d)*(a + b*x)"2x(c + d*x)~(3/2)) +
(a™2%b*C*d"2 + b7 3*(2*xc™2*C — 4*Bxckxd + 7*A*d"2) - a~3*d"2*D + axb~ 2% (4*c*C

*d - 3*Bxd"2 - 6*c”2*D))/(b~2*(b*c - a*d) 4*Sqrtl[c + d*x]) - ((b~3*(4*Bxc -
7TxAxd) - axb”2x(8xc*C - 3*Bxd) - 5*a~3*d*D + a~2*bx(Cxd + 12*xcx*D))*Sqrt[c

+ dx*xx])/(4xbx(bxc - a*d)“4*(a + b*x)) - ((b™3*(8*xc~2%C - 20%B*c*d + 35xA*xd”

2) + a”3*%d"2*D + 3*a"2xbxd* (Cxd - 4*c*D) + 3*axb"2x(8*xcxCxd - 5+¥B*d"2 - 8*c
~2xD) ) *ArcTanh [ (Sqrt [b] *Sqrt [c + d*x])/Sqrt[bxc - axd]])/(4xb~(3/2)*(b*c -
axd)~(9/2))
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Rule 1621

Int[(Px_)*((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :
> With[{Qx = PolynomialQuotient[Px, a + b*x, x], R = PolynomialRemainder [Px
, a + b*xx, x]}, Simp[(R*x(a + b*x)"(m + D*(c + d*xx)"(n + 1))/((m + 1)*(b*c

- axd)), x] + Dist[1/((m + 1)*x(b*c - a*xd)), Int[(a + b*x)"(m + 1)*(c + d*x)
“n*ExpandToSum[(m + 1)*(b*c - a*d)*Qx - d*R*(m + n + 2), x], x], x]] /; Fre
eQl{a, b, ¢, d, n}, x] && PolyQ[Px, x] &% ILtQ[m, -1] && GtQ[Expon[Px, x],

2]

Rule 897

Int[((d_.) + (e_.)*(x_))"(m_)*x((£f_.) + (g_.)*x(x_))"(m_)*((a_.) + (b_.)*(x_)

+ (c_)*(x_)"2)"(p_.), x_Symbol] :> With[{q = Denominator[m]}, Dist[q/e, S
ubst [Int[x"(gq*(m + 1) - 1)*((exf - d*g)/e + (g*x~q)/e) " n*((c*xd™2 - bxdxe +
axe”2)/e”2 - ((2xc*d - b*xe)*x~q)/e”2 + (c*x~(2xq))/e"2)7p, x], x, (d + exx)
~(1/9)], %11 /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[exf - d*xg, 0] && NeQ
[b72 - 4xaxc, 0] && NeQ[c*d™2 - bxd*e + a*e”2, 0] &% IntegersQ[n, p] && Fra
ctionQ [m]

Rule 1259

Int[(x_ )" (m_)*((d_) + (e_.)*x(x_)"2)"(q)*((a_) + (b_.)*(x_)72 + (c_.)*(x_)"
4)~(p_.), x_Symbol] :> Simp[((-d)~(m/2 - 1)*(c*d”2 - bxd*e + akxe”2) p*x*x(d
+ exx"2)7(q + 1))/ (2xe”(2%p + m/2)*(q + 1)), x] + Dist[(-d)"(m/2 - 1)/(2*%e”
(2xp)*x(q + 1)), Int[x"m*(d + e*xx"2)"(q + 1)*ExpandToSum[Together [(1*(2*(-d)
“(-(m/2) + 1)xe”(2xp)*(q + 1)*(a + b*¥x™2 + c*x"4)"p - ((c*d™2 - bkd*e + axe
~2)7p/(e”(m/2)*x"m) )*x(d + ex(2xq + 3)*x72)))/(d + exx~2)], x], x], x] /; Fr
eeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4x*axc, 0] && IGtQ[p, 0] && ILtQlq, -1]
&& ILtQ[m/2, 0]

Rule 1261

Int [((£_D)*(x_))"(m_.)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (
c_.)*(x_)"4)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(f*x) m*(d + e*x~2) g*
(a + b*x"2 + c*x74)7p, x], x] /; FreeQ[{a, b, c, d, e, £, m, g}, x] && NeQ[
b2 - 4*xaxc, 0] && IGtQ[p, 0] && IGtQ[q, -2]

Rule 208
Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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b3(4Bc—7 Ad)-ab® (4cC—3Bd)+3a3dD—a2b(3Cd—4cD)  2(bc—ad)(bC-aD)x 2(
- - - [

263 »?
A + Bx + Cx? + D3 e AﬁkﬁﬂﬁB—ﬂM3+fD) _f (a+b2)2(ctdx)52
(a+bx)3(c+dx)®2 "~ 2b3(bc — ad)(a + bx)2(c + dx)32 2(bc — ad)
a cd(bo—ad)(bC—aD) 42(b3(4Bc—7 Ad)-ab? (4cC-3B
—2c2(c— ?d)mz A Zg(bc D) @ £l
Subst f &
AB® - a (1B - abC + a°D) «

T 2b3(be — ad)(a + bx)2(c + dx)¥2

Ab® - a(b*B-abC+a?D)  (b*(4Bc—7Ad) — ab(8cC - 3Bd) - 5a°dD + a?b(Cd
T 2b3(be — ad)(a + bx)2(c + dx)¥2 4b(bc — ad)*(a + bx)

Ab® - a(b*B-abC+a?D)  (b*(4Bc —7Ad) — ab*(8cC - 3Bd) — 5a°dD + a?b(Cd
T 2b3(be — ad)(a + bx)2(c + dx)¥2 4b(be — ad)*(a + bx)

3ab?Bd® — 3a2bCd® + 3a°d®D - b® (4c2Cd - 4Bed?® + 7Ad® - 4c°D)  Ab® - a (b?B -
- 6b3d(be — ad)3(c + dx)32  2B3(be — ad)(a +

3ab?Bd® - 3a?bCd3 + 3a34°D - b® (4c2Cd — 4Bcd? + 7AQR - 4c3D) AW —a (sz -
- 6b3d(bc — ad)3(c + dx)32  2B3(be — ad)(a +

Mathematica [A] time = 2.15449, size = 536, normalized size = 1.22

Ve + dx (3a2bcD + a3(=d)D + ab*(Bd — 2cC) + b3(Bc - 2Ad)) Ve + dx (a (azD —abC + bZB) -~ Ab3) dtanh™" (1
B b(a + bx)(be — ad)’? " 20(a + b2 (be — ad)? "

Antiderivative was successfully verified.

[In] Integrate[(A + B*x + Cxx”2 + Dxx"3)/((a + b*x)73*(c + d*x)~(5/2)),x]

[Out] (2x(c™2%C*d - Bxc*d™2 + A*d~3 - c~3*D))/(3*%d*(b*c - a*xd) ~3*x(c + d*xx)~(3/2))
+ (2% (b*x(c™2*C - 2*Bxckxd + 3*xA*d”2) - a*x(-2%c*Cxd + B*xd™2 + 3*c~2*D)))/((b

xc - axd) "4*xSqrtlc + d*x]) + ((-(A*b~3) + ax(b~2+#B - a*b*C + a~2+D))*Sqrt[c

+ d*x])/(2%b*(b*c - axd)~3*(a + b*x)"2) - ((b"3*(Bxc - 2%A*d) + axb~2*(-2%

cxC + Bxd) + 3*a”~2*bkxc*kD - a~3*d*D)*Sqrt[c + d*x])/(b*(b*xc - a*xd) 4*x(a + bx

x)) + (d*x(b73*%(Bkc - 2xAxd) + axb”2x(-2*%cxC + Bxd) + 3*a”2xb*c*D - a~3*d*D)
xArcTanh [ (Sqrt [b]*Sqrt[c + d*x])/Sqrt[bxc - a*xd]])/(b~(3/2)*(bxc - axd)~(9/

2)) - (2*%Sqrt[b]l*(b*x(c™2*C - 2*Bxc*d + 3%A*xd~2) - a*x(-2%c*Cxd + Bxd™2 + 3x*c
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~2xD) ) *ArcTanh [(Sqrt [b] *Sqrt [c + dxx])/Sqrt[b*c - axd]])/(bxc - a*xd)~(9/2)
- (3%d*(A*b~3 - ax(b"2+B - a*b*C + a~2#D))*(-(Sqrt[b]l*Sqrt[b*c - axd]*Sqrt[
c + d*x]) + dx(a + b*x)*ArcTanh[(Sqrt[b]l*Sqrtlc + d*x])/Sqrt[bxc - axd]]))/
(4xb~ (3/2) % (b*xc - axd)~(9/2)*(a + bxx))

Maple [B] time = 0.031, size = 1376, normalized size = 3.1

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] int((D*x~3+Cxx~2+B*x+A)/ (b*x+a) "3/ (d*x+c)~(5/2),x)

[Out] 2/3*d/(a*xd-b*xc) "3/ (d*x+c)~(3/2)*B*xc+6*d~2/ (a*xd-b*c) 4/ (d*x+c) ~(1/2) *A*xb-2*d
"2/ (a*xd-b*c) "4/ (d*x+c) " (1/2) *Bxa+2/ (a*d-b*c) "4/ (d*x+c) " (1/2) *Cxb*xc~2-6/ (a*d
-b*c) "4/ (d*x+c) " (1/2) *Dxaxc~2+1/4+%d"2/ (a*d-b*c) "4/ (bxd*xx+axd) ~2* (d*x+c) ~(3/
2) *a~3*D+5/4*d"3/ (axd-b*xc) ~4/ (b*d*x+a*xd) ~2* (d*x+c) ~(1/2) *Cxa~3+3/4*%d"2/ (a*d
-b*xc) "4/ ((axd-b*xc)*b) ~(1/2) *arctan (b*x (d*x+c) ~(1/2)/((a*d-b*c)*b) ~(1/2))*a"2
*C+11/4*%d"2/ (axd-b*xc) 4/ (bxd*x+a*d) ~2* (d*x+c) ~(3/2) *A*xb~3+35/4*d"2/ (a*d-b*c
) "4xb~2/ ((a*d-b*c) *b) ~(1/2) *arctan (b* (d*x+c) ~(1/2) / ((a*xd-b*c)*b) ~(1/2)) *A-4
*d/ (axd-b*c) ~4/ (d*x+c) " (1/2) *Bxbxc+4x*d/ (a*d-bxc) "4/ (d*x+c) ~(1/2) *Cxax*c+2/(a
xd-b*xc) ~4*b~2/ ((axd-b*c)*b) ~(1/2)*arctan (b* (d*x+c) ~(1/2)/((a*d-b*c)*b)~(1/2
))*Cxc~2-2/3+%d"2/ (a*d-b*c) "3/ (d*x+c) ~(3/2) *A-6/ (a*d-b*c) “4*xb/ ((a*xd-b*xc)*b)~
(1/2)*arctan(b* (d*x+c) ~(1/2)/((axd-b*xc)*b) ~(1/2) ) *D*xaxc”2-15/4*d"2/ (a*d-b*c
) "4xb/ ((a*d-b*c)*b) " (1/2) *arctan (b* (d*x+c) ~(1/2) / ((a*xd-b*c)*b) ~(1/2) ) *B*a+1
3/4xd~3/ (axd-b*c) ~4/ (bxd*x+a*xd) “2*xb~ 2% (d*x+c) ~(1/2) *A*xa-13/4*d~2/ (a*xd-b*c)~
4/ (bxd*x+a*xd) ~2*xb~3* (d*x+c) ~(1/2) *A*xc-9/4*d~3/ (a*d-b*c) "4/ (bxd*xx+a*xd) ~2xb* (
d*x+c) " (1/2)*Bxa~2+d/ (a*d-b*c) "4/ (b*xd*x+a*xd) “2*xb~3* (d*x+c) ~(1/2) *c~2*B-1/4x*
d"3/ (axd-b*xc) "4/ (bxd*x+a*d) ~2/b* (d*x+c) ~(1/2) *D*xa~4-11/4%d"2/ (a*d-b*c) "4/ (b
*d*x+ax*xd) "2* (dxx+c) " (1/2) *Dxa~3*c-3*d/ (a*d-b*c) "4/ ((axd-b*xc)*b) ~(1/2) *xarcta
n(b*(d*x+c)~(1/2)/((axd-b*c)*b) ~(1/2) ) *D*a~2*c-5%d/ (axd-b*c) “4*xb~2/ ((a*d-bx*
c)*b)~(1/2) *arctan (b* (d*x+c) " (1/2)/((a*xd-b*c) *b) ~(1/2) ) *Bxc+1/4*xd"2/ (axd-b*
c)~4/b/ ((a*d-b*c)*b) ~(1/2) *arctan (bx (d*x+c) ~(1/2) / ((a*d-b*xc)*b) ~(1/2) ) *a~3*
D-7/4*d"2/ (a*xd-b*c) "4/ (b*d*x+ax*xd) ~2* (d*x+c) ~ (3/2) *Bxa*b~2-d/ (axd-b*xc) ~4/ (b*
dxx+axd) "2 (d*xx+c) "~ (3/2) #*B*¥b~3*c+3/4*d"2/ (axd-b*c) ~4/ (b*xd*x+a*d) ~2* (d*x+c)~
(8/2) *a~2%b*C-2*d/ (a*xd-b*c) ~4/ (bxd*x+a*xd) ~2*b~2* (d*x+c) ~(1/2) *Cxa*xc~2+3*d/ (
a*d-bx*c) "4/ (bxd*xx+axd) “2xbx (d*x+c) ~(1/2) *D*a~2*xc”2+2*xd/ (axd-bxc) ~4/ (b*d*x+a
*d) "2* (d*x+c) " (3/2) *Cxaxb~2xc-3*d/ (a*d-b*c) "4/ (bxd*x+axd) ~2* (d*x+c) ~(3/2) *D
*a"2%b*c+5/4*d"2/ (axd-b*xc) ~4/ (b*d*x+a*d) ~"2*xb~2*x (d*x+c) ~(1/2) *B*a*xc+3/4*d"2/
(a*xd-b*c) "4/ (b*xd*xx+axd) ~2*xb* (d*xx+c) ~(1/2) *C*a~2*c+6*d/ (axd-b*c) “4xb/ ((a*d-b
*xc)*b) ~(1/2)*arctan (b*x(d*xx+c) ~(1/2)/((a*d-b*xc)*b) ~(1/2))*Cxaxc-2/3/ (a*xd-b*c
) "3/ (d*x+c) " (3/2) *Cxc~2+2/3/d/ (a*xd-b*c) "3/ (d*x+c) ~(3/2) *D*c~3
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((D*x~3+C*xx~2+B*x+A)/(b*x+a) 3/ (d*x+c)~(5/2),x, algorithm="maxima"
)

[Out] Exception raised: ValueError

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Dxx~3+C*x~2+B*x+A)/(bxx+a) 3/ (d*x+c)~(5/2),x, algorithm="fricas"
)

[Out] Exception raised: UnboundLocalError

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Dxx**3+Cxx**2+B*x+A) /(b*x+a)**3/(d*x+c)**(5/2) ,x)

[Out] Timed out

Giac [A] time = 2.29661, size = 1035, normalized size = 2.36

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Dxx~3+C*x~2+B*x+A)/(b*x+a) 3/ (d*x+c)~(5/2),x, algorithm="giac")

[Out] -1/4*(24*D*axb~2*xc”2 - 8*Cxb~3*c™2 + 12*xD*a”~2xbxcxd - 24*Cxa*xb”2*c*xd + 20*B
*b~3*%ckd - D*xa~3*d"2 - 3*xCxa”~2*b*d"2 + 15*B*axb~2*xd"2 - 35%A*xb~3*d"2)*arcta
n(sqrt(d*x + c)*b/sqrt(-b"2*c + a*xb*d))/((b"5*c™4 - 4*a*xb~4*c~3*d + 6%a”2%b
T3%c72%d72 - 4*%a”3*%b"2%c*kd”3 + a~4*xbxd”4)*sqrt(-b~2*c + axbxd)) - 2/3*(Dxbx
c”4 + 9% (d*x + c)*D*xaxc”2xd — 3x(d*x + c)*Cxb*c™2*d — D*axc~3*d — Cxb*c~3*d
- 6%(d*x + c)*Ckxaxcxd™2 + 6% (d*x + c)*B*bkxckxd™2 + Ckxaxc~2*xd"2 + Bxb*xc™2%d”
2 + 3*%(d*x + c)*Bxaxd™3 - 9x(d*x + c)*A*b*d”~3 - Bkakxcxd~3 - Axbxc*d~3 + Axa
*d~4) /((b~4*xc™4*d - 4*xaxb~3%c”3*d"2 + 6%a~2%b " 2xc”"2xd"3 - 4*a~3*xb*xcxd"4 + a
“4%d75)*(d*x + ¢)”(3/2)) - 1/4%(12+%(d*x + c)~(3/2)*D*a~2xb"2*c*d - 8*x(d*x +
c) " (3/2) *Cxaxb~3xc*d + 4*x(d*x + c)~(3/2)*Bxb~4*xc*xd - 12xsqrt(d*x + c)*Dxa”
2¥b”"2xc"2+d + 8*xsqrt(d*x + c)*Cxa*xb~3*c”2+d - 4*xsqrt(d*x + c)*Bxb~4*c™2xd -

(d*xx + ¢)~(3/2)*D*a"3*b*d"2 - 3*(d*x + ¢)~(3/2)*C*a~2*b~"2*d"2 + 7x(d*x + ¢
)7 (3/2) *Bxa*xb~3%d"2 - 11x(d*x + c)~(3/2)*A*b~4*d"2 + 1lxsqrt(d*x + c)*D*a”3
xb*xcxd™2 - 3*sqrt(d*x + c)*C*xa”2%b”"2xc*d”2 - Bxsqrt(d*x + c)*Bxaxb~3*c*xd™2
+ 13xsqrt(d*x + c)*Axb~4xc*d”2 + sqrt(d*x + c)*D*a”4*d~3 - bxsqrt(d*x + c)*
Cxa~3%b*d~3 + 9xsqrt(d*x + c)*B*a"2xb~2%d”~3 - 13*sqrt(d*x + c)*Axa*xb~3*d~3)
/((b"5*%c™4 - 4xaxb™4*c™3xd + 6*a”2%b"3*c”2*d"2 - 4*a”3*b " 2%cxd”3 + a~4*bxd”
4)*((d*x + c)*b - bxc + axd)~2)
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325  [(a+0bx)(c+dx)"(A+Bx+Cx?+Dx?) dx

Optimal. Leaf size=455

(be — ad)(c + dx)"*? (a2d%(Cd — 3¢D) — abd (~3Bd? — 15¢2D + 8¢Cd) + b? (3Ad® - 6Bcd? +10c2Cd - 15¢°D))

(c+

d’(n + 3)

[Out] -(((bxc - a*d) " 3*x(c"2*%Cxd - Bxc*d™2 + A*d"3 - c”3*D)*(c + d*x)~(1 + n))/(d"

7x(1 + n))) - ((bxc - a*d) "2+ (a*d*(2xc*xCxd — B*xd~2 — 3*c~2%D) - b*(5xc™2*Cx*
d - 4xBxc*d”2 + 3%A*d”3 - 6%c”3*D))*(c + d*x)"(2 + n))/(d"7*x(2 + n)) - ((bx
c - a*xd)*(a"2*d"2*%(Cxd - 3*c*D) - axbxd*(8*c*Cxd - 3*B*d~2 - 15%xc~2*D) + b~
2% (10*c™2*%C*kd — 6*Bxcxd™2 + 3%A*d~3 - 15*%c”3*D))*(c + d*x)~(3 + n))/(d"7*(3
+ n)) + ((a73*%d"3%D + 3*a~2*b*d"2*x(Ckxd — 4*xc*xD) - 3*a*xb~2+d*(4*c*Cxd - Bxd
"2 - 10%c”2*D) + b73*(10*%c"2%C*d - 4*B*ckd"2 + A*d"3 - 20%c”3*D))*(c + d*x)
“(4 + n))/@7x(4 + n)) + (b*x(3*%a~2+%d"2+D + 3*axb*d*x(Cxd — 5xc*D) - b 2% (5
cxCxd - B*d"2 - 15*%c™2*D))*(c + d*x)~(5 + n))/(d"7*(5 + n)) + (b~ 2x(b*xCxd -
6*xb*c*D + 3*xaxd*D)*x(c + d*x)~(6 + n))/(d"7*(6 + n)) + (b~3*D*x(c + d*x)~(7

+ 1)) /(d77*x(7 + n))

Rubi [A] time = 0.337924, antiderivative size = 455, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 30, e .

0.033, Rules used = {1620}

integrand size

(be — ad)(c + dx)"™* (a2d%(Cd — 3¢cD) — abd (~3Bd? - 15¢2D + 8¢Cd) + b? (3Ad® - 6Bcd? +10c2Cd - 15¢°D))

(c+

d7(n + 3)

Antiderivative was successfully verified.

[In] Int[(a + b*x)~3*(c + d*x) n*(A + B*x + C*x"2 + D*x"3),x]

[Out] -(((bxc - a*d) " 3x(c"2*Cxd - Bxc*xd™2 + A*d"3 - c~3*D)*(c + d*x)~(1 + n))/(d"

7(1 + n))) - ((bxc - a*d) "2+ (a*d*(2*xc*xCxd — Bxd~2 - 3%c”2%D) - b*(5xc™2*xCx
d - 4*Bxc*d"2 + 3*%A*d"3 - 6%c”3*D))*(c + d*x)"(2 + n))/(A"7*(2 + n)) - ((bx*
c — a*d)*(a"2*d"2*%(Cxd - 3*c*D) — axbxd*(8*c*Cxd - 3*B*d"2 - 15%c~2*D) + b~
2% (10%c™2*C*kd — 6*Bkcxd™2 + 3*%A*d~3 - 15*%c”3*D))*(c + d*x)~ (3 + n))/(d"7*(3
+ n)) + ((a73*xd"3*D + 3%a~2%b*d"2*(Ckd - 4*xc*D) - 3xaxb~2*d*(4*c*Cxd - Bxd
"2 - 10*%c”2*D) + b73*(10*c”2%C*d - 4*B*c*d”"2 + A*d~3 - 20%c”3%D))*(c + d*x)
“(4 + n))/@7x(4 + n)) + (bx(3*a"2+%d"2+D + 3*axbxd*x(Cxd — 5xc*xD) - b~ 2% (5
cxCxd - B*d"2 - 15%c”2*D))*(c + d*x)~(5 + n))/(d"7*(5 + n)) + (b~2x(b*xCxd -
6*b*xc*D + 3*kaxd*D)*(c + d*x)~(6 + n))/(A"7*x(6 + n)) + (b~3*D*x(c + d*x)~(7

+ n))/(@7x(7 + n))
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Rule 1620

Int[(Px_)*((a_.) + (b_)*(x_)) " (m_.)*x((c_.) + (d_.)*(x_))"(n_.), x_Symbol]
:> Int[ExpandIntegrand[Px*(a + bxx) m*x(c + d*x)"n, x], x] /; FreeQ[{a, b, c
, d, m, n}, x] &% PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) && GtQ[E
xpon[Px, x], 2]

Rubi steps

(=bc + ad)® (c*Cd - Bed? + Ad® - D) (c + dx)"  (be — ad)? (-
i *
(be - ad)® (c2Cd - Bed?® + Ad® - D) (c + dx)'*" (b — ad)? (ad
- d7(1 + n) -

f(a + bx)3(c + dx)" (A +Bx + Cx* + Dx3) dx = f[

Mathematica [A] time = 0.732626, size = 418, normalized size = 0.92

(c+dx)3(3a2bd?(Cd—4cD)+a°d®D+3ab?d(Bd?+10c2D~4cCd ) +b3( Ad®~4Bcd?+10c2Cd-20c°D)) (c+dx)?(be—ad)(a?d?(3cD—Cd)+abd(~3]
+

n+1
(c +dx) —

Antiderivative was successfully verified.

[In] Integratel[(a + b*x)~3*(c + d*x) " n*(A + B*x + C*x~2 + D*x73),x]

[Out] ((c + d*x)~(1 + n)*(((b*c - a*d) " 3*(-(c"2*C*xd) + Bxc*d~2 - A*d"3 + c~3*D))/
(1 + n) - ((bxc - axd) " 2*x(-(a*d*x(-2*c*Cxd + B*xd~2 + 3%c”2*D)) + b*x(-5%c”2xC

xd + 4*Bkcxd”2 - 3*%A*d"3 + 6*%c”3*D))*(c + d*x))/(2 + n) + ((b*c - axd)*(a"2
*d"2% (- (C*d) + 3*c*D) + axbxd*(8*c*Cxd - 3*Bxd~2 — 15%c”2xD) + b~ 2% (-10*c™2

*C*xd + 6*Bkxckd™2 - 3*A*d"3 + 15%c”3*D))*(c + d*x)"2)/(3 + n) + ((a~3*d"3*D

+ 3*%a”"2xbxd"2*x (Cxd - 4*c*D) + 3*axb~2xd*(-4*cxCxd + B*d~2 + 10*c”2*D) + b~3
*(10%c™2*%Cxd - 4*Bxc*d™2 + A*d~3 - 20*c”3*D))*(c + d*x)"3)/(4 + n) + (b*x(3x
a~2+%d"2+D + 3*axbxd*x(Cxd - 5*c*D) + b~2*x(-5xc*xCxd + Bxd~2 + 15%c”2*D))*(c +
d*x)~4)/(5 + n) + (b"2*%(b*C*d - 6*b*xc*D + 3*axd*D)*(c + d*x)~5)/(6 + n) +
(b~3*%D*(c + d*x)"6)/(7 + n)))/d"7

Maple [B] time = 0.02, size = 5003, normalized size = 11.

output too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a) "3*(d*x+c) "n* (D*xx"3+Cxx~2+B*x+A) ,x)

[Out] result too large to display

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) ~3*(d*x+c) “n*(D*xx~3+C*x~2+B*x+A) ,x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) ~3*(d*x+c) “n*(D*xx~3+C*x~2+B*x+A) ,x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)**3* (d*x+c)**n* (D*kx**3+C*x*k*2+B*x+A) ,x)

[Out] Timed out
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Giac [B] time = 2.99908, size = 12193, normalized size = 26.8

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a) 3% (d*x+c) "n*x(D*xx~3+C*x~2+B*x+A) ,x, algorithm="giac")

[Out] ((d*x + c) " n*D*b~3*d"7+n"6*x"7 + (d*x + c) n*D*b~3*c*d~6*n"6*%x"6 + 3*(d*x +
c) "nxDxa*xb”2xd"7*n"6*%x"6 + (d*x + c) n*Cxb”"3*d"7*n"6%x"6 + 21*(d*x + c) “n*
Dxb~3*d"7*n"5xx"7 + 3*(d*x + c) n*Dxaxb"2xcxd~6*n"6%x"5 + (d*x + c) n*Cxb~3
*c*d"6*n"6*x"5 + 3x(d*x + c) n*xD*a”2%b*d”7*n"6*x"5 + 3x(d*x + c) n*Cxaxb”2*
d"7*n"6*xx"5 + (d*x + c) " n*¥B*¥b”3*d"7*n"6*x"5 + 15x(d*x + c) n*D*b”3*c*xd"6*n"
5%¥x76 + 66*(d*x + c) n*Dxaxb”2+xd"7*n"5*x"6 + 22*x(d*x + c) n*Cxb~3*d"7*n"5*x
~6 + 175%(d*x + c) n*Dxb~3*%d"7*n"4*x"7 + 3x(d*x + c) n*D*xa”2xbxcxd~6*n"6%x"
4 + 3x(d*x + c) n*Cxa*xb”2*c*d"6*n"6*x"4 + (d*x + c) n*Bxb~3*c*d"6*n"6*x"4 +
(d*x + c) "n*D*a”3*d"7*n"6*xx"4 + 3x(d*x + c) n*C*a " 2*xb*d~7*n"6*xx"4 + 3*(d*x
+ ¢) "n*Bxaxb"2xd"7*n"6*x"4 + (d*x + c) nxA*b"3*d"7*n"6*x"4 - 6*%(d*x + c)"n
*D*b"3*%c”2%d"5*n"5*x"5 + 51x(d*x + c) n*D*axb"2*xckd"6*xn"5*xx"5 + 17+(d*x + c
) "nxC*b~3*c*d"6*n"5*x”"5 + 69%(d*x + c) n*D*a”2*b*d”"7*n"5*x"5 + 69*x(d*x + c)
“n*C*a*xb”2*xd”7*n"5*x"5 + 23x(d*x + c) "n*B*xb”~3*d”"7*n"5*x"5 + 85%(d*x + c) n*
D*b~3*c*xd"6*n"4*x"6 + 570*(d*x + c) n*D*xaxb”2*xd"7*n"4*x"6 + 190*(d*x + c)"n
*C*xb~3*d"7*n"4*x"6 + 735x(d*x + c) n*¥D*¥b”3*d"7*n"3*x”7 + (d*x + c) n*xD*xa”3*
cxd"6*n"6*x"3 + 3*k(d*x + c) " nxCxa~2xb*c*d"6*n"6*x"3 + 3*(d*x + c) nxBxaxb~2
*c*d"6*n"6*%x"3 + (d*x + ) n*xA*b"3*c*d"6*n"6*x"3 + (d*x + c) n*xCxa~3*d"7*n"
6*%x"3 + 3*(d*x + c) n*Bxa~2*%bxd"7*n"6*xx"3 + 3% (d*x + c) nxA*xaxb~2*xd”7*n"6*x
~3 - 15*%(d*x + c) “n*D*xaxb~2xc”2*%d"5*n"5*x"4 - 5x(d*x + c) n*xCxb~3%c”2*d"5*n
“B*xx74 + B57*x(d*x + c) nxDxa”2%b*c*d"6*n"5*x"4 + 57*x(d*x + c) n*xCxaxb”2*c*d”
6*n~5*%x"4 + 19x(d*x + c) " n*Bxb~3*c*d"6*n"5*x"4 + 24*x(d*x + c) n*xD*a~3*d"7*n
“B5xx74 4+ 72x(d*x + c) "nxCxa”2%b*d"T7*n"5*%x"4 + 72x(d*x + c) “nxBxaxb~2+xd"7*n”
5%¥x74 + 24x(d*x + c) nxAxb~3*d"7*n"5*xx"4 - 60%(d*x + c) nxD¥b”~3*c”2*d"5%n"4
*x75 + 315*%(d*x + c) n*Dxaxb”2*xc*d"6*n"4*x"5 + 105%(d*x + c) n*xCxb~3*c*d~6%*
n~4*xx"5 + 621x(d*x + c) n*D*a”2*xbxd~7*n"4*x"5 + 621*(d*x + c) n*Cxaxb~2xd~7
*n"4*x75 + 207*(d*x + c) "n*Bxb~3*%d"7*n"4*x”5 + 225%x(d*x + c) n*xD*xb~3*c*d"6%*
n"3*x"6 + 2460% (d*x + c) nkD*xaxb"2xd"7*n"3*x"6 + 820*(d*x + c) n*xCxb~3xd"T7*
n"3*x76 + 1624*(d*x + c) nkD*b"3*xd"7*n"2*xx"7 + (d*x + c) n*C*xa~3*xcxd"6xn"6%
X"2 + 3x(d*x + c) n*B*a"2*b*c*d"6*n"6*xx"2 + 3x(d*x + c) n*xA*xaxb~2*xc*xd"6*n"6
*x72 + (d*x + ¢) "n¥B*a”3*d"7*n"6%x"2 + 3*%(d*x + c) nxA*a”2xb*d"7*n"6*x"2 -
12x (d*x + c) n*D*a”2%b*c”2*d"5*n"5*x"3 - 12x(d*x + c) n*C*xa*xb”~2*xc”2*d"5*n"5
*x73 - 4*%(d*x + c) " n*Bxb~3%c”2*%d"5#%n"5*x"3 + 21*(d*x + c) n*xD*xa”3*c*d”6*n"5
*x73 + 63*%(d*x + c) " nxCxa~2xb*xc*d"6+n"5*%x"3 + 63*(d*x + c) n*xBxaxb~2*xc*d 6%
n~5%x73 + 21*x(d*x + c) n*A*xb"3*ckd"6#n"5*xx"3 + 25%(d*x + c) n*C*xa~3*xd~7*n"5
*x73 + 75k (d*x + c) n*Bxa~2xb*d"7#n"5%x"3 + 75x(d*x + c) nxAxaxb”2+d"7*n"5*
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x73 + 30*%(d*x + c) " n*D¥b~3*c"3*d"4*n"4*x"4 - 195%(d*x + c) “nxD¥xaxb"2%xc”2*xd”
5%¥n~4*x"4 - 65%(d*x + ) nxCxb~3%c”2+%d"5*n"4*x"4 + 393x(d*x + c) n*D*xa”2*b*
cxd"6*n"4*x"4 + 393*%(d*x + c) n*xCxaxb~2*xc*d"6*n"4*x"4 + 131*x(d*x + c) n*Bx*b
“3*c*xd76*n"4*x"4 + 226%(d*x + ¢) n*¥D*a”3*d"7*n"4*x"4 + 678*(d*x + c) n*C*a”
2%b*d"7*n"4*x"4 + 678*(d*x + c) n*B*xaxb”2xd"7*n"4*x"4 + 226%(d*x + c) n*xAx*xb
“3xd"7*n"4*xx"4 - 210*%(d*x + c) "n*xD*b " 3%c”2*d"5%n"3*x"5 + 885%(d*x + c) “n¥D*
a*xb~2*c*d”6*n"3*x”5 + 295%(d*x + c) "n*C*b~3*kckd"6*n"3*x"5 + 2775%(d*x + ¢)”
nxD*xa~2xbxd~7*n"3*%x"5 + 2775%(d*x + c) nxCxaxb~2+%d"7*n"3*x”5 + 925x(d*x + c
) "nxBxb~3*%d"7#n"3*%x"5 + 274*(d*x + c) n*D*b"3*c*d"6*n"2*x"6 + 5547x(d*x + C
) "nxD*axb”2+%d"7*n"2*%x"6 + 1849*% (d*x + ) "n*xCxb"3*d"T7*n"2*x"6 + 1764*(dxx +
c) "n*D*b~3*d"7Hn*x"7 + (d*x + c) n*¥B*a~3%ckd"6*n"6*x + 3k (d*x + c) nxAxa"2*
bxcxd“6*n"6xx + (d*x + c) nkA*a”~3*d"7*n"6xx - 3*(d*x + c) n*D*a”~3*c”2xd"5*n
“B*xx72 - 9k (d*x + c) nxCxa~2xb*xcT2+%d"5*n"5*x"2 - 9k (d*x + c) n*xBxaxb”2%c 2%
d"5*n"5*x72 — 3*x(d*x + c) n¥A*b"3*cT2*d"5*n"5*x"2 + 23%(d*x + c) "nkC*xa”~3*cx*
d"6*n"5*x"2 + 69*(d*x + c) n*B*a " 2*b*c*xd"6xn"5*xx"2 + 69*(d*x + c) nxA*axb~2
*cxd"6*n"5*x"2 + 26%(d*x + ¢) n¥B*a”3*d"7*n"5*x"2 + 78*(d*x + c) n¥xA*xa”2*bx*
d"7*n"5*%x"2 + 60*x(d*x + c) n*D*a*b”2xc”3*xd"4*n"4xx"3 + 20*(d*x + c) n*Cxb~3
*c73%d"4*n"4xx"3 - 192*%(d*x + c) n*D*a"2¥b*xc”2%d"5*n"4*x"3 - 192*%(d*x + c)”
nxCxaxb~2xc~2xd"5+n"4*x"3 - 64*x(d*x + c) n*Bxb~3*%c”2xd"5*n"4*x"3 + 163*(d*x
+ ¢)"n*D*a”3*xcxd"6*n"4*x"3 + 489*%(d*x + c) " nxCxa~2xbxc*d"6*n"4*x"3 + 489%(
d*x + c) " n*Bxaxb"2xc*xd"6+n"4*x"3 + 163*(d*x + c) n*xA*xb"3*c*d"6*n"4*x"3 + 24
Tx(d*x + c) n*Cxa~3*d"7*n"4*x"3 + 741x(d*x + c) " n*B*xa~2xbxd~7*n"4*x"3 + 741
*(d*x + c) nkAxaxb"2xd"7*n"4xx"3 + 180*(d*x + c) "n*D*b~3*c"3*xd"4*n"3*%x"4 -
795% (d*x + c) n*Dxaxb”2%c”2*d"5*n"3*x"4 - 265*(d*x + c) n*C*xb~3*c”2*d"5*n"3
*x74 + 1203*%(d*x + c) " nxD*xa”2%b*xc*d"6*n"3*x"4 + 1203*(d*x + c) n*xCxaxb”2*c*
d"6*n"3*x"4 + 401*x(d*x + c) n*B*b " 3*c*xd"6*n"3*x"4 + 1056%(d*x + c) n*D*a”"3x*
d"7*n"3*x"4 + 3168*(d*x + c) n*C*a”2*xb*xd”~7*n"3*x"4 + 3168*(d*x + c) n*Bxaxb
~2xd77*n"3%x74 + 1056*(d*x + c) "n*A*b~3*d”"7*n"3%x"4 - 300*(d*x + c) n*D*b”3
*C72+%d75*n"2*%x”5 + 1122%x(d*x + c) “n*D*xa*b”2*ckd"6*n"2xx"5 + 374*(d*x + c)"n
*C*xb~3*%c*kd”™6*n"2*x"5 + 6432x(d*x + c) "n*D*a”2*xb*d"7*n"2*x"5 + 6432*(d*x + C
) "nxC*axb~2+xd"7*n"2*x"5 + 2144x(d*x + ¢) n*Bxb"3*d"7*n"2*x"5 + 120*(d*x + ¢
) "n*Dxb~3*ckxd"6*n*x"6 + 6114*(d*x + c) nxD*axb”2*d”7*n*x"6 + 2038*(d*x + c)
“n*xC*b~3*d"7*n*x"6 + 720%x(d*x + c) n*¥D*b”3*d”7*x”7 + (d*x + c) n¥xA*a~3*c*d”
6*n~6 - 2*%(d*x + c) nxCxa~3*xc”2*%d"5*n"5*x - 6*x(d*x + c) n*Bxa~2xb*c”2*d"5*n
“Bxx - 6*%(d*x + c) nxAxaxb"2*xc”2+%d"5*n"5*x + 25%(d*x + c) n*B*a~3*c*d”6*n"5
*x + 75x(d*x + c) "nxA*xa"2xbxc*xd"6+n"5*x + 27*(d*x + c) nxA*a~3*%d"T7*n"5*x +
36%(d*x + c) n*D*xa”2*bxc~3*d"4*n"4*x"2 + 36x(d*x + c) n*Cxaxb~2*xc”3*d"4*n"4
*x72 + 12%(d*x + c) n*Bxb~3*c”3*d"4*n"4%x"2 - 57*x(d*x + c) n*D*a~3%c”2xd 5%
n~4%x"2 - 171*x(d*x + c) n*Cxa~2*b*c~2*d"5*n"4*x"2 - 171x(d*x + c) n*Bxaxb”2
*C72+%d75*n"4*x"2 - 57x(d*x + c) n¥A¥b”3*c”2*d"5*n"4*x"2 + 201*(d*x + c) n*C
*a " 3*%c*d76*n"4*x"2 + 603*(d*x + c) n*B*a”2*bkxckxd"6*n"4*x"2 + 603*%(d*x + c)”
nxA*xaxb~2xcxd"6+n"4*x"2 + 270*%(d*x + c) n*Bxa~3*%d"7*n"4*x"2 + 810*(d*x + c)
“nxA*xa~2*xbxd 7 n"4xx"2 - 120*(d*x + c) n*D*b~3*c”4*d"3*n"3%x"3 + 600*(d*x +
c) "nxDxaxb”2xc”3*d"4*n"3*x"3 + 200*(d*x + c) n*C*b~3*%c”3*d"4*n"3*x~3 - 996
*(d*x + c) n*D*a”2xbxc”2xd"5*xn"3%x"3 - 996* (d*x + c) n*Cxaxb~2xc”2*%d"5*n"3*
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x73 - 332x(d*x + c) n*B*b~3*c”2*d"5*n"3*x"3 + 567*(d*x + c) n*D*a”3*xcxd~6%*n
“3%x73 + 1701*x(d*x + c) " n*xCxa~2%b*c*d”6*n"3*x"3 + 1701*(d*x + c) n*Bxa*xb™ 2%
cxd"6*n"3%x"3 + B67*(d*x + c) nxA*b"3xc*d"6#n"3*x"3 + 1219*%(d*x + c) n*xCxa”
3*d"7*n"3*x"3 + 3657*(d*x + c) n*B*xa"2xbxd"7*n"3*x"3 + 3657+ (d*x + c) nkxA*a
*b72+%d"7*n"3*x"3 + 330*(d*x + c) n*¥D*¥b"3*kc”"3*kd"4*n"2*x"4 - 1245%(d*x + c)"n
*Dxaxb~2*%c”2%d"5*n"2%x"4 - 415%(d*x + c) n*Cxb~3*c”2*%d"5*n"2*x"4 + 1620*(d*
X + c) nxD*xa”2xb*c*d"6*n"2*x"4 + 1620*%(d*x + c) “n*C*axb”2*c*d"6*n"2*x"4 + 5
40*% (d*x + ) "n*B*b~3*c*d"6*n"2*x"4 + 2545%(d*x + c) n*¥D*a”3*d"7*n"2*x"4 + 7
635* (d*x + c) "n*C*xa”~2xbxd~7*n"2*%x"4 + 7635*%(d*x + c) n*Bxaxb~2xd~7*n"2*x"4
+ 2545%(d*x + c) "nxA*b"3*%d"7*n"2*%x"4 - 144*(d*x + c) n*xD¥b"3*c”2*%d"5*n*x"5
+ 504*(d*x + c) n¥D*axb”2*cxd"6*n*x"5 + 168%(d*x + c) n*Cxb~3*c*d~6*n*xx"5 +
7236* (d*x + c) " n*D*xa”2%b*d~7*n*x"5 + 7236*%(d*x + c) n*xC*axb”2*d”7*n*x"5 +
2412% (d*x + c) n*Bxb~3*d"7xn*xx"5 + 2520*(d*x + c) n*D*xaxb"2xd"7xx"6 + 840%(
d*x + ¢c)"nxCxb~3*d"7*x"6 - (d*x + c) n*Bxa~3*c"2*xd"5*n"5 - 3*x(d*x + c) nkxAx
a~2xb*c”2xd"5*n"5 + 27x(d*x + c¢) n¥A*a"3*ckd"6*n"5 + 6x(d*x + c) n*¥D*xa”3*c”
3*kd"4*n"4*x + 18*(d*x + c) n*C*a”2*xb*xc~3*xd"4*n"4*x + 18+ (d*x + c) n*B*axb~2
*Cc73*%d74*n"4*x + 6x(d*x + ) n*xA*b"3*%c”3*d"4*n"4*x - 44x(d*xx + c) n*xC*xa~3*c
“2xd75¥n"4*xx - 132%(d*x + c) "n*Bxa”2*xbxc”2xd"5*n"4*xx - 132*(d*x + c) “nxAxax
bT2xcT2xd"5*xn"4*x + 245%(d*x + c) "n*Bxa~3*xc*xd"6*n"4*x + 735%(d*x + c) nxAxa
“2%b*xc*kd”6*n"4*xx + 295% (d*x + c) n¥A*a”"3*d"7*n"4*x — 180*(d*x + c) n*D*xa*b”
2%c74*d73*n"3*x"2 — 60*(d*x + c) n*Cxb~3*%c”"4*d"3*n"3*x"2 + 504*(d*x + c) "nx*
D*a~2xb*xc~3*%d"4*n"3%x"2 + 504*(d*x + c) nxCxa*xb~2+c”3*d"4*n"3*x"2 + 168x(d*
X + ) n*Bxb~3%c”3*%d"4*n"3*x"2 - 375x(d*x + c) n*D*a”3*c”2*d"5*n"3*x"2 - 11
25% (d*x + c) "nxC*xa”~2xbxc~2xd"5*n"3*x"2 - 1125%(d*x + c) n*Bxaxb~2*c”2+*d"5*n
“3%x72 - 375%(d*x + c) "nxA*b"3*%cT2+%d"5*n"3*x"2 + 817*x(d*x + c) n*xCxa~3*c*d”
6+¥n"3*%x"2 + 2451*%x(d*x + c) n¥B*xa"2*b*c*kd"6*n"3*x"2 + 2451x(d*x + c) n*xA*xaxb
“2%cxd"6*n"3%x72 + 1420*%(d*x + c) nkBxa~3*d"7xn"3*x"2 + 4260*(d*x + c) “nxA*
a~2xbxd"7*n"3*x"2 - 360*(d*x + c) n*D*xb"3*c”4*d"3*n"2*x"3 + 1380*%(d*x + c)”
nxDxaxb~2*xc”3*%d"4*n"2%x"3 + 460*(d*x + c) nxC*b~3*c”3*d"4*n"2*x"3 - 1824x(d
*X + ¢) n*D*a”2xbxcT2xd"5*xn"2%x"3 - 1824*(d*x + c) “n*Cxaxb~2xc”2%d"5*n"2%x”
3 - 608*%(d*x + c) n*xB*xb~3*c”2*%d"5*n"2*x"3 + 844*(d*x + c) n*D*a”3*xc*xd"6*n"2
*x73 + 2532%x(d*x + c) nxCxa”2*bxc*d"6xn"2*x”"3 + 2532%(d*x + c) “n*BxaxbT2xc*
d"6*n"2*x"3 + 844x(d*x + c) n*A*b " 3*kckd"6xn"2xx"3 + 3112%(d*x + c) “nkC*xa”3x%
d"7*n"2*x”"3 + 9336%(d*x + c) n*B*a”2*b*d~7*n"2*xx~3 + 9336*(d*x + c) nxA*xaxb
“2+%d7T7#n"2%x73 + 180*(d*x + ) n*D¥b"3*c”3*d"4*n*x"4 - 630*(d*x + c) n*D*ax
b"2*xc"2*xd"5*xn*x"4 - 210*%(d*x + c) "n*Cxb~3*xc”2*%d"5*n*x"4 + 756*%(d*x + c) "n*D
*a"2xb*xc*d"6*n*x"4 + 756%(d*x + c) nxCxaxb”~2xc*xd"6*xn*x"4 + 252*%(d*x + c) “n*
Bxb~3*cxd 6xn*xx"4 + 2952*(d*x + c) n*D*xa~3xd"7#n*x"4 + 8856*(d*x + c) n*xCxa
“2%b*d"T7*n*x"4 + 8856*%(d*x + c) n*Bxaxb”2*d”7*n*x"4 + 2952*x(d*x + c) “n*xA*b”
3*dA"7*n*x"4 + 3024x(d*x + c) "n*D*a”2*xbxd"7*x"5 + 3024*(d*x + c) n*Ckaxb”~2x*d
“T7T*x75 4+ 1008%(d*x + c) "n*B*xb~3*%d"7*x"5 + 2%(d*x + c) n*xCxa~3*c”3*d"4*n"4 +
6% (d*x + c) " n*Bxa"2xb*xc~3*%d"4*n"4 + 6*%(d*x + c) nxA*xaxb"2*%c~3*d"4*n"4 - 25
*(d*x + c) "nxBxa”3*%c”2+%d"5*n"4 - 75x(d*x + c) nxAxa”2*b*c”2xd"5*n"4 + 295%(
d*x + c) nxAxa~3xcxd"6*n"4 - 72+ (d*x + c) n*D*xa”2xbxc”4*xd"3*n"3*x - 72*(d*x
+ ¢) "nxCxaxb~2xc”4*d"3*n"3*x - 24*(d*x + c) " n*Bxb~3*%c”4*d"3*n"3*x + 108*(d
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*x + ¢) n*D*a”3*c”3xd"4*xn"3%x + 324*(d*x + c) n*Cxa~2xbxc”3*%d"4*n"3*x + 324
*(d*x + c) n*Bxaxb"2xc"3*xd"4*n"3%x + 108*(d*x + c) nkAxb"3*c”3*xd"4*n"3*x -
358* (d*x + c) n*Cxa~3%c”2+%d"5*n"3*x - 1074*x(d*x + c) n*B*a~2%b*c”2*xd"5*n"3x*
X — 1074x(d*x + c) n*xA*a*xb”~2*xc”2*d"5*n"3*x + 1175%(d*x + c) “n*B*a~3*cxd~6*n
~3%x + 3525k (d*x + c) " nxA*xa"2¥b¥xc*d"6*n"3*x + 1665%(d*x + c) nxA*a~3*d"7*n”
3*x + 360*(d*x + c) n*D*xb~3*c"5+xd"2*n"2*x"2 - 1440%(d*x + c) “nxD¥xaxbT2%c 4x*
d"3*n"2*x"2 - 480*(d*x + c) n*xCxb"3*c”4*xd"3*n"2*x"2 + 1980*(d*x + c) n*D*a”
2%b*c”3*d74*n"2*%x"2 + 1980* (d*x + c) "n*Ckaxb~2*xc~3*d"4*n"2*%x"2 + 660* (d*x +
C) "n*B*b~3*%c”3*d"4*n"2*xx"2 - 951%(d*x + c) n*kD*a”"3*c"2*xd"5*n"2%x"2 - 2853%
(d*x + c¢) "n*C*a”2*xb*xc~2*xd"5*n"2*%x"2 - 2853*(d*x + c) “n*Bxaxb~2*xc~2+xd"5*n" 2%
x72 - 951%(d*x + c) nxA*¥b”3*c”2*xd"5*n"2*x"2 + 1478*(d*x + c) n*C*a”~3%c*d”"6x%
n"2%x"2 + 4434x(d*x + c) n*Bxa~2*bxcxd"6*n"2*x"2 + 4434x(d*x + c) nxAxaxb”2
*Ccxd76*n"2*%x72 + 3929*% (d*x + ) n*B*a”3*d"T7*n"2*x"2 + 11787x(d*x + c) nxA*a
“2%b*d7T*n"2*%x72 - 240*(d*x + ¢) "n*¥D¥b"3*%c”4*d"3*n*x"3 + 840*(d*x + c) “n*Dx
axb”2%c”3*d"4*n*x"3 + 280*(d*x + c) "n*C*b"3*c”3*d"4*n*x"3 - 1008*(d*x + c)~
nxD*xa " 2xb*xc”2*%d"5*n*x"3 - 1008*(d*x + c) n*xCxaxb~2*c”2*d"5*n*x"3 - 336*(d*x
+ ¢) n*Bxb73*cT2xd"5xn*xx"3 + 420*(d*x + c) n*D*a”3*xcxd"6*n*x"3 + 1260* (d*x
+ ¢) "n*C*xa”2xbxcxd"6xn*x"3 + 1260* (d*x + c) n*Bxaxb~2xc*d"6*n*x"3 + 420*(d
*X + C) nkA*b"3*cxd"6xn*x"3 + 3796*(d*x + c) n*Cxa~3*xd"7xn*x"3 + 11388*(d*x
+ ¢) "n*Bxa"2xbxd"7T#n*x"3 + 11388*(d*x + c) nxA*axb”2+d"T7*n*x"3 + 1260* (d*x
+ ¢)"n*D*a~3*d"7*x"4 + 3780*(d*x + c) " n*xCxa~2xbxd"7*x~4 + 3780*%(d*x + c)"n
*Bxaxb~2xd"7*x"4 + 1260*%(d*x + c) nxAxb~3*d"7*x"4 - 6*%(d*x + c) n*D*a"3%c"4
*d"3*n"3 - 18*%(d*x + c) n*xCxa~2%b*c”4*d"3*n"3 - 18*(d*x + c) n*Bxaxb~2*c 4*
d"3*n"3 - 6x(d*x + c) n*¥A*¥b"3*%c”4*d"3*n"3 + 44x(d*x + c) n*C*xa~3*c"3*d"4*n"
3 + 132*%(d*x + c) "n*xB*xa~2%b*c”3*d"4*n"3 + 132*x(d*x + c) n¥xA*axb”2*c”3*d"4x*n
3 - 245%(d*x + c) " n*B*xa~3*%c”2*%d"5+n"3 - 735%(d*x + c) " nxA*xa~2%b*xc”2*d"5*n"
3 + 1665%(d*x + c) nxA*a~3*cxd"6*n"3 + 360*(d*x + c) nxDxaxb”2*xc 5xd"2%n" 2%
x + 120%(d*x + c) n*Cxb~3*c"5+%d"2*n"2*x — 936*(d*x + c) n*D*a~2*b*xc~4*d”3*n
“2%x - 936*(d*x + c) nxCxaxb~2*%c”4*d"3*n"2*x - 312%x(d*x + c) n*B*b~3*c”4*d”
3*n"2*%x + 642x(d*x + c) n*¥D*a”3*c”3*d"4*n"2xx + 1926% (d*x + c) "n*xC*xa”2*b*xc”
3kd"4*n"2*%x + 1926* (d*x + c) "n*Bkaxb"2xc”3*xd"4*n"2*x + 642+ (d*x + c) nxA*xb”
3*cT3*%d"4*n"2*x - 1276*x(d*x + c) n*Cxa~3*c”2*%d"5*xn"2*x - 3828*%(d*x + c) n*B
*a " 2%b*c”2%d"5*n"2xx - 3828% (d*x + c) “mkA*xaxbT2xcT2xd"5xn"2%x + 2754* (d*x +
Cc) n¥B*a~3*c*d"6*n"2xx + 8262x(d*x + c) “n*A*a”2*bxcxd"6*n"2xx + 5104*(d*x
+ ¢) "nxA*a”"3xd"7*n"2xx + 360*(d*x + c) n*Dxb"3*c”5xd"2*n*x"2 - 1260*(d*x +
c) "n*D*xaxb”2%c”4*d"3*kn*kx"2 — 420*(d*x + c) n*Cxb"3*kc”4*d"3*n*x"2 + 1512x(d*
X + c) " nxD*a”2xb*xc”3*d"4*n*x"2 + 1512%(d*x + c) “n*C*axb~2*c”3*xd"4*n*x"2 + 5
04* (d*x + c) n*Bxb~3*c”3*d~4*n*x"2 - 630*(d*x + c) n*D*a”3*c”2xd"5*n*x"2 -
1890* (d*x + c) n*C*a~2*b*c”2*d"5*xn*x"2 - 1890%* (d*x + c) n*B*xaxb~2xc~2*xd~5*n
*x72 - 630*%(d*x + c) n*xA*b"3*%c”2+%d"5*n*x"2 + 840*%(d*x + c) nxCxa~3*c*xd " 6*n*
x"2 + 2520%(d*x + c) n*B*a " 2*xb*ckxd"6*n*x"2 + 2520% (d*x + c) "nxA*xaxb"2*xc*xd”"6
*n*x"2 + 5274*(d*x + c) "n*Bxa~3*%d"7*n*x"2 + 156822*%(d*x + c) “nxA*xa~2*b*d”7*n
*x72 + 1680*(d*x + c) n*xC*xa”~3*d"7+x~3 + 5040*(d*x + c) n*B*xa~2xb*d"~7*x~3 +
5040* (d*x + c) nxAxaxb~2xd"7xx"3 + 72+ (d*x + c) n*D*xa”2xbxc~5xd"2*n"2 + 72%
(d*x + c) "n*C*axb”™2*c™5xd"2*n"2 + 24*(d*x + c) n*B*b~3*c~5xd"2*n"2 - 108*(d
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*X + c¢) nkD*xa”3*c"4*%d"3*n"2 - 324%(d*x + c) nxC*xa”2xb*c”4*xd"3*n"2 - 324x(d*
X + ) nxBxaxb”2%c”4*d"3*n"2 - 108*(d*x + c) n*A*b~3*c”4*d"3*n"2 + 358*%(d*x
+ ¢)"nxCxa~3*xc”3*d"4*n"2 + 1074*(d*x + c) " n*Bxa~2xb*c”3%d"4*n"2 + 1074x*(dx*
X + ¢) nxAxaxb"2%c”3*%d74*n"2 - 1175%x(d*x + c¢) n*B*a”3*c”2*d"5*n"2 - 3525%(d
*¥X + ¢) nkA*a"2xbxc”2xd"5*xn"2 + 5104*(d*x + c) nxA*xa~3xc*xd"6+n"2 - 720*(d*x
+ ¢) "n*D*b"3*c”6xd*n*x + 2520*%(d*x + c) n*Dxaxb”2xc”5*xd"2*n*x + 840*(dxx +
C) “n*C*b~3*c”5xd"2*xn*x — 3024x(d*x + c) n*D*a”2*xbxc 4*xd"3*nxx - 3024* (d*x
+ ¢) "nxCxaxb~2*xc"4*xd"3*n*x - 1008* (d*x + c) n*Bxb~3xc”4*d"3*n*x + 1260*(d*x
+ ¢) "n*D*a”3*c”3*d"4*n*x + 3780*%(d*x + c) "n*Cxa~2xb*xc”3*d"4*n*x + 3780*(dx*
X + ¢) " nxBxaxb"2+xc”3*d"4*n*x + 1260*(d*x + c) n¥A*¥b"3*%c”3*d"4*n*x — 1680*(d
*X + ¢) nxCxa~3*c”2*%d"5*xn*x - 5040*(d*x + c) n*Bxa~2*b*c”2*%d"5*n*x - 5040%* (
d*x + c) n*A*axb~2xcT2*d"b*nxx + 2520% (d*x + c) “n*Bxa~3*c*d"6*nxx + 7560%*(d
*X + c) nkA*xa”2*xbkxcxd"6xnxx + 8028* (d*x + c) nkA*a~3*d"7*xnxx + 2520%(d*x +
C) "n*B*xa”3*%d"T7*x"2 + 7560*(d*x + c) n¥A*a"2xb*d"7*x"2 - 360*(d*x + c) n*D*a
*b72%c76*xd*n - 120%(d*x + ) "n*C*b~3*c”6*d*n + 936*%(d*x + c) “nxDxa”2¥b*c 5
d"2*n + 936*x(d*x + c) n*Cxaxb~2%c”5xd"2*n + 312*x(d*x + c) n*B*b~3*c”"5xd"2*n
- 642*%(d*x + c) n*D*xa~3%c”4*%d"3*n - 1926*%(d*x + c) nxCxa~2%b*c”4*d"3*n - 1
926%* (d*x + c) n*Bxaxb~2*xc"4xd"3%n - 642*(d*x + c) nxAxb"3*xc"4xd"3*n + 1276%
(d*x + c¢) "n*C*a”3*c~3*d"4*n + 3828*(d*x + c) n*B*xa~2*bxc~3*d~4*n + 3828 (d*
X + ¢) nxAxaxb"2%c”3*%d"4*n - 2754*(d*x + c) n*B*a~3*c”2*%d"5*n - 8262*x(d*x +
c) "n*xA*a"2%b*xc”2xd"5*n + 8028* (d*x + c) n*kA*a”"3*ckxd"6*n + 5040*(d*x + c)"n
*A*xa"3*%d"T7*x + 720%x(d*x + c) n*D*¥b"3*c”7 - 2520*%(d*x + c) n*xD*axb”2*c”6*d -
840* (d*x + c) " n*Cxb~3xc~6*d + 3024*(d*x + c) n*D*xa~2xbxc~5+%d"2 + 3024*(d*x
+ ¢) "nxCxaxb~2xc”5%d"2 + 1008*(d*x + c) " n*Bxb~3*xc”5%d"2 - 1260*(d*x + c)"n
*D*a”3*%c"4*d"3 - 3780*(d*x + c) n*C*a~2*b*c"4*d"3 - 3780*(d*x + c) n*Bxa*b”
2%c”4%d"3 - 1260*(d*x + c) n¥A*¥b"3*%c”4*d"3 + 1680*(d*x + c) n*xC*xa~3*c”~3*d"4
+ 5040*(d*x + c) n¥B*a~2xb*c”3*d"4 + 5040*(d*x + c) n*A*xaxb~2*xc~3*d"4 - 25
20% (d*x + c) " n*Bxa~3*c"2xd"5 - 7560*(d*x + c) nxAxa~2xbxc”2%d"5 + 5040* (d*x
+ ¢)"nxA*xa"3xcxd"6)/(d"T7*n”7 + 28*d”"7*n"6 + 322*%d"7#n"5 + 1960*d"7*n"4 + 6

769%d"7*n"3 + 13132*%d"7*n"2 + 13068*d"7*n + 5040%d~7)
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326  [(a+Dbx)(c+dx)"(A+Bx+Cx?+Dx?) dx

Optimal. Leaf size=338

(c + dx)"™* (a2d%(Cd - 3cD) — 2abd (~Bd? — 62D + 3¢Cd) + b? (Ad® — 3Bcd? + 6c2Cd —10c°D)) (¢ + dx)"*4 (a2d?L
+
dé(n + 3)

[Out] ((b*c - a*xd) 2%(c"2*%Cxd - B¥c*d~2 + A*d"~3 - c~3*D)*(c + d*x)~(1 + n))/(d"6x%
(1 + n)) + ((b*xc - axd)*(axd*x(2xcxCxd - B*d™2 - 3*c™2*D) - b*x(4*xc~2xCxd - 3
*Bxc*xd™2 + 2xA*d"3 - 5x¢c”3xD))*(c + d*x)"(2 + n))/(d76x(2 + n)) + ((a"2*%d"2

*(C*xd - 3*c*kD) - 2*axbxdx(3*xc*Cxd - B*d™2 - 6*c”2*D) + b~ 2x(6%c”2+%C*d - 3*B
*ckd™2 + A*d~3 - 10%c”3*D))*(c + d*x)~(3 + n))/(d"6x(3 + n)) + ((a~2xd~2%D

+ 2kaxbxdx (Cxd — 4xcxD) - b~ 2% (4*c*Ckxd — Bxd™2 - 10%c™2+D))*(c + d*x)~ (4 +
n))/(d"6x(4 + n)) + (b*(b*Cxd - SxbxcxD + 2*xa*d*D)*(c + d*x)~(5 + n))/(d"6%

(6 + n)) + (b™2xDx(c + d*x)~(6 + n))/(d"6x(6 + n))

Rubi [A] time = 0.246598, antiderivative size = 338, normalized size of antiderivative =
. . f rul
1., number of steps used = 2, number of rules used = 1, integrand size = 30, number of rules

0.033, Rules used = {1620}

integrand size

(c + dx)"™* (a2d%(Cd - 3cD) — 2abd (~Bd? — 62D + 3¢Cd) + b? (Ad® - 3Bed? + 6c2Cd —10c°D)) (¢ + dx)"*4 (a2dL
+
do(n + 3)

Antiderivative was successfully verified.

[In] Int[(a + b*x) 2*x(c + d*x) " n*(A + Bxx + Cxx"2 + D*x"3),x]

[Out] ((b*c - a*xd) " 2*x(c”2*%C*d - B*c*d™2 + A*d"3 - ¢~ 3*D)*(c + d*x)~ (1 + n))/(d"6x*
(1 + n)) + ((b*c - axd)*(axd*x(2xcxCxd - B*d"2 - 3*c™2*D) - b*x(4*xc™2xCxd - 3
*Bxc*d”2 + 2%A*d"3 - 5x¢c”3xD))*(c + d*x)"(2 + n))/(d76x(2 + n)) + ((a"2*d"2

*(Cxd - 3*c*D) - 2*xaxbxdx(3xc*C+xd - B*d™2 - 6*%c”2*D) + b~ 2x(6%c”2+%C*d - 3*B
*c*d"2 + A*d"3 - 10*c”3*D))*(c + d*x)"(3 + n))/(d"6x(3 + n)) + ((a~2+*d"2*D

+ 2kaxbxd*x (Ckxd — 4xc*xD) - b~ 2% (4*ckCkxd — Bxd™2 — 10%c™2*D))*(c + d*x)~ (4 +
n))/(@6x(4 + n)) + (bx(b*Cxd - 5*xbxc*D + 2*a*xd*D)*(c + d*x)~(5 + n))/(d”6%

(5 + n)) + (b™2xD*x(c + d*x)~(6 + n))/(d"6%(6 + n))

Rule 1620

Int[(Px )*x((a_.) + (b_)*(x )" (m_.)*((c_.) + (d_)*(x_))"(n_.), x_Symbol]
:> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)°n, x], x] /; FreeQ[{a, b, ¢
, d, m, n}, x] & PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) && GtQ[E
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xpon[Px, x], 2]

Rubi steps

(=bc + ad)? (c*Cd - Bed? + Ad® - D) (c + dx)"  (be — ad) (a
B *
(be - ad)? (c2Cd - Bed? + Ad® - D) (c + dx)™*"  (be - ad) (ad (2
451 + 1) "

f(a + bx)%(c + dx)" (A +Bx + Cx* + Dx3) dx = f[

Mathematica [A] time = 0.517371, size = 308, normalized size = 0.91

(c+dx)?(a?d?(Cd-3cD)+2abd(Bd?+6c>D-3cCd) +b?( Ad®-3Bcd?+6¢2Cd-10c°D)) (c+dx)>(a?d2D+2abd(Cd—4cD)+b?(Bd2+10c2D—4cCe
+

n+1
(C + dx) n+3 n+4

Antiderivative was successfully verified.

[In] Integratel[(a + b*x)"2%(c + d*x) " n*(A + B*x + C*x"2 + D*x73),x]

[Out] ((c + d*x)~(1 + n)*(((b*c - a*d) " 2x(c"2*xCxd — Bxc*d™2 + A*d"3 - ¢c"3*D))/(1
+ n) + ((bxc - axd)*(—(a*xd*(-2xc*Cxd + B*d~2 + 3*c~2*D)) + b*(-4*c”2*xCxd +
3*Bkckd™2 — 2xA*d~3 + 5%c”3%D))*(c + d*x))/(2 + n) + ((a”2*%d"2*(C*d - 3*c*D

) + 2%axb*xd* (=3*ckCkxd + Bxd"2 + 6xc”2%D) + b 2% (6xc”2xCxd — 3*Bxc*xd”2 + Axd

~3 - 10*%c”3*D))*(c + d*x)"2)/(3 + n) + ((a”2*d"2*D + 2*axbxd*x(Cxd - 4+*c*D)

+ b72x (—4*xc*C*xd + Bxd"2 + 10*c”™2*D))*(c + d*x)"3)/(4 + n) + (b*x(b*xCxd - 5%b

xcxD + 2*kaxd*D)*(c + d*x)"4)/(5 + n) + (b™2*D*(c + d*x)~5)/(6 + n)))/d"6

Maple [B] time = 0.015, size = 2588, normalized size = 7.7

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*xx+a) 2% (d*x+c) "n* (D*xx"3+Cxx~2+B*x+A) ,x)

[Out] (d*x+c)”(1+n)*(D*b~2*%d~5%n"5%x " 5+C*xb~2xd " 5%n"5%x"4+2*D*a*xb*d~5*n~5*xx~4+15%D
*b~2%d"5*n"4*x"5+B*b~2%d " 5*n"5%x " 3+2*Cxa*xbxd " 5*n " 5*x " 3+16%Cxb"2%xd " 5xn"4xx "4
+D*a " 2*xd"5*n"5*x"3+32*%Dxaxb*d"5*n"4*xx"4-5%D*xb" 2% c*xd"4*n"4*x"4+85*%Dxb"2*%d"b*
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n~3*%x"5+A*%b"2xd"5*n"5*kx T 2+2*%Bxa*xb*xd "5 n"5*xx"2+17*B*b " 2*xd"5*n"4*x " 3+C*xa"2*d"”
5*xn"5xx72+34*xCxa*xbxd"5*n"4*x"3-4*Cxb~2*xcxd " 4*n"4*x"3+95*%Cxb"2*%d"5*n"3*xx"4+1
T*D*xa”2*%d"5*n"4*x~3-8*D*xa*xb*xc*d~4*n"4*x"3+190*D*a*xb*d " 5*n"3*xx"4-50*%D*b~2*c*
d74*n"3*x"4+225%D*bT2%d"5*n "2k x "5 +2*% Axa*xbxd"5*xn " 5*x+18*Axb " 2%d " 5*n"4*x " 2+Bx*
a~2*xd"5*n"bxx+36*xBxa*xb*d"5*xn"4*xx"2-3%Bxb"2*c*kd"4*xn"4*xx"2+107*B*xb"2*%d"5*n"3*
x"3+18*%C*ka~2*%d"5xn"4*xx"2-6xCkaxbxc*kd " 4*n"4*xx"2+214*Cxa*xb*xd~5*n"3*xx~3-48*C*b
T2%cxdT4*n " 3%x73+260%C*xbT2xd"5*n"2%x"4-3*D*a " 2% cxd"4*n"4*x"2+107*D*a"2xd " 5*
n~3%x"3-96xDxa*xb*c*d"4*n" 3*x"3+520*D*a*b*d"b*n"2*x"4+20%D*b"2*%c”2*%d " 3*n" 3*x
“3-175%D*b"2%c*d"4*n"2*%x"4+274*%D*b " 2*%d " 5*n*xx " 5+A*a " 2xd " 5*xn"5+38*A*axb*d~5*n
TAxx-2%xAxb 2% c*xdT4*n"4*x+121xA*bT2%d"5*n " 3*x"2+19*%B*a~2xd " 5*n"4*x—-4*B*xa*xb*c
*d74*n"4Axx+242%B*axb*d"5xn " 3*xx"2-42*%Bxb " 2*%xcxd"4*n " 3*%x"2+307*B*b " 2*%d " 5*n"2*x
T3-2xCxa”2*%c*kd"4*xn"4xx+121*%Cxa”"2*%d"b*xn"3*x"2-84*C*a*xbxcxd"4*n"3xx"2+614*C*a
*bxd"5*xn"2%x " 3+12%Ckb 2% 2xd " 3*n " 3%x"2-188*Cxb " 2xckd"4*n"2%xx " 3+324*Cxb~2*d
“Bxn*xT4-42+%Dxa” 2% ckd"4*n " 3xx " 2+307*D*a”2xd " 5xn"2xx " 3+24xD*xaxbkxc”2xd " 3*n " 3%
X" 2-376*xD*axb*cxd"4*n"2%x"3+648*Dxa*xb*xd"5*n*x"4+120*%D*b" 2% c"2xd " 3*n"2*xx"3-2
50xD*b~2xc*d"4*n*x"4+120%D*b " 2*%d " 5xx"5+20*A*a”"2xd"5*n"4-2xA*xa*xbxckd"4*xn"4+2
T4*A*axbxd~5*n~3%x-32%Axb~2*%ckd~4*n~ 3*x+372%Axb"2*xd " 5*n"2*xx"2-B*a~2xc*xd " 4*n
T4+137*Bxa”2*%d"b*n"3*x-64*B*a*bxcxd 4*n"3*%x+744*B*axbxd"5*n"2%x"2+6*B*b " 2*C
“2xd73*n " 3%x-195%B*bT2*%cxd T 4*n " 2%x " 2+396*Bxb " 2xd " 5*n*x"3-32*C*a"2*%c*xd"4*n"3
*x+372xC*ka~2xd " 5*n"2xx " 2+12*xC*axb*c™2*xd~3*n"3*xx-390*Cxa*b*xckxd~4*n~2*xx~2+792
*C*axbxd~5*n*x"3+108*C*b~2xc™2*xd " 3*n"2*xx~2-288*Cxb~2*xc*kd " 4*n*xx~3+144*Cxb~2*
d7b*xxT4+6%D*a”2*%xc”2*%d"3*n " 3*x-195%D*xa "2k c*kd"4*n " 2*xx " 2+396xD*xa”"2*d " b*n*xx~3+2
16*Dxa*xbxc™2%d~3*n"2*x"2-576*D*a*xb*cxd~4*xn*xx~3+288*D*a*xb*d~5*x"4-60*D*xb~2*C
“3xdT2*xn " 2%x T 2+220%D*xb " 2% c T 2%d " 3*%n*x " 3-120%D*b " 2% c*kd"4*x"4+155%A*a"2*%d"5*n"
3-36*xA*axb*cxd"4*xn"3+922*Axa*xbxd " 5xn"2xxX+2%A*xb " 2xcT2xd " 3*n"3-178*Axb " 2xc*d”
4%n~2xx+508*%A*b"2xd " 5*n*x"2-18*B*xa~2*%c*kd"4*n"3+461*B*a~2*xd " 5*n" 2*xx+4*xBxa*xb*
c~2*%d"3*n"3-356*Bxa*bxcxd"4*xn"2*x+1016*Bxaxb*d " 5*nkxx"2+72*%B*xb"2*c"2*%d"3*%n"2
*x-336*B*b~2*%c*d"4*n*xx"2+180%B*b~2xd " 5xx"3+2*C*a~2%c"2*d"3*n"3-178*C*a~2*cx*
d~4*n"2*xx+508*Cxa”~2*%d " b*xn*x~2+144*Cxa*xbxc™2*%d~3*n"2*xx-672*xCkxa*xb*xc*d ~4*n*xx~2
+360*C*axb*d~5*x"3-24*Cxb~2xCc”~3%d"2*%n " 2*x+240%Ckxb~ 2% c™2xd " 3*n*x"2-144*C*b~2
*Cc*xdT4xx"3+72*%xD*a”"2*%c”2xd " 3*n"2*%x-336*D*a"2*xc*xd " 4*n*x"2+180*D*a"2*xd"5*x"3-4
8*Dxaxb*xc”3*%d"2*xn"2*xx+480*D*a*xbxc”2*xd " 3*n*xx"2-288*D*xaxb*cxd"4*x~3-180%D*b"2
*CT3%d"2xn*x"2+120%D*b " 2xcT2*xd " 3*x " 3+580*A*a"2xd"5*xn"2-238*A*xaxb*kcxd"4*n" 2+
1404xA*axbxd~bxn*x+30%A*b"2*%c™2*d"3*n"2-388%A*b"2*kc*d " 4*n*xx+240*%Axb~2%d " 5%*x
“2-119%B*a~2*%c*d"4*n"2+702*%B*a”2*%d " 5*n*xx+60*Bxa*bxc”2*%d"3*%n"2-776*Bxa*xb*xc*xd
T4xn*xx+480*B*a*xb*xd"5*x"2-6%Bxb"2*%c”"3%d"2*%n"2+246%xBxb"2*c”2%d " 3*n*x-180*B*xb~
2xckd"4*x72+30*%Cxa”~2*%c”2*%d " 3*n"2-388*Cxa”~2*kc*kd"4*n*xx+240*%C*a~2xd " 5*x"2-12*C
*axb*c”3xd"2*n"2+492*%Cxaxb*c”2*%d " 3*xn*x-360*Cxa*xbkcxd"4*x"2-168*%C*xb~2%c~3*xd”~
2*n*x+144%C*xb~2*%c™2xd " 3*x"2-6*D*a”"2xc”3*%d"2*%n"2+246*D*a” 2% c”2*d " 3*n*xx-180*D
*a"2*%cxdT4*x"2-336*Dxa*bxc”3%d T 2*n*xx+288*D*xa*xb*cT2%d " 3*x"2+120%D*b 2% c 4 *d*
n*x—-120*D*b"2*%c"3*d"2*x"2+1044*A*a~2xd " 5*xn-684*A*xaxb*cxd"4*xn+720*%A*xaxb*d 5%
x+148*xAxb~2*%c”2x%d " 3*n-240*%A*xb"2*c*d"4*xx-342*%B*a~2*xc*xd"4*n+360*B*a”~2*d " 5*xx+2
96xB*xa*xbxc”2*xd”3*n-480*Bxa*b*cxd 4*xx—-66%B*xb~2*%c”3*%d"2*n+180*B*b~2*xc”2*xd " 3*x
+148*%C*a~2*%c™2*%d"3*n-240*C*xa~2*xc*d~4*x—132*%C*xa*bxc”~3*xd~2*n+360*C*axb*c™2*xd~
3xx+24%Cxb~2xc"4xd*n—-144*Cxb~2xc~3*xd"2*xx-66*D*xa”~2*xc”~3*%d"2*n+180*D*a~2*c~2*d
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“3xx+48*D*xaxb*c”4*xd*n-288*D*xa*bxc”3xd"2*x+120*D*xb" 2% cT4*d*xx+720*xA*a”"2xd"5-7
20*%Axaxbxcxd~4+240*%A*b~2*xc”"2*xd"3-360*B*a”2*c*d~4+480*Bxaxb*c”2*d~3-180*B*xb~
2xc73%d"2+240*%C*xa”~2*xc”2xd"3-360*C*a*xb*xc~3*xd"2+144xCxb~2*%c~4*d-180*D*xa~2*xc”3
*d"2+288*D*axbxc”4*xd-120*%D*xb"2*%c~5) /d"6/ (n"6+21*n"5+175*xn"4+735+%n"3+1624*n"
2+1764*n+720)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a) 2 (d*x+c) “n* (Dxx~3+C*x~2+B*x+A) ,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) ~2*(d*x+c) “n*(D*xx~3+C*x~2+B*x+A) ,x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)**2% (d*x+c)**n* (D*kx**3+Ckx**2+B*x+A) ,x)

[Out] Timed out
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Giac [B] time = 2.92168, size = 6712, normalized size = 19.86

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a) 2% (d*x+c) “n*x (D*xx~3+C*x~2+B*x+A) ,x, algorithm="giac")

[Out] ((d*x + c) " n*D*b~2*%d"6+n"5%x"6 + (d*x + c) n*D*xb~2%c*d~5+n"5%x"5 + 2*x(d*x +
c) “n*D*a*xb*d”"6*n"5*x"5 + (d*x + c) n*C*b~2*d"6*n"5*x"5 + 15x(d*x + c) “n*D*
b"2*xd"6*n"4*xx"6 + 2% (d*x + c) nkDxaxbxcxd~5xn"5%x"4 + (d*x + c) n*Cxb~2xcxd
“B5#xn"5*x"4 + (d*x + c) " nxD*xa”2*%d"6*n"5*x"4 + 2*x(d*x + c) n*xCxaxb*d"6*n"5*x”
4 + (d*x + c) " n*¥B*¥b"2+%d"6*n"5*x"4 + 10*x(d*x + c) n*¥D*¥b"2*c*d"5*n"4*x"5 + 32
*(d*x + c) " n¥D*axbxd”"6*n"4*x"5 + 16*(d*x + c) n*Cxb~2*d"6*xn"4*x~5 + 85x(d*x
+ ¢) "n*D*b”"2*d"6*n"3*xx"6 + (d*x + c) nkD*a”2xcxd"5xn"5*x"3 + 2% (d*x + c)"n
*C*axb*c*d"5*n"5*x"3 + (d*x + c) n*¥B*¥b~2*c*d"5*n"5*x"3 + (d*x + c) n*Cxa 2%
d"6*n"5*x"3 + 2x(d*x + c) n*B*a*b*d"6*n"5*x"3 + (d*x + c) n¥A*¥b”2*d"6*n"5*x
"3 - B5%(d*x + c) " nxD*b"2xc"2*%d"4*n"4*x"4 + 24*x(d*x + c) “nxDxaxbkc*d"5*n"4x*x
~4 + 12%(d*x + c) "n*Cxb~2*xc*xd~5*n"4*x"4 + 17*x(d*x + c) n*xD*xa~2*xd"6*n"4*x"4
+ 34%(d*x + c) “nxCxaxbxd~6*n"4*x"4 + 17*(d*x + c) n*B*b~2%d"6*n"4*x"4 + 35%
(d*x + ¢) "n*D*b~2*xc*d"5*n"3*x"5 + 190*(d*x + c) n*D*xaxbxd~6*n~3xx~5 + 95%(d
*xX + ¢) nxCxb"2*d"6*xn"3*x"5 + 225 (d*x + c) "n*D*b"2*xd"6*n"2*%x"6 + (d*x + c)
“n*xC*a”2%ckd"5*n"5*x"2 + 2x(d*x + c) "n*Bkaxbxckxd"5*n"5*x"2 + (d*x + c) TnkAx*
b~ 2*cxd"5*n"5%x"2 + (d*x + c) nkB*a"2*xd"6*xn"5%xx"2 + 2% (d*x + c) nxA*axb*xd”~6
*n"5%x72 - 8% (d*x + c) nxD¥xaxbxc”2%d"4*xn"4*x"3 - 4*x(d*x + c) n*Cxb"2*xc"2xd”
4xn~4*xx"3 + 14x(d*x + c) n*D*a”2*xcxd"5*xn"4*xx"3 + 28+ (d*x + c) nxCkxaxbxcxd~5
*n"4%x"3 + 14*x(d*x + c) n*Bxb"2*c*d"5*n"4*x"3 + 18*(d*x + c) n*C*xa~2*d"6*n”
4*xx”3 + 36%(d*x + c) n*B*xaxb*d"6*n"4*x"3 + 18*x(d*x + c) n*A*xb"2*xd"6*n"4*x"3
- 30*%(d*x + c) " n*D*b"2*xc"2*%d"4*n"3*x"4 + 94*x(d*x + c) n*xDxaxbkxc*d"5*n"3*x”
4 + 47*x(d*x + c) n*Cxb~2*xc*xd~5+*n"3*x"4 + 107*(d*x + c) n*D*a”2xd~6*n"3*x"4
+ 214*x(d*x + c) n*xCxa*xb*d~6*n"3*x"4 + 107*(d*x + c) n*B*b~2*d"6*n"3*x"4 + 5
0*(d*x + c) " n*D*b~2xc*d~5*n"2*x"5 + 520*(d*x + c) n*D*axb*d”~6*n"2*x"5 + 260
*(d*x + ¢) nxCxb"2xd"6*n"2*xx"5 + 274*(d*x + c) n*D*b"2*xd"6*n*x"6 + (d*x + C
) "nxBxa”2%c*xd"5*n"5*xx + 2% (d*x + c) “n¥xA¥xaxb*c*d"5*n"5*x + (d*x + c) nxA*a”2
*d"6*xn"5*x — 3*%(d*x + c) " n*D*a”"2%c”2*xd"4*n"4*xx"2 - 6% (d*x + c) nxCxaxbxc 2%
d"4*n"4*x"2 - 3x(d*x + c) n*Bxb"2*cT2%d"4*n"4*x"2 + 16%(d*x + c) nkCxa~2*cx*
d"5*n"4*x”2 + 32x(d*x + c) n*Braxbkxckd"5xn"4*x"2 + 16%(d*x + c) n*xA*xb”2x*cx*d
“Bxn"4*x72 + 19%(d*x + ¢) n*B*xa”2+%d"6*n"4*x"2 + 38*%(d*x + c) nxA*xaxb*d”6*n”
4xx”2 + 20*x(d*x + ¢) "n*D*b”"2*c”3*d"3*n"3*x"3 - 72+ (d*x + c) n*D*xaxbxc~2*xd~4
*n"3%x"3 - 36%(d*x + c) " n*xCxb"2%c"2+%d"4*n"3*x"3 + 65x(d*x + c) n¥D*xa"2*c*d”
5xn~3*x"3 + 130*(d*x + c) nxCkaxb*c*d~5*n"3*x"3 + 65%(d*x + c) n*B*xb~2%cxd”
5%¢n"3%x"3 + 121%(d*x + c) n*C*xa~2*%d"6*n"3*x"3 + 242*x(d*x + c) n*Bxaxb*xd~6%*n
“3%x73 + 121*%(d*x + c) "n*xA*b"2*%d"6#n"3*x"3 - 55x(d*x + c) n*Dxb"2*c”2+%d"4*n
"2%x74 + 144x(d*x + c) “nxDxaxb*xc*d"5*n"2*%x"4 + 72*x(d*x + c) “n*xCxb~2*c*d"5*n
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“2*%x74 + 307x(d*x + c) nxD*xa”2*xd"6*n"2*xx"4 + 614*(d*x + c) n*Cxaxb*xd~6xn"2*
x~4 + 307*(d*x + c) "n¥B¥b”"2*xd"6*n"2%x"4 + 24*(d*x + c) n*D*b"2%c*xd 5¥n*x"5
+ 648*(d*x + c) n*Dxaxb*d”6*n*x"5 + 324*(d*x + c) n*Cxb~2*%d"6*n*x"5 + 120%(
d*x + c) n*Dxb"2*xd"6*x76 + (d*x + c) nkxA*a"2*xcxd"5xn"5 - 2+ (d*x + c) n*C*xa”
2%c72*%d74*n"4*x — 4x(d*x + c) n¥Braxb*cT2xd"4*n"4*x — 2*x(d*x + c) “n*xA*b"2*c
“2%d74¥n"4*xx + 18*(d*x + c) n*B*xa~2*cxd"5*n"4xx + 36%(d*x + c) nxAxaxbxcxd”
5%¥n~4*x + 20*%(d*x + c) nxAxa”2+%d"6*n"4*x + 24*x(d*x + c) nxDxaxb*c”3*d"3*n"3
*x72 + 12%(d*x + ¢) "n*Cxb~2xc”3*%d"3*n"3*x"2 - 36*%(d*x + c) nxD*xa”2*c”2*xd"4*
n~3*x72 — 72x(d*x + c) n*Ckaxb*xc"2*xd"4*n"3*x"2 - 36*(d*x + c) n*Bxb"2xc"2xd
“4+n"3%x72 + 89k (d*x + c) " nxCxa”2*c*d"5*n"3*x"2 + 178*(d*x + c) n¥Bxaxb*c*d
“B*nT3%x72 + 89k (d*x + c) n¥AxbT2%ckd"5*n"3*x72 + 137+ (d*x + c) n*B*a~2*xd"6
*n"3%x72 + 274*x(d*x + c) nxA*axb*d"6*n"3*x"2 + 60*(d*x + c) n*D*¥b"2%c”3*d"3
*n"2%x"3 - 160*(d*x + c) “nxD*xaxb*c”2+%d"4*n"2*x"3 - 80*(d*x + c) n*xC*xb~2*c”2
*d74*n"2%x"3 + 112x(d*x + c) "n*D*a”2%c*d"5*n"2*x"3 + 224*(d*x + c) n*Cxaxb*
cxd"5*n"2%x"3 + 112*%(d*x + c) " n*Bxb~2%c*d"5*n"2%x"3 + 372*x(d*x + c) n*Cxa~2
*d"6*n"2%x"3 + 744*x(d*x + c) n*¥Bxaxb*d"6*n"2*x"3 + 372x(d*x + c) n¥A*xb"2%d"
6*n~"2*xx~3 — 30*(d*x + c) " n¥D*b"2%c”2xd"4*n*x"4 + 72x(d*x + c) “n*Dxaxb*cxd”5
*n*x"4 + 36%(d*x + ) n*xCxb~2*c*d"5*n*x"4 + 396*x(d*x + c) n*D*a”2*d”6*n*x"4
+ 792*%(d*x + c) n*Cxaxb*d~6*n*x"4 + 396*x(d*x + c) n*B*¥b~2*d"6*n*x"4 + 288%
(d*x + c¢) "n*D*axb*d"6*x"5 + 144x(d*x + c) n*Cxb"2xd"6*x"5 — (d*x + c) n*B*a
"2%cT2%d74*n"4 - 2% (d*x + c) "n¥xA*xaxb*c”2%d"4*n"4 + 20%x(d*x + c) n¥xA*a"2*c*d
“5*n"4 + 6*%(d*x + c) n*D*a”2xc”3*%d"3*n"3*x + 12*%(d*x + c) nxCxaxb*c”3*d"3*n
“3%x + 6*%(d*x + c) n*Bxb"2xc”3*%d"3*n"3*x - 30*(d*x + c) nxCxa~2*c”2*d"4*n"3
*x — 60*(d*x + c) n*Bxaxbxc”2*%d"4*n"3*x - 30*%(d*x + c) nxA*xb"2%c”2+%d"4*n"3*
X + 119%(d*x + c) n*B*a”2*c*d"5*n"3*x + 238*(d*x + c) n*A*axbxckxd"5*xn"3*x +
155% (d*x + c) "n¥A*a~2+*d"6*n"3*x — 60*x(d*x + c) n*¥D¥b"2%c”4*d"2*n"2*xx"2 + 1
68* (d*x + c) n*D*axb*c™3*d"3*n"2%x"2 + 84*(d*x + c) n*Cxb~2%c”~3*d"3*n"2*xx"2
- 123%(d*x + c) "nxD*xa”2*xc”2*xd"4*n"2*x"2 - 246%(d*x + c) “nxCxaxbxc”2*xd"4¥n”
2%x72 - 123*%(d*x + c) " n*Bxb"2%c”2%d"4*n"2*x"2 + 194*x(d*x + c) n*Cxa~2*c*d”5
*n"2%x72 + 388*%(d*x + c) nxBxaxb*c*d"5*n"2*x”2 + 194*x(d*x + c) n¥xA¥b"2%c*d”
54n"2%x72 + 461*%(d*x + c) " n*Bxa"2+%d"6*n"2*%x"2 + 922*(d*x + c) “nxA*xaxb*d"6*n
“2*%x72 + 40*x(d*x + c) "n*D*xb"2*c”3*%d"3*n*x"3 - 96*(d*x + c) “n*D*xaxb*xcT2xd 4*
n*x~3 — 48x(d*x + c) n*C*xb~2*xc”2xd"4*n*x"3 + 60*(d*x + c) n*D*a”2*c*xd 5*n*x
3 + 120*%(d*x + c) n*Cxaxbxc*d~5*n*x"3 + 60*(d*x + c) nxBxb~2*c*d"5*n*x~3 +
508* (d*x + c) " n*Cxa~2*xd~6#n*x"3 + 1016*%(d*x + c) n*Bxaxb*d~6*n*x"3 + 508%(
d*x + c) nxAxb"2*xd"6*n*x"3 + 180*%(d*x + c) n*D*a~2*xd"6*x"4 + 360*%(d*x + c)”
nxCxaxbxd“6*x"4 + 180*(d*x + c) n*Bxb~2*d"6*x"4 + 2*(d*x + c) n*C*xa~2*c”3*d
~3#%n"3 + 4*x(d*x + c) n*Bxaxbxc~3%d"3*n"3 + 2*x(d*x + c) n*xA*xb"2%c”3*%d"3*n"3
- 18*(d*x + c) " n*Bxa"2*xc"2xd"4*n"3 - 36*(d*x + c) nxAxaxbxc~2*%d"4*n"3 + 155
*(d*x + c) nkA*a"2xcxd"5*n"3 - 48+ (d*x + c) “nkDxaxbxcT4xd"2*n"2%x - 24*(d*x
+ ¢)"nxCxb"2xc"4*d"2+%n"2%x + 66*%(d*x + c) nxD*xa”2%c”3*d"3*n"2*x + 132*x(d*x
+ ¢) "n*Cxaxbxc~3*%d"3*n"2%x + 66*x(d*x + c) n*Bxb"2%c”3*d"3*n"2*x - 148* (d*x
+ ¢) "n*C*xa~2%c”2xd"4*n"2xx - 296% (d*x + c) “n¥B¥axbxcT2*xd"4*n"2*x - 148*(d*
X + ¢) nxA¥b7T2*xcT2xd"4*xn"2*%x + 342*x(d*x + c) nkBxa~2*xcxd"5*n"2%x + 684 (d*xx
+ c) "“nxAxaxbxcxd“5*n"2%x + 580*(d*x + c) nxA*a~2xd"6#n"2%x - 60*(d*x + c)”
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nxD¥b~2%xc 4*d"2*n*x"2 + 144*x(d*x + c) “nkDxaxb*c”3*%d"3*n*x"2 + 72x(d*x + c)”
nxCxb~2*xc~3*%d"3*n*x"2 - 90*(d*x + c) n*D*xa”2*c”2*d"4*n*x"2 - 180*(d*x + c)”
nxCxaxbxc™2xd~4*n*x"2 - 90*(d*x + c) " n*Bxb~2%c”2+%d"4*n*x"2 + 120%(d*x + c)”
nxCxa~2xcxd~5*n*x"2 + 240%(d*x + c) “n*Bxaxbxc*d~5*n*x"2 + 120*(d*x + c) n*A
*b"2%ckd75knkx"2 + 702*x(d*x + c) "n*B*a”"2*d"6*n*x"2 + 1404*(d*x + c) n*xAxaxb
*d76xn*x"2 + 240*%(d*x + c) nkCxa~2*d"6xx"3 + 480*(d*x + c) n*Bxaxb*d 6xx~3
+ 240%(d*x + c) "nxA*b"2*%d"6*x"3 - 6% (d*x + c) nkD*xa"2*c”4*xd"2*n"2 - 12x(d*x
+ ¢) "nxCkxaxbxc~4*xd"2*n"2 - 6% (d*x + c) n*Bxb"2*cT4*xd"2*n"2 + 30*(d*x + c)”
nxCxa~2*xc~3*%d"3*%n"2 + 60*(d*x + c) n*Bxaxbxc~3*%d"3*n"2 + 30*(d*x + c) n*xAxb
"2%c73%d73*n"2 - 119%(d*x + ¢) n*¥B*a"2%c”2*xd"4*n"2 - 238*(d*x + c) “nxA*xaxbx*
c72%d"4*n"2 + 580*%(d*x + c) nxA*a"2*cxd"5+%n"2 + 120*(d*x + c) n*Dxb~2*xc~5%d
*nxx — 288*%(d*x + c) ni*D*xaxbkxc”4*xd"2*n*x - 144%(d*x + c) “n*xCxb~2*xc~4*xd ™ 2*n*
X + 180*(d*x + c) n*D*a”2*c”3*d"3*n*x + 360*(d*x + c) n*Ckaxb*c~3*d"3*n*xx +
180* (d*x + c) n*B*b~2%c”3*d"3*n*x — 240*(d*x + c) n*C*a~2*c”2*xd"4*n*x - 48
0*(d*x + c) " n*Bxaxbxc™2*%d"4*n*x - 240*%(d*x + c) " nxAxb"2%c”2+%d"4*n*x + 360%*(
d*x + c) " n*Bxa~2xcxd"5*n*x + 720*%(d*x + c) “nxA*xaxbxckxd"5*n*x + 1044*(d*xx +

C) "nxA*a”2+%d"6*n*x + 360*%(d*x + c) nxBxa"2*%d"6*x"2 + 720*(d*x + c) nxAxaxb*
d"6*x"2 + 48*(d*x + c) n*D¥xaxb*c”5xd*n + 24*x(d*x + c) n*Cxb~2*c”5*xd*n - 66%
(d*x + c) "n*D*a”2*xc ™ 4*xd"2*xn - 132*(d*x + c) n*xCkxaxbxc~4*xd"2*n - 66*(d*x + c
) Tn*xB*xb72%c”4*d72*%n + 148*%(d*x + c¢) n*C*xa”2%c”3*d"3*n + 296*(d*x + c) n*B*a
*b*c”3*%d"3*n + 148*%(d*x + ) n¥A*b"2%c"3*%d"3*n - 342*x(d*x + c) n¥Bxa”2%c”2x
d"4*n - 684%(d*x + c) nxA*xaxbxc”2xd"4*n + 1044*(d*x + c) n*A*xa~2%c*xd"5%n +
720*%(d*x + c) nxA*xa~2+%d"6*x - 120*%(d*x + c) n*D*xb~2%c”6 + 288*(d*x + c) n*D
*axb*c”5*xd + 144*x(d*x + c) n*xCxb~2%c”5+xd - 180*(d*x + c) " n*D*xa~2xc~4*d"2 -
360*(d*x + c) " nxCxaxb*xc™4*d"2 - 180*(d*x + c) " n*Bxb~2%c”4*d"2 + 240*(d*x +
c) "n*xC*xa~2%c”3*%d"3 + 480*(d*x + c) n*xBxaxb*c”3*d"3 + 240*(d*x + c) nxAxb"2%
c”3*%d"3 - 360x(d*x + c) n*Bxa"2*c"2*d"4 - 720*(d*x + c) nxAxaxb*c”2x%d"4 + 7
20% (d*x + c) nxA*a”2*c*d~5)/(d"6*n"6 + 21*d"6*n"5 + 175%d"6*n"4 + 735%d"6*n
~3 + 1624*d"6*n"2 + 1764*xd"6*n + 720*d”"6)
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3.27 f(a + bx)(c + dx)" (A + Bx + Cx? + Dx3) dx

Optimal. Leaf size=226

(be - ad)(c + dx)"*! (Ad® - Bed? + 2Cd + ¢3(-D))  (c + dx)"*? (ad (~Bd? - 3c2D + 2cCd) — b (Ad® - 2Bcd? + 3¢?
- B +1) - d5(n + 2)

[Out] -(((b*c - a*d)*(c™2%Cxd - Bxc*d~2 + A*d~3 - c~3*D)*(c + d*x)~(1 + n))/(d~5*
(1 + n))) - ((axd*x(2xc*xCxd — Bxd™2 - 3*c™2%D) - b*(3*c™2*xCxd - 2*B*c*d™2 +

A*d™3 = 4xc”3%D))*(c + d*x)"(2 + n))/(d75*x(2 + n)) + ((axd*x(Cxd - 3*c*xD) -

b* (3*xc*xCxd — B*d™2 - 6%c”2*D))*(c + d*x)~(3 + n))/(d"5%(3 + n)) + ((b*Cxd -
4xbxc*D + a*d*D)*(c + d*x)~(4 + n))/(d"5*x(4 + n)) + (b*Dx(c + d*x)~(5 + n)
)/(@°5%(5 + n))

Rubi [A] time = 0.161139, antiderivative size = 226, normalized size of antiderivative =

. . b f rul
1., number of steps used = 2, number of rules used = 1, integrand size = 28, T

0.036, Rules used = {1620}

integrand size

(be - ad)(c + dx)"™! (Ad® — Bed? + 2Cd + 3(-D)) (¢ + dx)"*2 (ad (~Bd? - 3D + 2cCd) - b (Ad® - 2Bcd? + 3¢
- d5(n +1) - d5(n + 2)

Antiderivative was successfully verified.

[In] Int[(a + b*x)*(c + d*x) n*x(A + Bxx + C*x~2 + D*x"3),x]

[Out] -(((b*c - a*d)*(c~2*%C*d - B*c*d™2 + A*d"3 - c¢"3*D)*(c + d*x)~ (1 + n))/(d"5x%
(1 + n))) - ((axd*x(2xc*xCxd — Bxd~2 - 3*c™2%D) - b*(3*c™2*xCxd — 2*B*xc*d™2 +

Axd~3 - 4*xc”3*D))*(c + d*x)"(2 + n))/(d"5*(2 + n)) + ((a*xd*x(Cxd - 3xc*D) -

b* (3*%c*xCxd — B*d"2 - 6%c”2+D))*(c + d*x)~(3 + n))/(d"5*x(3 + n)) + ((bxCxd -
4xbxcxD + axd*D)*(c + d*x)~(4 + n))/(d"5*%(4 + n)) + (b*D*x(c + d*x)~(5 + n)
)/(@75%(56 + n))

Rule 1620

Int[(Px_)*((a_.) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol]
:> Int[ExpandIntegrand[Px*(a + b*x) mx(c + d*x)"n, x], x] /; FreeQ[{a, b, c
, d, m, n}, x] & PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) && GtQ[E
xpon[Px, x], 2]

Rubi steps
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(=bc + ad) (c2Cd - Bed? + Ad® - D) (c +dx)*  (-ad (2cCd - B
T "
(be - ad) (c*Cd - Bed? + Ad® - D) (c + dx)'*"  (ad (2cCd - Bd? -
- d5(1 + n) -

f(a+bx)(c+dx)” (A+Bx+ Cx? +Dx3) dx = f{

Mathematica [A] time = 0.270534, size = 199, normalized size = 0.88

(c+dx)(ad(Bd?+3c2D-2cCd)+b( Ad®~2Bcd?+3c2Cd-4c3D)) (be-ad)(~Ad®+Bcd?~2Cd+c®D)  (c+dx)?(ad(Cd-3cD)+b(Bd?+6c2D-3cC
+ +

n+2 n+1 n+3

4°

(c + dx)"*!

Antiderivative was successfully verified.

[In] Integratel[(a + b*x)*(c + d*x) n*x(A + Bxx + C*x”2 + D*x"3),x]

[Out] ((c + d*x)~(1 + n)*(((b*c - a*d)*(-(c™2*%Cxd) + Bxcxd™2 - A*d"3 + c~3%D))/(1
+ n) + ((axd*(-2%c*Cxd + B*d™2 + 3%c™2*D) + b*(3*%c™2%Ckd - 2xBkxc*d™2 + Axd

"3 - 4%c”3*D))*(c + d*x))/(2 + n) + ((a*d*(Cxd - 3*c*D) + bx(-3*c*C*d + Bx*d

"2 + 6%c”2+D))*(c + d*x)72)/(3 + n) + ((b*Cxd - 4xb*xcxD + axd*D)*(c + d*x)~
3)/(4 + n) + (bxDx(c + d*x)"4)/(5 + n)))/d"5

Maple [B] time = 0.008, size = 1039, normalized size = 4.6

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*xx+a)x*(d*x+c) "nx(D*x~3+C*x~2+B*xx+A) ,x)

[Out] (d*x+c)” (1+n)*(D*xb*d~4*n"4*x"4+C*b*d"4*n"4*x"3+D*a*xd~4*n~4+x"3+10*D*b*xd"4*n
“3*x"4+B*b*d"4*n"4*xx"2+Crxaxd " 4*n"4*x"2+11%Cxb*xd"4*n"3*x"3+11*xD*a*xd"4*n"3*kx"
3-4*Dxb*xcxd~3*n"3*x"3+35%D*b*d"4*n"2*x"4+A*xb*xd~4*n"4xx+B*a*xd"4*n"4*x+12*B*xb
*d"4*n"3xx"2+12*xCka*xd"4*n" 3*%x"2-3*%Ckbxc*kd " 3*n"3*xx"2+41*Cxb*d~4*n"2*xx~3-3%D*
axcxd”3*n"3*x"2+41*D*a*xd"4*n"2*xx"3-24*Dxbxcxd"3*n"2*%x " 3+50*%D*b*d " 4*n*xx"4+Ax*
a*d"4xn"4+13xAxb*xd"4*n" 3xx+13*Bxa*xd"4*xn" 3xx—-2*%Bxb*c*kxd~3*n"3*x+49*Bxb*d"4*n”
2%x72-2*%Ckxaxc*kd~3*n" 3xx+49*Cxa*xd " 4*xn~ 2*%x"2-24*Cxb*c*xd~3*n"2%x"2+61*xCxb*xd~4*
nxx~3-24*Dxaxckxd "~ 3*n"2%x"2+61*Dxaxd " 4*xn*x"3+12*D*b*xc”2%d"2*n " 2*x " 2-44*D*b*c
*d " 3*n*x"3+24*Dxbxd " 4*xx"4+14xA*xa*xd"4*n"3-Axbxcxd"3*n"3+59*Axbxd~4*n"2*x-Bx*a
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*cxd”3*n"3+59*%Bxa*xd"4xn"2*xx—-20*%B*bxc*kd~3*n"2*xx+78*Bxbxd " 4*n*x"2-20*xCka*xcxd”
3*n"2%x+78*Cxa*d~4*n*x"2+6*Cxb*c~2*%d"2*xn" 2*x-51*Ckbxc*d~3*n*x~2+30*%Cxbxd~4x*
x"3+6xDxaxc”2*%d"2*n" 2*%x-51*D*a*c*xd”3*kn*x"2+30*D*a*xd"4*x"3+36*D*b*c”2xd " 2*n*
X"2-24*%Dxbkc*xd”3*%xT3+7 1k A*a*d 4+ n"2-12%Axb*cxd"3*%n"2+107*Axb*d " 4*n*xx-12*%Bxa
*c*d"3*n"2+107*Bxaxd”~4*n*x+2*xBxb*c”~2%d"2*n"2-58*B*b*c*xd " 3*n*x+40*B*b*d~4*xx"~
2+2*%Cxa*c”2%d"2*xn"2-58*Cxa*cxd” 3*nxx+40*Cxa*xd~4*xx~2+36*Cxb*c~2*%d"2*xn*x-30*C
*bxckd"3xx"2+36xD*a*xc”2xd " 2*xn*x-30*D*axcxd”3*xx"2-24*Dxb*c”3*xd*n*xx+24*D*xbxc”
2xd"2*%x72+154xAxa*d"4*xn—-47*Axbxckd"3*n+60*Axbxd"4*x—-47*B*axcxd” 3*n+60*B*xa*xd
“4xx+18%Bxb*cT2*xd"2*n-40*Bxb*ckd " 3xx+18*Ckxa*c”2*xd"2*n-40*xCxaxcxd ™ 3xx—6xCkbx
¢~ 3*d*n+30*Cxb*xc~2*%d ™ 2*xx—6*D*a*c”3xd*n+30*D*xa*xc”2xd~2*xx—-24*D*b*c”3*xd*xx+120%
Axaxd”"4-60xA*xb*xcxd”3-60*B*xa*xcxd”3+40*Bxb*c~2*%d"2+40*xCka*xc™2*d~2-30*C*xbxc~ 3%
d-30*D*xa*xc”3*d+24*Dxb*c~4) /d"5/ (n"5+15*n"4+85*n"3+225%n"2+274*n+120)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)*(d*x+c) “n*(D*x~3+C*kx~2+B*x+A) ,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)*(d*x+c) “n*(D*x~3+C*xx~2+B*x+A) ,x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError

Sympy [A] time = 17.5729, size = 13442, normalized size = 59.48

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((b*x+a)* (d*x+c)**nk (Dxx**3+Ckx*k*2+B*x+A) ,X)

[Out] Piecewise((cx*n*(A*akxx + Axb*x**2/2 + Bxaxx**2/2 + Bxbxx**3/3 + Ckxa*xx**3/3
+ Cxbkxxx*x4/4 + D¥xaxx*x*x4/4 + Dxb*xx*x*5/5), Eq(d, 0)), (-3*Axaxd**4/(12*c*x*4*d
*k5 4+ A8kCHk*k3kAkkB*kX + T2kCk*kkd*kkTxx*k*2 + 48kckd*x*k8kx*k*3 + 12kd**kOkx**x4) -
Axbxcxd*x*x3/ (12*%ck*x4xd**x5 + 4A8kck*x3kxd*x*x6xx + T2kck*k2kd*kxT*xx*k*x2 + 48*kckd**x8*
x*k%3 + 12%d**xOkx*k*x4) — 4xAxbkd*kdkx/(12%ckx*4xd*x*5 + 48xcx*3xd*x*B*xx + T2*C**
2kd*kTkxk*k2 + 4A8kckd**k8kx*x*3 + 12kd**x9xx**x4) — Bkakxckxdx*3/(12kxckx*x4*xd*x5 + 4
8xCkk3kA**kB*kX + T2kCk*kDkdA**kT*x**k2 + A8kckxd**k8*xx**3 + 12%d**Q*x**4) — 4*Bxax
dx*x4xx/ (12%ck*x4xd*x*5 + A8kCk*k3kAk*kB*X + T2kCk*k2kAk*kT*x*k*2 + 4A8kCckd**Skx*k*3
+ 12%d**OQkx*k*4) — Bxbkxck*x2xd*x*2/ (12%ckx*k4*xd*x*x5 + A8kcx*x3kd**kB*xx + T2*ck*x2xd*
*Tkx**k2 + 48kckd*x*8kx*x*3 + 12%d**xOkx**4) - 4*Bxbxckxdx*x3xx/(12%c*k*x4*xd**x5 + 4
8k CkkIkd*kkBkK + T2kCk*kkd*kkThx*k*D + A4A8kckd*x*8*kx**x3 + 12xA**Q*xx*%x4) — 6G*xBxbx
dxx4*xx**%2/ (12*ckx*k4xd*x*5 + A8kCx*k3kd**kB*x + T2kCk*kDkd**k7*x**2 + 4A8kckd**8*x*
*3 4+ 12%d**Okx**4) — Ckakxckx*2kd*x*2/ (12*ckx*4xd*x*5 + 4A8kckx*3kd**6%x + T2kCk*2
kQkkTkx*k*2 + A8kckd**k8kxk*k3 + 12xd*x*xQkxk*k4) — A*xCkakxckd*x*x3%x/ (12%kc*k*x4*xd**5
+ 48kck*k3kd*kkBkx + T2kCHkk2kd*kTkx*k*2 + 4A8kckd**8kx**3 + 12%kd**xQkx**x4) - 6*C
kaxdxkdkxxkx2/ (12%ckkdxd*x*5 + 48kckk3Ikd*xkB*xx + T2kCk*kd*kkTxx**x2 + A8kckd**8
*xk%3 + 12kxd*x*xQkxk*k4) — 3%Cxkxbkck*x3xd/ (12*kck*x4xd**x5 + 48kck*3*kd**xB*xx + T2kC*
*Qkd*kkTkx*k*%2 + A8kCkd**k8kx**3 + 12%kd*k*xQkx*k*4) — 12xCkbkck*x2xd**x2*xx/ (12%cx*4
*d**5 + 4A8kckk3kd*kkGkx + T2kCHkkkd*kkTkx*k*%2 + AZkckd**k8kx**3 + 12%kd**xQkx**4)
— 18%Cxbxckxd**x3xxkx*x2/ (12%ck*kdkxd**5 + 48kck*x3kd**x6*xx + T2kCHk*xkd**xTkx**2 +
A8k ckd*k*x8kx*k*3 + 12kdA**kQxx*k*4) — 12%Cxkbkdkxdxx**x3/ (12kck*x4xd*x*5 + 48*c*x*x3*xd
*KkBkX + T2kCKkkkAkkTkx*k*k2 + A8kckd*kSkx*k*3 + 12xd**xQkxk*k4) — 3*Dkakxck*x3xd/ (
12k ck*kdxd*x*x5 + 4A8kck*k3kA*x*kB*xX + T2kCk*k2kAk*kT*xk*k2 + A8kckd*x*8kxx*x*3 + 12%d**
Okx**k4) — 12%Dkaxckx2kxdxx2%xx/ (12%ckx*4xd**5 + 48kcx*3kd*k6*xx + T2kCk*x2kd**7*
x*k%2 + A8kckd*kk8kx*k*3 + 12kd**xQkx*k*x4) — 18*Dkaxckdkx3kxx*k*x2/ (12%ck*xd*xd**x5 +
A8k ckk3kA**kB*kx + TkCkk2kd*kTkxk*k2 + A8kckd**xSkx*x*3 + 12kd**x9*x**x4) — 12%Dx*
axd*xx4xxx*k3/ (12kckx*k4*kd**5 + 4A8kCk*k3kA**B*x + T2*kCk*k2kd*kT*kx*k*2 + 4A8kckd**xSx*
x**3 + 12kd**9xx**4) + 12xDxbkcx*xdxlog(c/d + x)/(12xc*x4*xd**5 + 48*ck*3xd**
B*xX + T2kCkk2kAkKkTkxk*2 + A8kckd**kSkx*k*x3 + 12kd*x*xQkx*k*4) + 25%Dxbkckx*x4/ (12%
ckx4xdxx5 + 48kck*k3kdk*kBxx + T2kCk*k2kd*k*kTHx*k*k2 + 48kckd*x*x8kxk*x3 + 12xd**9*xx
xk4) + A8*Dxbxc*k*3*kdxx*log(c/d + x)/(12%ck*4*xd**5 + 48kcx*k3*xd**6*x + T2*kCk*
2kd*kkTkx*k*k2D + 48kckd*k*kSkx**3 + 12%kd**O*xx*%x4) + 88*D*bkckk3kd*xx/ (12%kc*k*4*xd**
5 + 4A8%ck*x3xd*x*kB*xX + T2kCk*k2kdAk*kTxx*k*k2 + A8kxckd*x*8kxx*kx*3 + 12xd*x*k9xx*x*x4) + 7
2xDxb*cxk2xd*xx2*xx**2x1og(c/d + x)/(12kck*4*xd**5 + AB*Ck*3kd**6*x + T2XCHk*2*
dxk7*x**2 + 48kckd**8kx**3 + 12%d**xOkx**4) + 108*Dxbkck*2xd*x*2xx*x*2/ (12*%c**
Axd**5 + 48kck*x3kd*k*xBkx + T2kCHkkkd*kkTkx*k*2 + A8kckd**8kx**3 + 12%kd**xQkx**4
) + 48*D*b*c*d**3*x**3*log(c/d + x)/(12%ck*x4xd**5 + A4A8kc*k*x3xd**x6*xx + T2kCk*
2kd*kkTkx*k*k2 + 48kckd**kSkx**3 + 12%kd**Okx*%x4) + 48*%D*bkckd*x*3%xx**x3/ (12%c*x*4x*
d*x*5 + 4A8kck*k3kd*kkBkx + T2kCHkkkAFkTkx*k*2 + A8kCkd**8kx*k*3 + 12%kd**xQkx*k*4)
+ 12xD¥bxd**x4*x*k*k4*xlog(c/d + x)/(12%cx*k4xd**x5 + 48kck*x3*kd*x*6*x + T2kck*2*d*
*Tkx*k%x2 + A8kckdx*x8*xx*x*3 + 12*xd*x*x9*xxx*x4), Eq(n, -5)), (-2xAkxaxckxd*x4/(6*c*x*
Axd*x*5 + 18kckx*x3kd**kB6*kx + 18*kCk*k2kd**kT*kx*k*2 + GkCkd**k8*kx*k*x3) — Axbkckkkd**
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3/ (6kckkdxd**x5 + 18kCkk3kAk*kB*xxX + 18kCkk2kd**k7T*kx*k*2 + GkCckd**8kx*kx*3) — 3kAx
bxckxd*x*x4*xx/ (6xck*x4*xd*x*5 + 18%ckx*k3kd*x*xBxx + 18kCkkDkAk*kTkX*k%x2 + GkCkA**kSkx**
3) - Bxaxckx*x2xd*x*3/ (B*ckx4xd*x*5 + 18%ck*x3kd*x*xB*xx + 18kCk*kd*k*xT*x*k*2 + GkC*
d*x8xx*x*3) — 3kBkakckdx*4xx/(Bxckxx4xdx*5 + 18kckkx3kd**kB*kx + 18%kCkkDkd**kT*kxk
*2 + 6xckd*x*k8kx*k*3) + 2xBxbkd*kx5kxx*x*x3/ (6*kckkdxd*x*x5 + 18kck*3*kd**xB*xx + 18%c*
*2kd*kkT*kxk*k2 + Gkckd**x8*kx*x*3) + 2*kCkxakxd**x5xxkx*x3/ (6kck*x4*xd*x*5 + 18*kc*x*3kxd**6
*X + 18kCHk* kAR THX*%2 + GxCkd**k8xx**3) + 6xCxbkcx*xdxd*xlog(c/d + x)/(6kcx*x4
*Q*k*5 + 18kckk3kd**kB6kx + 18%Ck*k2kd*kkT*kx*k*2 + GkCckd**8*kx**3) + BkxCxbkxck*x4xd/
(B*kckxdxd*x*x5 + 18%kCk*3%kd**xB*xxX + 18kCk*kkA**T*x**%2 + B*ckd**xSkxx*x*3) + 18*xCxb
xCkx3xdx*k2xx*x1og(c/d + x)/(B*kck*kdxd*x5 + 18kCk*3xd*k*¥6*kxX + 18kCrkkA*k*THhK**2
+ Bxckd**k8kx**x3) + OkCxbkck*x3kd**x2*xx/ (6kck*x4*xd*x*5 + 18kc*k*3kd*x*x6*xx + 18*c*
* 2k ARk THXK*2 + GkCkdA**kBxx*¥%3) + 18*Cxbkcx*k2xd*x*x3*xx*x*2x1og(c/d + x)/(6*ck*4x*
d**5 + 18kck*3kd**kB*x + 18kCkkkA*k*kTkx**2 + B*kckd**x8kxx**3) + 6*xCkbkckd*k*k4dkxx
xk3x1log(c/d + x)/(6*ck*4xd**5 + 18kCcx*3*kd*k*B*kx + 18*kCrk2xd*¥*T*kx**2 + GkCkd*
*8kx*k*3) — BkxCxbkxckd*kkxdxx*x*x3/ (B*kckkdxd*x*x5 + 18*%Ck*3*kd**xB*xx + 18kCk*kkd**xT7*x
**%2 + Gxckd**¥8*xx**3) + BkDxaxckkdxdxlog(c/d + x)/(B*kcxkdxd**x5 + 18xcH*3kd**
B*xx + 18%xCk*kdkkTkx*%x2 + Bkxckd*x*x8kxx*%x3) + L5xDkxakxckkxdxd/ (6kckx*x4dxd**x5 + 18%c
*xk3kAkKkB*kK + 18*kCH*k2kAKkKT*X*k*2 + Bkckd*x8*x**3) + 18*xDkaxck*x3*xd*x*2*xx*log(c/
d + x)/(6kck*k4kd**x5 + 18kxck*k3kA**kB*kx + 18kCkk2kA**kT*kX*k*2 + GkCkd**8*kx**x3) +
9xD*ka*ckk3xd**x2xx/ (6kCk*k4*kd**x5 + 18kCk*3kA*k*B*x + 18kC*k*xkd**kT*kx**2 + BG*C*
dx*8xx*x3) + 18*Dxaxcr*2xd*x3*xx*x*2xLog(c/d + x)/(6xckxd*xd**5 + 18*cx*3xd**x6
*X + 18kCHk*k2kdk*kTHX**%2 + GxCkd**k8xx**3) + BxDkxakcxd*rx4d*xx*x*3xlog(c/d + x)/(6
kCkkAkd*k*5 + 18kCk*k3kAk*kBkx + 18kCkkkdA**k7kx*k*2 + BGkCkd**k8*kx**%3) — G*Dkakxcxk
d*xxdxxx*x3/ (B*kckkdxd**5 + 18%Ck*k3kd**xB*xxX + 18kCk*kkA*k*kT*x*%2 + BkCkd**Skxk*3
) = 24xDxbkxcx*5xlog(c/d + x)/(6*ck*4xd**5 + 18kcx*3*xd*k*6*x + 18*kCr*k2xd*x7*X
*%xQ + Bkckd*k8*xx**%x3) — 20%D*b*kc**x5/(6kckx*k4*xd**x5 + 18kck*k3kd*x*B6*x + 18*kC*k*xQx%
d**T*x**2 + Bkcxd**8xx**3) — T2xDxbkckx4dxd*x*xlog(c/d + x)/(6*kck*4*xd**5 + 18
kCkk3kd*k*kBkx + 18kCk*kkd*kTxx*%2 + B*kckd*x*x8kxx*%x3) — 36*kDkbkckx*k4dxd*xx/ (6*kck*xd
*d**%5 + 18kckk3kd**kB6kx + 18kCk*k2kd*kkTkX*k*2 + GkCkd**8*kx**x3) — T2*Dkbkck*3%d
)k 2xxkx2%Log(c/d + x)/(Bkcxkdxd*k*5 + 18*xCk*3kd*k6xx + 18kCHk*2*kd*k*T*x**2 + 6
*xCkd*k8xkx*x3) — 24*Dxb*ck*2xd**3*x**3xLog(c/d + x)/(6xckxd*xd**5 + 18*c*x*3*d
*kB6*X + 18kCkk2kd*kkTkx*k*2 + BGkckd*k8*kx*x*3) + 24%Dxbkckkx2kxd**3kxxk*3/ (GkCk*4*
d**5 + 18kc*kkx3kd*x*k6*xxX + 18kCkk2kd*k*k7T*kxk*2 + GkCckd**x8*kx*x*3) + B*xDxbkckd*k*kd*kx
xk4/ (6*Ck*Akd*x*k5 + 18kCxk3xd**6*kx + 18*Ck*k2xd*xT*x**2 + Bkcxd**x8*x**3), Eq(
n, —-4)), (—Axaxd**x4/(2xc**2xd**5 + 4xckd*x*x6*xx + 2¥xd*kk7xx**2) — Axbkcxd**x3/(
2kckk2kd*x*k5 + 4kckdkkB6kx + 2kdAkkTkx*k%x2) — 2kAxbkd*xk4xx/ (2kck*2kd**x5 + 4xc*xd
*kB6*kx + kd*kT*x*k%2) — Bkakckdx*x3/(2kck*k2xd*x*k5 + 4kckd*k*k6kx + 2kdkkTkx*k*2)
— 2kBxaxdx*x4xx/ (2%ckx*k2xd**x5 + 4kckd**k6*xx + 2kd*xkT*kx*k*2) + 2%BkxbkckkQkd*k*k2x]1
og(c/d + x)/(2kxc**2xd**5 + 4dkcxd**x6*x + 2kd*xkT*x*%2) + 3*xBkbkckx*2*xd**2/(2%c
*xk2xkd*k*5 + Akckd**6xx + 2kd*kTxx*%2) + 4xBxbkcxd**x3*kxxlog(c/d + x)/(2%c*k*2x%
d**x5 + 4xckd**xBxx + 2kd*kxTxx*k*2) + 4*Bxbkckd*x*3%x/(2%xc*x*x2xd*x*5 + 4kckxd*x*k6*x
+ 2kdxkTrx*%2) + 2xBxbkdxkdxx*k*x2%xLog(c/d + x)/(2xc**2*d**5 + 4dkcxd**x6*x +
2xd*xxT*x**2) + 2%Ckaxckx2xd*x*2xlog(c/d + x)/(2xc*k*2*%d**5 + 4xckd*x*6*xx + 2%d
*kThx*k%2) + IkCkakxckk2kd*x*2/ (2kckxk2kd*x*5 + 4kckd**B6*x + 2kA*k*k7*kx*%x2) + 4*xCxk
axcxd**3*xxxlog(c/d + x)/(2%ck*2kd*x*5 + 4xckd**6*%x + 2xd*xT*x**2) + 4*Ckaxcxk
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dx*k3xx/ (2%kcx*k2xd**x5 + 4kckd*x*k6*x + 22kd*k*T*xx**%2) + 2xCkaxdx*x4xx**2*log(c/d +
X))/ (2xc*kx2%d**5 + 4dkcxd*xx6*x + 2kdx*kTxx*%2) — 6xCxbkxc*x*3*xd*log(c/d + x)/(2
*ck*x2kd*k5 + 4kckdkk6*xx + 2kdkkTHx*k*x2) — 9xCkbkxckxx3xd/ (2xck*x2kxd*x*5 + 4xckd*
*x6*x + 2kdxkTxx*k%2) — 12%Cxbkcx*k2xd**x2*xx*xlog(c/d + x)/(2xc*k*2*kd**5 + 4kxckdx*
*Bkx + kd*k*kTxxk*%2) — 12%Ckbxckx2kdx*2xx/ (2% ckxx2kd**5 + 4dxckd**6xx + 2%xd**7
*xx*¥%2) — B6xCkbkckd**3*xx*x*k2x1log(c/d + x)/(2%ck*2kxd**5 + 4xckd**6xx + 2%kd**T*
x*%2) + 2%Cxbkdx*x4dxx**x3/ (2xckx*x2kd**5 + 4dxckdx*B6xx + 2kd*x*7Txx**x2) — GxD¥xakxck
x3*xdxlog(c/d + x)/(2xck*x2*d*x*5 + 4Akcxd**x6*x + 2kd*x*xT*x**2) — 9*Dkaxc*x*3x*d/ (
2kCxk2kd*k*k5 + dkckdxk6xx + 2kdxkTrx*k%2) — 12*kDxaxck*2xd*x2*x*xlog(c/d + x)/(
2kcHkk2xd*k*k5 + 4kcxdkkGkx + 2kdkkTkx*x*2) — 12*kDxakckk2xd*xx2kxx/ (2kck*2*xd*x*x5 +
Axckdxk6xx + 2kdk*kTkx*%k2) — G*kDxaxckd*x3*x*k*k2xlog(c/d + x)/(2xc*k*x2*d**5 +
Axcxd*kB6xx + 2kd*kT7xxk*2) + 2kDkaxdikkdkx*x*x3/(2kck*2xd**x5 + 4xckxd*x6*xx + 2xd
*xkTxx*k%2) + 12%Dxbkcx*x4xlog(c/d + x)/(2%ck*2kd*x*5 + 4xckdk*6*xx + 2xd**T*x**
2) + 18*Dxbkxcx*x4/ (2xc**2xd*x*x5 + 4kcxd*xxG*xx + 2xd*kxT*xx*x*2) + 24%Dxbkck*x3xd*xx
xlog(c/d + x)/(2%ck*2%d**5 + 4Axckxd**6*x + 2xd*xT*x**2) + 24xD*bkck*3*xd*x/ (2
*kCk* kAR5 + Akckdk*kB*kx + 2kd**THx*k*2) + 12*Dxbkcxk2xd**2*xxx*2x1og(c/d + x)
[/ (2%cx*2xd*x*5 + dxckxd*kB6xx + 2kd¥x*T*xx**2) — 4xD¥brckxd**3kx*x*3/ (2kck*2xd**5
+ 4xcxdxx6*xx + 2xd*xTkxx**2) + Dxbkdkkdxxkxd/ (2kxcxx2xd**5 + 4dxcxd**6xx + 2*d
xkTxx*%%2) , Eq(n, -3)), (-6%Axaxd*x4/(6*xcxd*x5 + 6xd**6%x) + 6*kAxb*xckd**3xlo
g(c/d + x)/(6*cxd*x5 + 6xd**6%x) + 6*xAxbkxckd**3/(6*ckd**5 + 6xd**x6%x) + 6%A
*xbxd**4xx*xlog(c/d + x)/(6kcxd**5 + 6xd*x6xx) + 6*Bkakxcxdx*3xlog(c/d + x)/(6
xckd*k*5 + 6kd**k6*x) + 6*Bkakxckdk*3/(6xcxd*¥*5 + 6xd*k*k6*x) + 6*Bkaxdx*k4xxxlog
(c/d + x)/(6%ckd*x*5 + 6xd*x6%x) — 12*xBxbkcx*2xd**2*xlog(c/d + x)/(6*xcxd**5 +
6xd**x6%x) — 12*Bxbkcx*2xd**2/ (6kcxd**5 + 6*xd**6%x) — 12*Bkbxckd**3xx*log(c
/d + x)/(6*ckd**5 + 6xd*xx6%x) + 6*Bxbkd*kdxx*x*x2/(6*ckxd**xb + 6kd*x*6xx) — 12%
Ckaxckx2xdx*2*xlog(c/d + x)/(6*ckxd**5 + 6xdx*6*x) - 12*Ckaxck*2xd**2/(6*xckxdx*
*5 + 6*xd*xk6*x) - 12+Ckaxckd**3*xxxlog(c/d + x)/(6*ckd**5 + 6xd**6%x) + 6*Cxa
xd*xxd*xxx*k2/ (6xckd**5 + 6kd*x*6%x) + 18*%Cxb*cx*3xd*log(c/d + x)/(6*cxd**5 + 6
xd*x6%x) + 18xCkbkc**3*d/ (6xckxd**5 + 6*xd**6xx) + 18*%Cxb*xckx*2xd*x*2*x*xlog(c/d
+ x)/(6xc*xd*x*x5 + 6xd**x6%xx) — 9*xCxbkckxd**x3*xx*x*x2/(6*cxd**x5 + 6Gkxd*x*6xx) + 3*C
xbxdkkdxx*x3/ (6*xckd**5 + 6xd**x6*x) + 18xD*axc**3*xd*xlog(c/d + x)/(6*xcxd**5 +
Bxd**k6%x) + 18*Dkakcx*3*d/(6kckd**5 + 6xd*x6xx) + 18*Dxaxc**x2kxd**x2*x*log(c
/d + x)/(6xcxd**5 + 6xd*x*x6*x) — OkDxakxckdx*x3kx*x*2/(6xc*xd*x*x5 + 6xd**6xx) + 3
*xDkaxd*x4*x*k*3/ (6xcxd**5 + 6*xd*x*6%xx) — 24*Dxbxck*4*xlog(c/d + x)/(6xcxd**5 +
6xd*x*x6%x) — 24*xDxbkcx*x4/(6*xckd**5 + 6xd*x*x6%x) — 24*xDxbkcx*3xd*x*xlog(c/d +
x)/ (Bxcxd*x*x5 + 6*xd**x6*xx) + 12%xDkbkck*x2kd**x2*xx**%x2/ (6kxckxd**5 + BG*xd**x6*x) — 4%
Dxbxckxdx*3*xx*x*x3/ (6xcxd**5 + Gxd*x*6%x) + 2*D*bkd*xx4d*xx**x4/(6*kckxd**5 + Gkd*x*x6%
x), Eq(n, -2)), (Axaxlog(c/d + x)/d - Axb*c*log(c/d + x)/d**2 + A*b*x/d - B
xaxcxlog(c/d + x)/d**2 + Bxa*xx/d + Bxbkcx*2xlog(c/d + x)/d**3 - Bxbkcxx/d*x*
2 + Bxbxx*x2/(2%d) + Cxakxcx*2xlog(c/d + x)/d**3 - Ckakxckx/d**2 + Cxaxx*x*2/(
2%d) - Cxbxc*x3*log(c/d + x)/d**4 + Ckbkxck*2*x/d**3 — Cxbkcxx**2/(2%d**2) +
Cxb*x**3/(3*d) - Dkaxc**3*xlog(c/d + x)/dx*4 + Dxaxcx*2*xx/d**3 - Dkakxcxx**2
/(2xd*%2) + Dxa*xx**3/(3*d) + Dxb*ckx*4xlog(c/d + x)/d**5 — Dxbkcx*3xx/d**4 +
Dxb*cx*k2xx**2/ (2*%d**3) — D¥bkc*x**3/(3%d**2) + Dxbxx**4/(4*d), Eq(n, -1)),
(Axaxckd*xx4d*xn*xxdx (c + d*xx)**n/(d**5*xn**x5 + 15xd*x*5*xn**x4 + 85xd**x5*xn*x*3 + 2
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25xd*x5*xn*x*2 + 274xd*x5%xn + 120%d**5) + 14*xAxakxckxdxx4dxn**x3%(c + dx*xx)*x*xn/(d*
*b5knxx5 + 15%d**x5xn**4 + 8b5xdxkxbkn*x*x3 + 225kd*xx5xn**x2 + 274xd**5xn + 120%d*
*5) + T1xAxaxckxd*xx4xnx*2%x(c + d*x)**n/ (d*x5xn*x*5 + 15%d*x5xn**x4 + 85*xd**5%n
*%x3 + 225k%d*x5xn*x2 + 274xd*x5xn + 120%d**5) + 154xAxaxckd*x*x4*xnx(c + d*xx)*x*
n/ (d*x5xn*x*5 + 15%d*x5xn*x*x4 + 85*xd*x5xn*x*x3 + 225xd*xx5xn*x*2 + 274*xd*x*5%n + 1
20xd*x5) + 120%Akxaxckd*x*4*x(c + d*x)**n/(d*x*5xn**x5 + 15kxd*x5*xn**4 + 85kxd**5%
n**3 + 225xd**5xnx*x2 + 274xd*xx5kxn + 120%d**5) + Akxaxdxxbkxnk*xdxx*(c + d*x)**
n/ (d*x5xn*x*5 + 15%d*x5xn*x*x4 + 85kxd*x5xn**x3 + 225xd*x5xn*x*2 + 274xd*x*5%n + 1
20%d*x*5) + 14kxAxaxdx*k5*xn*x*x3%xx*(c + d*xx)*x*n/(d*x*5*xn*x*5 + 15xd**x5*xn*x*4 + 85%d
*x5xn*k*x3 + 225%d*x*k5kxnx*2 + 274xd*xx5xn + 120%d**5) + T1kxAkxakxdx*xb*xn*x*x2*xx*(c +
dxx) x*n/ (d*xx5xn**x5 + 15kxd*x5*xn*x*4 + 85xd**5*xn*x*x3 + 225xd**5kn*kx*x2 + 274xd**
5xn + 120*%d**5) + 154xAxaxd*xx5xn*xxx(c + d*xx)*x*n/(d*x*x5xn*x*x5 + 15kxd*x5%xn**x4 +
85xdx*x5kn*x*3 + 225%d*k5xn¥*2 + 274xd**x5%n + 120*%d**5) + 120*Axaxd**5*xx*(c
+ dx*x)**n/ (d*x5xn*x*5 + 15%d*x5xn*x*x4 + 85xd*x*x5xn**x3 + 225xd*xx5xn*x*2 + 274%xdx*
*5%n + 120%d**5) — Axbkckx*2%xd*x3xn*x*x3*%(c + d*xx)**n/ (d**x5xn*x*x5 + 15kd**x5%xn*x*
4 + 85%dx*5xn**3 + 225xd*kk5*xn*x*2 + 274*xd*x*x5xn + 120%d**5) — 12xAxbkxcxx2kd**
3knkk2% (¢ + d*xx)*x*kn/(d*xx5xn*x*x5 + 15kd*x5*xn*x*4 + 85kxd*x*5xn**x3 + 225kxd*x*5*xn**
2 + 274*d**5xn + 120%d**5) - 47*Axbxcx*x2xd**3*nx(c + d*x)**n/(d**5*n**5 + 1
5xdxx5¥n*kd + 85xdx*5xnkx*x3 + 225xd*k5xn**2 + 274*xd*x*x5%n + 120%d**5) - 60%Ax
bxcx*2%xd**x3% (¢ + d*xx)**n/(d*x*5*xn**x5 + 15kxd*x*5*xn**x4 + 85kxd**x5*xn*x*3 + 225%d**
Bxn*x*x2 + 274xd*x*x5%n + 120*%d**5) + Axbkxckdx*4*xn*xx4xx*(c + d*x)**n/(d*x*5*xn*x*5
+ 15xd**5*xn*x*4 + 85xd*x*x5xn*x*3 + 225kd*x*k5*kn*x*x2 + 274%xd**x5%n + 120%d**5) + 1
2k Axbkckdkkdxn*xk3kxk (c + d*x)**n/ (d**x5*xn**x5 + 15%d*x*5*n**x4 + 85xd*x*5*xn**x3 +
225xdx*x5xn**2 + 274xd**5%n + 120*%d**5) + AT7*Axb¥ckxdxxdxn*x*2*x*(c + d*x)**n
/ (d*x5xn*x*5 + 15%xd*x5xn*x*x4 + 85kxd*x5xn*x*x3 + 225kxd*xx5xn*x*2 + 274*xd*x*5%n + 12
0*d**x5) + 60*Axbkxckd*x*x4*n*xx*(c + d*x)**n/(d**x5*xn*x*5 + 15xd**x5xn*x*4 + 85%xd*x*
Bxnxx3 + 225kd**x5kn**2 + 274xd*xx5xn + 120%d**5) + Axbxd*x*5xnx*xdxx*x*x2%(c + d
*x) x*kn/ (d*x*5xn**x5 + 15kd*xx5xn**x4 + 85kxd**x5*xn*x*3 + 225kxd**x5kxn*x*2 + 274xd**x5%
n + 120%d**5) + 13%xAxbxd*xx5xn*x*3*xx*x*x2% (c + d*x)**n/(d*x*5*xn**x5 + 15kd**x5*xn**
4 + 85%d**x5*n**3 + 225xd*x*x5xn*x*2 + 274*kd**x5*%n + 120%d**5) + 59k Axbkd*x*5xn**
2xx*xkx2x (¢ + d*xx)**xn/ (d**x5xn*x*x5 + 15xd*x*5*n**x4 + 85xd*x*5*xn*x*3 + 225%kd**x5%xn**
2 4+ 274%d**x5xn + 120%d**x5) + 107*xAxbxd**x5xnxx*x*2%(c + d*x)**n/(d**x5xn*x*x5 +
15%d**5xn**4 + 85*xd**5xn**3 + 225kd**5xn*x*2 + 274%d**5xn + 120%d**5) + 60*A
*bxdx*5kx*k*x2% (¢ + d*x)**n/(d*x*5*xn**x5 + 15kd**5*xn*x*4 + 85xd**x5xn*x*3 + 225%dx*
*5xnx*2 + 274*xd*x*5%n + 120%d*x*5) — Bxakxckx2xd*x*x3xnx*3*(c + d*x)**n/ (d*x*x5*xnx*
*5 + 15%d*x5xn*x*x4 + 85kd*x5xn**x3 + 225xd*xx5xnkx*2 + 274xd*x*5*xn + 120%d**5) -
12%Bxaxc*k*2xd*xx3xn**x2% (c + dx*x)**n/(d**x5*xn*x*5 + 15%d*x*5xn**x4 + 85xd**kx5kxn**
3 + 225xd*x*5*n*x2 + 274*d**5xn + 120%d*x5) - 4T7*Bkxaxcx*x2xd**3*nx(c + d*x)**
n/ (d*x5xn*x*5 + 15%d*x5xn*x*x4 + 85kxd*x5xn**x3 + 225xd*x5xn*x*2 + 274*xd*x*5%n + 1
20%d*x*5) - B0*Bxaxcx*2kxd**3% (c + dxx)**n/(d*x*5*xn*x*5 + 15xd**x5xn*x*4 + 85%xd*x*
Bxn**x3 + 225xd*xx5xnx*2 + 274xd*x*5%n + 120%d**5) + B¥xakckdkx*x4xn*xx4dxxx(c + dx*
x) **xn/ (d**x5xn*x*x5 + 15%d*x*x5*xn**x4 + 85xd*x*5*xn**x3 + 225%xd*x5*xn**x2 + 274*d**x5%n
+ 120%d**5) + 12*%Bxakxckd*xx4*xn*x*x3xx*(c + d*x)**n/(d*xx5xn**x5 + 15kd*xkx5*xn*x*x4
+ 85xdx*5*xn*x*3 + 225xd*x*k5kxn**x2 + 274*xd*x5xn + 120%d**x5) + 47*Bkxakxckd*x*x4*xn*x
2xx* (¢ + d*xx)**n/(d*x*5*xn*x*x5 + 15kd**5*xn*x*4 + 85xd*x5xn*x*3 + 225kxd*x*k5*xn*x*2 +
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274xdx*5*xn + 120*d**5) + 60xBrakxckd**4xnxx*x(c + d*x)**n/(d**5*nxx5 + 15*d*
*5xn*x4d + 85kxd*xkx5xn*x*3 + 225kxd*xkx5xn*x*2 + 274xd*xx5xn + 120%d**x5) + Bkxakxd*x*x5%
nxx4dxx*xx2% (¢ + d*xx)**n/(d*x*5*xn**x5 + 15xd*x*5kxn**x4 + 85xd*x*5*xn*x*3 + 225%d**5%
n*x*2 + 274*xd*x*x5%xn + 120%d**5) + 13*%Bkxaxd*x*5*xn*xx3xx*x*x2x (c + d*xx)**n/ (d*x*x5*xn*
*5 + 15%d**x5*n**4 + 85kxd*x5*xn**3 + 225xd*x*k5xn*x*2 + 274xd*x5xn + 120%d**5) +

59%Bkxaxd*xkx5kxnx*2kxx*xkx2% (¢ + d*x)**n/(d*x*x5*xn**5 + 15xd**x5*xn*x*x4 + 85kxd*x*5*xn*x*
3 + 225xd*x*5*n*x2 + 274*d**5xn + 120*d*x5) + 107*Bkaxd**bxn*x**2x(c + d*x)*
*n/ (d*x5xn*x*5 + 15%d*x5xn**x4 + 85kd*x5xn**x3 + 225xd*x5xn*x*2 + 274xd**5*n +
120xd**5) + B0*Bxaxdx*x5*xx*x*x2% (c + d*xx)**n/(d*x*5*xn*x*5 + 15xd**x5*xn*x*4 + 85%dx*
*5xnkx*3 + 225kd*x*5kn**x2 + 274*d*x5xn + 120%d**x5) + 2xBxbkxc*x*x3kd**kx2*xn*x*2%* (¢
+ dxx)*kn/ (d*xx5*xn**5 + 15xd**5*xn*x*x4 + 85kxd*x*5xn**x3 + 225kxd*x*x5kn*x*x2 + 274*dx*
*5%n + 120%d**5) + 18%Bxbxc*xx3kxd*x*x2*xnx(c + d*xx)**n/(d*xx5xn**x5 + 15kd*xkx5*xn**
4 + 85%d*x5xnx*3 + 225xd*xx5xnx*2 + 274xd*x*5%xn + 120%d**5) + 40*Bxbkcxk3kxd**
2% (c + dxx)*x*xn/(dx*5*xn**x5 + 15xd*x*5*xn*x*x4 + 85xd**x5xn*x*3 + 225xd*x*5*xn**x2 + 2
T4xd*x*x5*xn + 120%d**5) — 2%Bkxbkxc*x*2*xd*x3xn*x*x3*xx*x (c + d*xx)**n/(d**x5xn*x*x5 + 15
*dx*x5xn*kd + 85kd*x*5xn**x3 + 225xd*kk5kxn*x*2 + 274*d*x*5xn + 120*d**5) - 18*Bxb
kckk2kd**k3knkk2kx*k (¢ + dxx)**kn/(d*x5*xn*x*5 + 15%d*x*5*xn*x*x4 + 85xd*xx5xn**x3 + 2
25xdxk5xn**2 + 274*xd**5%n + 120*%d**5) — 40*Bxb*cx*x2xd**3*n*x*(c + d*x)**xn/ (
d*x*bxnx*x5 + 15%d*kx5xn**4 + 8bkdxx5*xn*x*x3 + 225xd**x5xn*x*2 + 274*xd*xx5%xn + 120%
d**x5) + Bxbkxckxdkxk4knkx*x4*xx*xx2x (c + d*xx)**n/(d*x*5*xn**x5 + 15xd*x*5*xn**x4 + 85%dx*
*5xn*k*3 + 225xd*xx5knx*2 + 274kxd*x*5xn + 120%d**5) + 10%Bxbkxckdkk4d*nkx3kx**x2%

(c + dxx)**xn/(d*x5*n**5 + 15xd**x5xn*x4 + 85xd*x5*n*k*3 + 225xd**5*xn**2 + 274
xdxx5xn + 120%d**5) + 29%Bxbkxckxdkx*x4xnkx2xx**x2% (c + d*xx)**n/ (d**5*xn*x*x5 + 15%
d*xx5xnx*x4 + 85kd*x5xn**x3 + 225xd*xx5xn*x*2 + 274xd*x*5%xn + 120%d**5) + 20%Bxbx*
cxdxk4knxxx*2% (¢ + dxx)*x*n/(d*x*5*xn*x*5 + 15xd*x*x5xn*x*4 + 85%xd*x5xn*x*3 + 225%d
*x5xn*%x2 + 274xd*x5xn + 120%d**5) + Bxbxdx*5*xn*x*x4*xx**x3%(c + d*xx)**n/(d*x*5%n
*%5 4+ 15kd**5xnkk4d + 85kd*xbkxn*x*x3 + 225*xdxx5xn**2 + 274xd**5xn + 120%d**5)
+ 12%Bxb*xd*x*5xn*xx3%xx*x*3% (¢ + d*xx)**n/ (dx*5xn**x5 + 15xd*xx5xn**x4 + 85kxd**x5%xnx*
*3 + 225xd*x*k5knx*2 + 274*xd*x*5%n + 120%d*x*5) + 49xBxbxdx*k5xn*x*2*xx**x3% (c + dx*
x) **xn/ (d**x5xn*x*x5 + 15%d*x*x5*xn**x4 + 85xd*x*5*xn**x3 + 225%xd*x5%xn**x2 + 274%d**x5%n

+ 120%d**5) + 78*xBxbxdx*5*xn*xx*x*3%(c + d*x)*x*n/(d*x*x5*xn*x*5 + 15%xd**x5xn*x*x4 +
8bxdxx5xn**3 + 225kd**5xnk*2 + 274xd*x*x5xn + 120*d**5) + 40*Bxbxd*xb5*xx*x*x3*(c

+ dxx)*x*kn/ (d*xx5xn**x5 + 15kd*x5*xn*x*4 + 85kxd*x*5xn*x*x3 + 225kxd*x*x5xn*x*x2 + 274%d
*x5%n + 120%d**5) + 2xCkaxckx*x3kxd*x*x2*xn*x*2% (¢ + d*x)**n/ (d*x*x5*xn*x*5 + 15%d**x5x%
n*x*4 + 85xdx*x5xn*x*3 + 225xd*x*k5kxn**x2 + 274*xd*x5xn + 120%d**5) + 18%Ckakxckx*3%
d*x2xn*x (c + d*xx)*x*xn/(d*x*5*xn**x5 + 15xd*x*5*xn*x*x4 + 85kxd*x*x5*xn*x*3 + 225%d**5*xn**
2 + 274xd*x*5*xn + 120%d**5) + 40*xCxkaxcx*x3xd**2* (c + d*x)**n/ (d*x*5*xn*x*x5 + 15%
dxx5¥n**kd + 85xd*x*x5*xn*k*3 + 225xd*k5xn¥*2 + 274*xd*x*x5%n + 120*%d**5) - 2*xCxaxc
*kQkd*kk3knk*k3kxk (¢ + d*xx)**n/ (d**x5xn*x*x5 + 15k%d*x5xn**x4 + 85xd*x*x5*xn*x*x3 + 225
*Qx*k5%xn*%x2 + 274%d*x5xn + 120%d**x5) — 18%Ckakxck*x2xd*xx3xnx*x2*xx*x(c + d*x)**n/
(d*x5xn*x*5 + 15%d**x5*xn**x4 + 85xd*x*5*xn**x3 + 225kxd*x5xn*x*x2 + 274xd**x5xn + 120
*d*x*x5) - 40*Ckakxcx*2xd*x3*xn*x* (c + d*xx)**n/(d*x*5*n*x*5 + 15xd*x*x5*xn*x*4 + 85%d
*xk5xn**x3 + 225%d*x*k5kn*x*2 + 274xd*x5xn + 120%d**5) + Cxaxckxdkxxdxnkxxdxxxx2% (¢

+ dx¥x)**n/ (d**x5xn*x*5 + 15%d*x5xn*x*x4 + 85kd**x5xn**x3 + 225%xd*x5xn*x*2 + 274%d
*x5%n + 120%d**5) + 10*%Ckaxckxdx*k4kn*x*x3*xx**x2x (c + d*xx)**n/(d*x*5*xn**x5 + 15%xdx*
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*5kxn**x4d + 85kxd*xkx5xn*x*3 + 225kd*xkx5kxn*x*2 + 274xd*xx5xn + 120%d**x5) + 29%Ckakc*
d¥xxdxnxx2kxkx*k2% (¢ + d*x)**n/(d*xx5xn*x*5 + 15xd**x5*xn*x*4 + 85%d**x5xn*x*3 + 225%
d*xx5xnx*x2 + 274xd**x5*xn + 120%d**5) + 20*xCkaxckd*xx4xnxx*x*x2x (c + d*xx)**xn/ (d*x*
Exn**x5 + 15%d**x5%n**x4 + 85kd*x*5%n*x3 + 225%d*x5xn**x2 + 274xd**x5xn + 120%d*x*
5) + Cxaxdx*xbxnkx*x4*xx*x3%(c + d*x)**n/(d*x*5*xn**x5 + 15kd**5*xn*x*4 + 85xd**x5*nx*
*3 + 225xd*x*kb5knkx*x2 + 274%d*x*5%n + 120%d**5) + 12*%Ckxaxd**x5xn*x*3*xx**x3%(c + dx*
x)**n/ (d**5xn*x*x5 + 15%d*xx5xn**x4 + 85kxd*kx5xn*x*3 + 225kxd*x5xn*x*2 + 274xd*x5%n
+ 120%d**5) + 49%Ckaxd*x*x5xn*xx2xx*x*x3*x (c + d*xx)**n/ (d**x5xn**x5 + 15xd**x5%xn**x4
+ 85%d**x5*xn**3 + 225xd*x*5xn*x*2 + 274*kd**x5*xn + 120%d**5) + 78*Ckxaxd*x*5xn*xx*
*3%x(c + d*x)**n/ (d*x5xn*x*5 + 15%d*x5xn*x*x4 + 85xd*x*x5*xn**x3 + 225%xd**x5xn**2 +
274xdxx5xn + 120*%d**5) + 40*Ckxaxd*xx5*xx*x*3%(c + d*x)**n/(d*x*x5xn**x5 + 15kxd**5
snkxx4 + 85kxdxk5kn*xkx3 + 225kxdxk5kn*xkx2 + 274xdxx5kn + 120%d**5) — B*Ckxbkckk4k
d*n*(c + d*x)**n/(d*x5*xn*x*5 + 15xd**x5xn*x*4 + 85kxd*x5xn**x3 + 225xd*x5xn*x*2 +
274xdx*5*xn + 120*d**5) - 30*Ckxbkxc**4*d*(c + d*x)**n/(d**5*n**5 + 15xd**5%n
*x4 + 85xdx*k5kn*x*3 + 225kd*x*5kn**x2 + 274*d*x5xn + 120%d**x5) + 6xCkbkxc*x*x3xd*
*2knk*2%x*k (¢ + d*xx)*x*n/ (d**x5xn*x*5 + 15%d*x5xn*x*x4 + 85*xd**x5*xn*x*x3 + 225%xd**x5x%
nx*2 + 274xd*x5%xn + 120%d**x5) + 30*Cxbxc*x*3kxd*x*x2xn*x*x (c + d*xx)**n/ (d*x*5*xn*x*
5 + 15%d*x5xn**4 + 85xd*x*x5¥n**3 + 225xd**5xn**2 + 274%d*x*5xn + 120%d**5) -
3%Ckbkcx*x2kd*x*x3knkkx3kxk*k2% (¢ + d*x)*x*n/ (d*x*x5xn*x*5 + 15xd**x5*xn*x*4 + 85xd**x5%
n**x3 + 225xd*x*5xn*x*2 + 274*xd**x5kn + 120*d**5) — 18*Ckb*xCk*Qkd*k*3*kn*k*kQkx**k Dk
(c + dxx)**n/(d*x5*n**5 + 15xd**5xn*x4 + 85xd*x5*n**3 + 225xd**5*xn**2 + 274
*xdxx5xn + 120%d**5) — 15%Ckbkc*x*x2*xd*x*3xn*x**2% (c + d*xx)**n/ (d**5*xn*x*x5 + 15%
d*x*5xnkxk4 + 85kxdx*k5kxn**x3 + 225kxd*x*k5kn*xx2 + 274xd*x*5%xn + 120%d**5) + Cxbxcxd
skdxnkkdxxkk3k (¢ + d*x)**kn/ (d*x5xn*x*5 + 15%d*x5xn**x4 + 85xd*x*x5%xn**x3 + 225%d
*xk5xn*%x2 + 274xd*x5xn + 120%d**5) + 8xCxbkxckd*x*x4xnx*3*xx*x*x3%(c + d*x)**n/ (dx*
*5kn*k*k5 + 15kd*k5*kn**x4d + B5kd**5*kn**3 + 225kxd**5*xn**2 + 274xdxx5xn + 120*dx*
*5) + 17*Ckbxckd**x4xnxx2xx**x3% (c + d*x)**n/ (d**5*%xn*x*5 + 15%d*x*5xn**x4 + 85%d
*x5xn*k*x3 + 225%d*x*k5xnx*2 + 274xd*x5xn + 120%d**5) + 10*Ckxbxcxd*x*4xnxx*x*x3* (c
+ dx*x)**n/ (d*x5xnx*5 + 15%d*x5xn**x4 + 85kd**x5xn**x3 + 225xd*x5xn*x*x2 + 274%d
*x5%n + 120%d**5) + Cxbxd*xx5xnk*k4dkx*x*x4*(c + dxx)**n/(d*x*5*xn*x*5 + 15xd**x5*nx*
x4 + 85%d*x5xn*x*x3 + 225kxd*xkx5xnkx*2 + 274xd*x*5%n + 120%d**5) + 11*xCxbxd**x5*nx*
*3kx*kx4* (c + d*xx)**n/(d**x5*xn*x*x5 + 15%d*x*5*xn**x4 + 85kxd*xx5xn**3 + 225%d**x5%xn*
*2 + 274xd**x5%n + 120%d**5) + 41*xCkxb*xd*x*5xn*xx2*xx*x*x4d*x (c + d*xx)**n/ (d*x*5*xn**x5
+ 15xd**5*xn*x*4 + 85xd*xx5xn*x*3 + 225xd*x*k5kxn**x2 + 274*xd*x5xn + 120%d**x5) + 6
1xCxbxdx*5*xn*xx*x*4* (¢ + d*x)**n/(d**5*xn*x*5 + 15xd**x5*xn*x*4 + 85%d*x*x5xn*x*x3 + 2
25xd*x*5%n**x2 + 274%d*x5xn + 120%d**5) + 30*Ckbxd*x*x5xx**x4*x(c + d*xx)**n/(d*x*5
*nkk5 4+ 15kd*xk5kn*k*kd + 85kd**5*kn**3 + 225kd**k5*xn**2 + 274%d**5xn + 120*xd*x*x5
) = 6*xDxaxck*xdxdsn*(c + d*x)**n/(dx*5xn**5 + 15xd**5*xnk*4 + 85xd**5*n**3 +
225xd**5*xn**2 + 274*d**5xn + 120*d**5) - 30*D¥xaxcx*x4*xd*(c + d*xx)**n/(d*x5*n
*x5 4+ 15kxd**k5*xn*x*4 + 85kxd*xx5xnx*3 + 225kxd*x*k5kn*x*2 + 274*xd**x5%n + 120%d**5)
+ B*Dkakxck*3kd*kx2xn*xkx2xx*x (c + d*x)**n/(d*x*x5*xn**x5 + 15kxd*x*5%n**x4 + 85xd**5*n
*%3 + 225%d*x5xn**x2 + 274xd*x5xn + 120%d**5) + 30*Dkxakc*k*x3kxd*x2xnxx*(c + dx*
x) **n/ (d**5*xn*x*x5 + 15%d**x5kxn**x4 + 85kd*xx5*xn*x*3 + 225kd*x5*xn*x*2 + 274%xd**x5%xn
+ 120%d**5) — 3xDkxakxck*k2kd*x*k3kn*x*k3kx*k*x2% (c + d*x)*k*n/(d*x*5*xn**x5 + 15kd**x5%
nxx4 + 85xd*x5xn**3 + 225kd*xx5*xnk*x2 + 274xd**5xn + 120%d**5) — 18*Dxakcx*x2x
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d*x*x3xnkk2kxx**x2% (c + d*xx)**n/ (d**5*xn*x*x5 + 15%d*x*x5xn**x4 + 85xd**x5*xn*x*3 + 225%
d*xx5xnx*x2 + 274xd*x*x5*xn + 120%d**5) — 15xDxa*ck*x2xd**x3kxnxx*x*2%(c + d*x)**xn/ (
d*x*b5*xnx*x5 + 15%d*k5xn**4 + 8bkdxx5*xn*x*x3 + 225xd**kx5xn*x*2 + 274*xd*xx5%n + 120%
d**x5) + Dxaxckxdx*x4kn*x*x4*xx*xx3k (c + d*xx)**n/(d*x*5*xn**x5 + 15xd*x*5*xn**x4 + 85%dx*
*5%xn**3 + 225kxd*xkx5knx*2 + 274%xd*x*5%n + 120%d**5) + 8xDkakckdkk4xnkkI3kxkk3k (
c + dxx)*x*kn/ (dxx5xn**x5 + 15kd**x5*xn*x*4 + 85kxd*x*5xn*x*x3 + 225kxd**x5xnkx*x2 + 274x%
d*x*5%n + 120%d**5) + 17*xDxakxckxd*xx4d*xn*x*x2xx*x*x3%x(c + d*xx)**xn/(d**x5xn**5 + 15%d
*x5xn*x4 + 85xd*x*k5kn**x3 + 225kd*kx5xn**x2 + 274xd**x5xn + 120%d**5) + 10*D*a*c
kdx*x4*xn*kx*k*x3% (¢ + d*x)*k*n/(d*x*5*xn* x5 + 15kd**5*xn*x*4 + 85xd*x*x5xn*x*3 + 225%dx*
*5xnx*2 + 274*xd*x*5%n + 120%d*x*5) + Dxakxd*xx5xnx*x4xxx*x4d*x(c + d*x)**n/ (d*x*x5*xnx*
*5 + 15%d*x5xn**4d + 85kd*x*x5*xn**3 + 225%d*k5xn¥*2 + 274*xd*xx5%n + 120*d**5) +

11*%Dxaxd**5*xnxx3kx**x4d* (c + dx*x)**n/(d**x5*xn*x*5 + 15xd*x*5xn**x4 + 85kxd*k5kxn**
3 + 225kd*x5¥nx*2 + 274xd**5%n + 120%d**5) + 41*xDxaxd*sxbxn**2kxx*x4*(c + d*x
Yxkn/ (d*xx5xnx*5 + 15xd*x5xnx*4 + 85%xd*x5xn*x*x3 + 225kxd*x*5xn*x*2 + 274*xd*x*5%n
+ 120%d**x5) + 61*xDkxaxd*x*5*xn*xx**x4*(c + d*x)**n/(d*x*5*xn*x*x5 + 15kxd**x5*xn*x*4 + 8
Exd*xx5xn*x*3 + 225xd*x*5*kn*x*2 + 274*xd*x*5%n + 120*%d**5) + 30*xDxaxd*x*x5*xx*x*x4* (c
+ dxx)*xkn/ (d*xx5*xn**5 + 15kxd**x5*xn*x*4 + 85%xd*x*5xn**x3 + 225kxd*x*x5kxn*x*x2 + 274*xdx*
*5%n + 120%d**5) + 24xDxbxc**x5x (c + d*xx)**n/(d*x*5*xn**x5 + 15xd*x*5*n**x4 + 85%
dxxb¥n**3 + 225kxd*x*5xnk*x2 + 274%d*x5xn + 120%d**5) — 24*xDxbkxcxxdxd*nxx*(c +
dxx) **xn/ (d**x5xn*x*5 + 15%d**x5xn**x4 + 85xd*x*5*xn**x3 + 225%d*xx5xn*x*2 + 274xd**
5xn + 120%d**x5) + 12*Dkxbkxckx*3*kd**x2kxn*x*x2xxx*2% (¢ + d*x)**n/ (d**x5xn*x*5 + 15%d
*k5xnkkd + 85kdxk5kn**x3 + 225%dxk5kn**x2 + 274xd*xx5kxn + 120%d**5) + 12%Dxb*c
*k3kd*kk2knkx*kk 2k (¢ + dkxx)**n/ (d**x5xn*x*x5 + 15%d*x5xn**x4 + 85xd*x*x5xn**x3 + 225
*Qx*k5%xn*%x2 + 274%d*x5xn + 120%d**5) — 4xDxbkck*x2kxd*x*3*kn*k*x3%x**x3% (c + d*x)**
n/ (d*x5xn*x*5 + 15%d*xx5xn*x*4 + 85kxd*x5xn**x3 + 225xd*xx5xn*x*2 + 274*xd*x*5%n + 1
20%d*x*5) — 12*%Dkbxckx*2kd*x*3*kn*k*x2kxx*x*x3% (¢ + d*xx)**n/ (d**x5xn*x*x5 + 15kd**x5%xn*x*
4 + 85kxdx*5xn**3 + 225xd*k5*xn**x2 + 274kxd*x*5xn + 120%d**5) — 8*xD¥xbkck*x2*xd**3
*snkxx**x3% (c + dx*x)*x*n/(d**x5*xn*x*5 + 15%d*x*5xn**x4 + 85xd*xx5xn**x3 + 225%d*x*x5%xn*
*2 + 274xd*x*5*xn + 120%d**5) + Dkxbkckxdkx*x4dkxnkxdxx*xxdx (c + d*xx)**n/ (d*x*5*xn*x*x5
+ 15%d**5*n**4 + 85kd**x5*xn**x3 + 225xd*x*5xn*x*2 + 274*xd**x5*%n + 120%d**5) + 6%
Dxbxcxdx*4*xn*x*x3*xx*kx4x (c + d*x)**n/(d*x*5*xn**x5 + 15xd*x*5*xn*x*x4 + 85kxd**x5*xn*x*3
+ 225%xd*x*k5xn**x2 + 274%d*x*5*%n + 120%d**5) + 11*Dxbkckd*xkx4d*xnx*x2kxx**x4d*(c + d*x
Yxxn/ (d*xx5*xn*x*5 + 15kxd**x5%n*x*4 + 85xd*x*5xn**x3 + 225kxd*x*x5xn**x2 + 274*xd*x*5%n
+ 120%d**x5) + 6xDxbxckd*xxdxnxx**x4kx(c + d*xx)**n/(d**x5xn**x5 + 15%d*x*x5*xn**x4 +
85%d*x5*xn**x3 + 225xd*x*5xn*x*2 + 274*xd**x5xn + 120%d**5) + Dxbxdk*x5knk*x4kxk*x5%
(c + d*xx)**n/ (d*x5xn*x*x5 + 15%d*x5xn**x4 + 85xd*x*5*xn**x3 + 225%xd*x5xn*x*x2 + 274
*xdxx5xn + 120%d**5) + 10*D*xbxd**x5*xn*x*3xx*x*x5%x(c + d*x)**n/(d**x5*xn*x*5 + 15%xd*
*5kxn**x4 + 85kxd*xkx5xn*x*3 + 225kxd*xkx5kxn*x*2 + 274xd*xx5xn + 120%d**x5) + 35%Dxbxd*
*5xnk*kkx*kk5x (¢ + d*x)*k*n/(d*x*5*xn**x5 + 15kxd**k5*xn*x*4 + 85xd**x5xn*x*3 + 225%dx*
*5xnx*2 + 274*xd*x*5%n + 120*%d*x*5) + 50*Dxbxd**5xnxx*x*5%(c + d*x)**n/ (d**x5*xnx*
*5 + 15%d*x5xn*x*x4 + 85kd*xx5xn**x3 + 225xd*xx5xnkx*2 + 274xd*x*x5*xn + 120%d**5) +
24xDxbxd*xkx5xx*x*5% (¢ + d*x)*x*n/(d*x*x5*xn*x*5 + 15xd**x5*xn*x*4 + 85%d**x5xn*x*x3 + 2
25xd*x5xn**2 + 274*xd*x5*n + 120*d**5), True))
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Giac [B] time = 2.37785, size = 3002, normalized size = 13.28

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)*(d*x+c) “n*(D*x~3+C*xx~2+B*x+A) ,x, algorithm="giac")

[Out] ((d*x + c) " n*Dxb*xd~5%n"4*x"5 + (d*x + c) n*Dxbxcxd~4*n~4*x"4 + (d*x + c) nx*
Dxa*d~5*n~4*x"4 + (d*x + c) n*Cxbxd~5*n"4*xx~4 + 10*(d*x + c) n*D*b*xd~5*n~ 3%
Xx75 + (d*x + c) n*D*xa*c*d”4*n"4*x"3 + (d*x + c) n*Cxb*c*d"4*n"4*x"3 + (d*x
+ ¢) "nxCxaxd~5*n"4xx~3 + (d*x + c) n*Bxbxd~5*n"4*xx"3 + 6% (d*x + c) n*Dxb*cx*
d"4*n"3*x"4 + 11x(d*x + c) n*D*a*d”"5*n"3*x"4 + 11x(d*x + c) n*Cxb*d~5*n"3*x
~4 + 35%(d*x + c) " n*Dxbxd"5xn"2%x"5 + (d*x + c) n*Cxaxcxd~4*n"4*x"2 + (d*x
+ c) "n*Bxbkckxd~4*n"4*x"2 + (d*x + c) nkBxaxd"5*n"4xx"2 + (d*x + c) nxAxb*xd”
5%n~4%x"2 - 4x(d*x + c) nxDxb*c”2+%d"3*n"3*x"3 + 8*(d*x + c) n*D¥axc*d”4*n"3
*x73 + 8*%(d*x + c) n*Cxbxcxd~4*n~3%x"3 + 12*%(d*x + c) n*Cxaxd~5xn~3%x~3 + 1
2% (d*x + c) n*Bxb*d"5*n"3*x"3 + 11%(d*x + c) n*Dxbxcxd~4*n"2xx"4 + 41%(d*x
+ ¢) "nkDxaxd"5*xn"2*xx"4 + 41%(d*x + c) n*Cxbxd~5*n"2*%x~4 + 50*(d*x + c) “n*Dx*
b*d"5*n*x~5 + (d*x + c) n*Bkaxckxd"4*n"4*x + (d*x + c) nkAxbkckxd"4*n"4*xx + (
d*x + c) nxA*axd"5*n"4*xx - 3*x(d*x + c) nkDxaxc”2*xd"3*n"3*x"2 - 3*(d*x + c)”
nxCxbxc™2xd"3*n"3%x"2 + 10*(d*x + c) n*Cxaxcxd™4*n~3*x"2 + 10*(d*x + c) n*B
*b*xc*d"4*n"3*x72 + 13x(d*x + c) n*¥B*a*d"5*n"3*x"2 + 13*x(d*x + c) n¥xAxb*d"5*
n"3*x72 — 12x(d*x + c) "n*D*b*xc”2*d"3*n"2*xx"3 + 17+ (d*x + c) n*D*xaxcxd"4*n"2
*x73 + 17*%(d*x + c) "n*Cxbxc*xd~4*n"2%x"3 + 49*%(d*x + c) n*xCxaxd~5+n"2*x"3 +
49% (d*x + c) "n*Bxb*d"5*n"2*x"3 + 6x(d*x + c) n*Dxb¥ckd"4*n*x"4 + 61x(d*x +
c) "n*D*a*d"5*n*x"4 + 61*x(d*x + c) nxCxb*d~5*n*x"4 + 24*(d*x + c) n*xDxbxd~5%
x75 + (d*x + c) n¥xA*xaxc*d”4*n"4 - 2x(d*x + c) n*Cxa*c”2*d"3*n"3*x - 2x(d*x
+ ¢) "n*BxbxcT2*xd"3*n"3%x + 12*%(d*x + c) “n*Bxaxcxd"4*xn"3*x + 12*%(d*x + c) nx*
Axbxcxd~4*n"3*x + 14+ (d*x + c) nkxA*axd"5*xn"3*x + 12%(d*x + c) n*Dxb*xc~3*d"2
*n72%xx72 - 18%(d*x + c) “nxD¥axc”2*%d”"3*n"2*%x"2 - 18*(d*x + c) n*Cxb*xc~2xd"3*
n"2%x72 + 29%(d*x + c) n*Ckaxc*d"4*n"2*x”"2 + 29*%(d*x + c) n*Bxb¥xckd 4*n"2*x
"2 + 59*x(d*x + c) n*Bxaxd"5xn"2%x72 + 59*x(d*x + c) nxAxbxd"5xn"2%x"2 - 8*(d
*xX + ¢) n*Dxbxc”2xd"3*n*x"3 + 10*(d*x + c) “n*Dxaxcxd"4xn*x"3 + 10*(d*x + c)
“n*Cxb*ckd"4*n*x"3 + 78*x(d*x + c) n*C*a*d”5*n*x"3 + 78*x(d*x + c) n*Bxb*d 5%
n*x~3 + 30*x(d*x + c¢) n*D*a*xd"5*x"4 + 30*(d*x + c) n*Cxb*d"5*x"4 - (d*x + c)
“n*B*a*c”2*d"3*n"3 - (d*x + c) n¥A*xb*c”2*d"3*n"3 + 14x(d*x + c) n*xA*xaxc*xd”"4
*n~3 + 6*%(d*x + c) n*Dxaxc”3xd"2*n"2%x + 6*%(d*x + c) n*CxbxcT3xd"2*n"2%x -
18* (d*x + c) n*Cka*xc™2*d"3*n"2*x — 18*(d*x + c) n*B*b*c”™2*d"3*n"2*xx + 47x(d
*xX + c) n*Bkaxckxd"4*n"2xx + 47*(d*x + c) nkAxbkxckd"4*n"2*x + 71x(d*x + ¢c)"n
*Axa*xd"5*n"2*xx + 12%x(d*x + ) "n¥D¥b*c”3*d"72*n*kx"2 — 15x(d*x + ) “n*D¥xaxc 2
d"3*n*x"2 - 15%(d*x + c) n*Cxbxc~2*d"3*n*x"2 + 20*(d*x + c) n*Cxaxckxd 4*n*x
“2 + 20*%(d*x + c) " n¥Bxb*c*d"4*n*x"2 + 107*(d*x + c) n*B*axd"5*n*x"2 + 107*(
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d*x + c) “nxA*xb*d"5*n*x"2 + 40*x(d*x + c) n*Cxa*d"5*xx"3 + 40*(d*x + c) n*B*bx*
d"5*x"3 + 2x(d*x + c) n*Cka*xc”3*d"2*n"2 + 2x(d*x + c) n*Bxb*c”~3*d"2*n"2 - 1
2% (d*x + c) n*Bxaxc”2*xd"3*n"2 - 12%(d*x + c) "nxAxbxcT2*xd"3*n"2 + T1x(d*x +

c) "nxA*xaxc*d"4*n"2 - 24*x(d*x + c) nxDxb*c”4*d*n*x + 30*(d*x + c) nxDxaxc”3%
d"2*xn*x + 30*x(d*x + c) n*Cxb*c”3*d"2*n*x — 40*(d*x + c) n*Cka*xc™2*d"3*n*x -
40*(d*x + c) n*Bxb*c”2*xd"3*n*x + 60*(d*x + c) n*Bxakxcxd“4*n*x + 60*x(d*x +

c) "nxAxb¥cxd"4*n*x + 154*x(d*x + c) nxAxaxd”"5*n*x + 60*(d*x + c) n*Bxaxd 5*x
"2 + 60*%(d*x + c) nxAxbxd"5xx72 - 6%(d*x + c) n*Dxaxc”4xd*n - 6x(d*x + c)"n
*Cxb*c”4*d*n + 18*(d*x + c) n*Cka*xc”3*d"2*n + 18*(d*x + c) “n*xBxb*c~3*d"2*n

- 47+ (d*x + c) " n*Bxaxc”2xd"3*n - 47+ (d*x + c) nkxAxbxc"2*xd"3*n + 154*(d*x +

c) "nxAxaxckd~4*n + 120*%(d*x + c) n¥A*axd"5*x + 24*(d*x + c) n*Dxbxc”5 - 30%
(d*x + c) "n*D*axc”4*xd - 30*x(d*x + c) n*Cxb*c”4*d + 40*(d*x + c) n*Cxa*xc”3*d
"2 + 40*%(d*x + c) n*Bxbxc”3%d"2 - 60*(d*x + c) n*Bxaxc~2xd~3 - 60*(d*x + c)
“n*xA*xb*c”2%d”3 + 120%(d*x + c) n¥A*axc*d”4)/(d"5*n"5 + 15%d"5*n"4 + 85%d"5*
n~3 + 225%d"5*xn"2 + 274*%d"5%n + 120*d"5)
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3.28 f(c + dx)" (A + Bx + Cx? + Dx3) dx

Optimal. Leaf size=126

(c + dx)"*1 (Ad® — Bed? + c*Cd + 3(-D)) (¢ + dx)"+? (-Bd? — 3¢?D + 2cCd Cd = 3cD)c + dx)"3  Dl(c + dx
( ) ) (

A+ 1) A+ 2) " A1+ 3) Mo

[Out] ((c™2%C*d - Bxc*d™2 + A*xd~3 - ¢~ 3*D)*(c + d*x)~(1 + n))/(d"4x(1 + n)) - ((2
*ckCxd — B*xd™2 - 3%c”2xD)*(c + d*x)”"(2 + n))/(d"4*x(2 + n)) + ((Cxd - 3*c*D)
x(c + d*x)7(3 + n))/(d74*(3 + n)) + (D*(c + d*x)~(4 + n))/(d"4*x(4 + n))

Rubi [A] time = 0.0718049, antiderivative size = 126, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 23, e -

0.043, Rules used = {1850}

integrand size

(c + dx)"*1 (Ad® — Bed? + c*Cd + 3(-D)) (¢ + dx)"+? (-Bd? — 3¢?D + 2cCd Cd = 3cD)c + dx)"3  Dl(c + dx
N ( ) ) (

din+1) d*(n +2) d4(n + 3) d4(n +

Antiderivative was successfully verified.

[In] Int[(c + d*x) n*(A + B*x + C*xx~2 + D*x"3),x]

[Out] ((c™2%C*d - Bkc*d™2 + A*d~3 - ¢~ 3*D)*(c + d*x)~(1 + n))/(d74x(1 + n)) - ((2
*ckxCxd - Bxd~2 - 3%c”2xD)*(c + d*x)~(2 + n))/(d"4*x(2 + n)) + ((Cxd - 3*c*D)
x(c + d*x)7(3 + n))/(d74%(3 + n)) + (Dx(c + d*x)~(4 + n))/(d"4x(4 + n))

Rule 1850

Int[(Pq )*((a_) + (b_.)*x(x_)"(n_.))"(p_.), x_Symbol] :> Int[ExpandIntegrand
[Pg*x(a + b*x™n)"p, x], x] /; FreeQ[{a, b, n}, x] && PolyQ[Pq, x] && (IGtQ[p
, 01 || EqQ[n, 11)

Rubi steps

(csz — Bed? + Ad® - c3D) (c + dx)" (—ZCCd + Bd? + 3CZD) (c + dx)*
f(c + dx)" (A + Bx + Cx? + Dx3) dx = f e + e

(csz — Bed? + Ad® - C3D) (c + dx)1*" (ZCCd - Bd? - 3c2D) (c + dx)>*"
_}

441+ n) A2+ n)
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Mathematica [A] time = 0.105272, size = 108, normalized size = 0.86

a1 [ AdP-Bed+2Cd+3(-D)  (c+dx)(Bd*+32D-2cCd) (c+dx)X(Cd-3cD)  D(c+dx)?
(C + dx) n+1 + n+2 + n+3 + n+4

d4

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)"n*(A + Bxx + C*x"2 + Dxx73),x]

[Out] ((c + d*x)~(1 + n)*((c™2*%C*d - Bxcxd™2 + A*d~3 - c~3%D)/(1 + n) + ((-2%c*Cx
d + Bxd"2 + 3xc”2«D)*(c + d*x))/(2 + n) + ((Cxd - 3*c*D)*(c + d*x)"2)/(3 +
n) + (Dx(c + d*x)~3)/(4 + n)))/d"4

Maple [B] time = 0.005, size = 308, normalized size = 2.4

(dx +c)'*" (Dd3n3x3 + Cd®n3x? + 6 DAPn?x® + Bd®n3x + 7 Cd®n?x? — 3 Dcd?*n®x? + 11 Dd®nx® + Ad®n® + 8 Bd®n?x —

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) "n* (D*x"3+C*x"2+B*x+A) ,x)

[Out] (d*xx+c) ™ (1+n)*(D*d~3*n~3%x~3+C*d~3*n"3*x~2+6*D*d " 3*n~2*x~3+B*d~3*n~3*x+7*Cx
d”~3*n"2%x"2-3%D*kcxd " 2xn " 2%x " 2+11%D*xd " 3*n*x " 3+A*d " 3*n"3+8*B*d " 3*n " 2xx-2%CkC*
d™2*n"2*%x+14%C*d " 3*n*xx"2-9*Dxcxd~2*n*x " 2+6*%D*d " 3*x"3+9xAxd"3*n"2-B*xcxd"2*n”
2+19%B*xd~3*n*x—10*%Ckxcxd ™ 2*xn*x+8*Ckd~3*x ™ 2+6%D*c”™2*d*n*xx—6*D*ckxd~2%x~2+26% A*
d~3%n-7*Bxc*xd”~2*n+12%Bxd "~ 3*x+2*Cxc”2%d*n-8*Ckc*d ™ 2*x+6*D*c ™ 2%kd*x+24*A*d~3-1
2xBxcxd~2+8*Cxc~2*d-6%D*c~3) /d"4/ (n~4+10*n"3+35%n"2+50*n+24)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) "n*(D*x~3+C*x~2+B*x+A) ,x, algorithm="maxima")
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[Out] Exception raised: ValueError

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) "n*x(D*x~3+C*x~2+B*x+A) ,x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError

Sympy [A] time = 4.69687, size = 3750, normalized size = 29.76

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**n* (Dkxx**3+Ckx*x*2+B*xx+A) ,x)

[Out] Piecewise((ck*n*x(Axx + Bxx**2/2 + Ckxx**3/3 + D*x**4/4), Eq(d, 0)), (-2xA*cx
dx*3/ (6kcx*kdxd*x*x4 + 18kck*3xd*k*x5*xx + 18*kckx*k2kd**B*x*k*2 + Gkckd**x7*xx**3) - B
kckk2kd**2/ (6kckkdxdk*xd + 18kck*x3kd*x*k5xx + 18*kck*x2kd*x*xGxx*x*x2 + Gkckd**k7kx**
3) — 3%Bxckd**x3xx/ (6xckxdxd*x*x4 + 18kxck*k3xd*x*k5xx + 18kck*2xd*x*Gxx*x*2 + 6G*xc*xd
*kTkxk*k3) + 2kCkdkkdkx*k*x3/ (6xck*kdxdx*4 + 18kxckx*k3xd*x*k5xx + 18k Ck*k2xd**kBxx**2
+ 6*xckd*xT*x**3) + 6xDkcx*xdxlog(c/d + x)/(6*ck*dxd**4 + 18kcx*3*xd**5*xx + 1
8xCkkkd*k*kGkx*k*2 + GkckdFkk7Txx*k*3) + SxDkcx*k4/ (6kckkdxd*xx4d + 18kck*3*kd*x*x5%x
+ 18xCk*2kd*kBxx*k*2 + GkCkd*xkTxx*%3) + 18*Dxc*k*3*kd*x*log(c/d + x)/(6*cx*4xd
*%k4 + 18*kck*x3kd*kk5xx + 18kck*k2kdA*k*kBxxk*x2 + BGkckd*xkT*kx**3) + O*kDkcx*3kxd*xx/ (6
kckkdkd*kkd + 18kckk3kd*kk5kx + 18kck*2kd*kkGkx*k*2 + Gkckd**k7Txx*x*3) + 18*Dkc*k*
2xd*xx2xx*k*2%Log(c/d + x)/(Bkck*d*xd**4 + 18*Ck*3kd**5xx + 18*xCk*2kd**Gxx**2
+ Bkckdx*THx**3) + 6xDkcxd*x3*xx**3xLog(c/d + x)/(6xckxd*xd**4d + 18*ck*3xd**x5
*xX + 18%ck*2xd*xkGkx*k*k2 + Gkckdk*kTkx*k*x3) — GxDkckd*x*x3kx*kx*k3/ (6xck*kxdxd*x*4 + 18
*Ck*k3xAkkExX + 18kCHk*2kA**6kx*¥%2 + Gxckd*xT*x*x3) , Eq(n, -4)), (—Axd**3/(2x*
cx*k2kd**x4 + 4Akckd*k*x5xx + 2kdA*k*kBkx*k%2) — Bkckdx*k2/ (2%ckk2xdx*k4 + 4xkckdkkb5xx
+ 2xdx*kBxx*k*k2) — 2xBxdx*x3xx/ (2kxckx*k2xd*x*k4 + dkckdkkbkx + 2xdx*kBxx*k*k2) + 2%Cx
ck*2*xdxlog(c/d + x)/(2xck*2kd**4 + Akckd**5kxx + 2kd**x6*x**2) + 3*xCkcx*k2xd/ (
2kcxk2kd*k*k4 + 4dkckd*xkbkx + 2kdk*k6xx*k%2) + 4xCkckdx*k2xx*klog(c/d + x)/(2%cx*2
*d**4 + Adxcxd*x*k5xx + 2kd*kk6kx*k*2) + 4*kCkckdx*k2%xx/ (2*kcx*2kd**4 + 4xckd*kk5kxx
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+ 2kd*k*k6kx**%2) + 2%xCxd**3*kxx*k2x1og(c/d + x)/(2%c*k*2kd*x*4 + 4xckd*x*5xx + 2%d
*xkGxx*k%2) — 6xDkcx*k3xLog(c/d + x)/(2xc*k*2kdx*k4 + Akckd**k5*xx + 2xd**x6*x*k*2)
— OxDkcx*k3/ (2xck*2kd**4 + Axckdk*5xx + 2xd*x6*x**2) - 12xD*kcx*2xd*x*log(c/d
+ x)/(2%cx*k2kd*x*x4 + 4kckd**x5xx + kA*k*kB*kx*k%2) — 12%Dkck*k2kd*xx/ (2*kck*kQkd**4
+ dkxckd*xbxx + 2kdxk6xx*x2) — BxDkckd**2xx*k*2xLog(c/d + x)/(2xc*x2*xd**4 +
Axckd*x*k5%x + 2kd*xkBxx*k%2) + 2kDkAk*k3kx*kx3/ (2kck*k2kd*x*k4 + 4kckdkk5kx + 2kd**
6*xx**2), Eq(n, -3)), (-2%A*xd*x3/(2xc*d*x4 + 2*d**5*x) + 2*Bkxcxd**2xlog(c/d
+ x)/(2%ckd*x*4 + 2%xd**5%xx) + 2%Bxckxd*x*2/ (2kckd*x*4 + 2kd**5%xx) + 2%Bxd**x3*kx*
log(c/d + x)/(2%cxd*x4 + 2xd**5*xx) - 4*Cxc*x2*xd*xlog(c/d + x)/(2xckxd*x*4 + 2%
dx*5%x) — 4*Ckcx*k2xd/(2xcxd*x*4 + 2*d**x5*x) - 4*Ckcxdx*2xxxlog(c/d + x)/(2*c
xd*kx4 + 2kd*kk5kx) + 2kCkd**x3*kx*x*k2/(2xckd**4 + 2kd*x*x5xx) + 6xD*c*x*3xlog(c/d
+ %)/ (2%ckd**4 + 2kdx*5*xx) + 6xDxc**3/(2kcxd**4 + 2%d**5*x) + B*kDkCr*k2kd*kx*
log(c/d + x)/(2%cxd**x4 + 2xd**b5*x) — 3*kDkckd*k*2kx**%2/(2%ckd*x*4 + 2xd**5*x)
+ D*d**3xx**x3/(2%ckd**4 + 2xd*xb5*x), Eq(n, -2)), (Axlog(c/d + x)/d - Bxcxlo
g(c/d + x)/d**2 + B*xx/d + Cxcx*2xlog(c/d + x)/d**3 — Cxc*x/d*x2 + Cxx**2/(2
*d) - D*c**3xlog(c/d + x)/d**4 + Dkck*2+x/d**3 — Dkckx*x*2/(2%d**2) + Dkx**3
/(3*%d), Eq(n, -1)), (Axckxdx*3*nx*3*(c + dxx)**n/(d*x4*xn*xx4 + 10*d*x4*xn**3 +
35xd*x*k4*kn*x*x2 + 50xd**k4*xn + 24kxd**x4) + OkAxckd**x3kxnx*k2%x (c + d*x)**n/ (d**x4*n
*%4 + 10xd*x*k4*xn*x*3 + 35kdxx4knx*k2 + 50xd**x4*xn + 24xd*x*x4) + 26*xAxcxd*x*3*xnx*(c
+ dxx)**xn/ (d**x4*xn**x4 + 10*xd*x*4*n**x3 + 35kd*x*k4*kn*x*2 + 50kd*x*x4*xn + 24*d*%*4)
+ 24xAxcxd**x3x (c + d*xx)**xn/ (d**x4*xn*x*x4 + 10*xd*x*4*n**x3 + 35kd*x*4*n**x2 + 50%dx*
*4xn + 24xd*x*x4) + Axdxxdxn*x*x3xxk(c + d*xx)*x*kn/(dxx4dxn*x*x4 + 10kd**x4*xn*x*3 + 35
kQk*k4*xn*kx2 + B50kd*x*k4*n + 24%d**4) + OkAxdxk4kn*kk2xx* (c + d*xx)**n/ (d*x*k4kn*x*4
+ 10*d**x4*xn*x*3 + 35kd*kx4xn*x*x2 + B50kd*x*x4*n + 24xd*x*4) + 26xAxd*x*x4xnxxk(c +
d*x) *x*n/ (d**x4*xn*x*4 + 10*d**x4xn*x*x3 + 35kxd*xx4*xn**x2 + 50xd*x*4*n + 24xd**x4) + 2
AxAxdx*x4*xx* (c + d*x)**n/ (d*x*x4*xnx*4 + 10*d**x4xn*x*3 + 35kd*kx4d*xn*x*x2 + B50*xd*x*x4*
n + 24xd*%x4) - Bxck*x2xdxx2xn*xx2% (c + dxx)**n/(d**x4*n*x*4 + 10*d**4*xn**x3 + 35
kdxxdxn**x2 + B50kd*xk4d*xn + 24xd*x%x4) - TxBkcx*2xd*xx2%n*(c + dx*xx)**xn/ (d*x*x4*xn*x*x4
+ 10xd**4*xn*x*3 + 35kxd**x4xnx*2 + B0*xd**x4*xn + 24xd*x*4) - 12xBxcx*k2xd*x*x2%(c +
dxx) **xn/ (d**x4xn*x*x4 + 10*%d**x4*n**x3 + 35xd*x*k4*xn**x2 + 50xd*x*x4*n + 24*d**x4) +
Bxcxdx*3*xn**x3xx* (¢ + d*x)**n/(d*x*4*n*x*4 + 10kxd**4*xn*x*3 + 35xd*x*x4*xnx*2 + 50*
d*x*x4*xn + 24*xd*x*4) + T*Bkckd**x3knxx2xx* (c + d*x)**n/(d**x4*xn*x*x4 + 10%d*x*k4*xn**
3 + 35kd*xx4*xn*x*2 + 50%d*x*x4*xn + 24*xd*x*x4) + 12%Bkxckd*xx3knxx*(c + d*xx)*x*xn/(d*x*
Axnx*x4 + 10xd**x4xnx*3 + 35kxd*x4dxnx*x2 + B50kd*x4*n + 24xd**4) + Bkdkk4dxn*x*k3*xx
*x2% (¢ + d*xx)**n/(d*x*4*n*x*4 + 10xd**4*xn*x*3 + 35xd*xx4xn*x*2 + 50*d**x4*n + 24%
d**x4) + 8xBxdx*k4*xn*x*x2xx*x2x (c + d*xx)**n/(d*x*4*n**x4 + 10*xd*x*4*n*x*x3 + 35kxd**4
*nkxx2 + 50kxdxk4kn + 24xd*x*x4) + 19%Bxdxxdxnkxxkx*k2k% (c + d*xx)*x*n/ (dx*x4xn*x*x4 + 1
O*d*x4xn*x*3 + 35kd*x*x4*xn**x2 + 50xd*x*4*n + 24*xd**x4) + 12%Bkd*x4dxx*x*x2*x(c + d*x
Yxkn/ (dxxdxnx*4 + 10*%d**x4xn*x*3 + 35kd*kx4dxn**x2 + B50kd**4*n + 24xd**4) + 2%Cxk
cx*3kd*n* (c + d*xx)**n/ (d*x4dxnx*x4 + 10*d**x4xn**x3 + 35kd**x4*n**x2 + 50*xd*x*4*n
+ 24xd*x*4) + 8*%Ckc*x*x3%xd*(c + d*xx)**n/(d**4*xn*x*4 + 10xd**4*xn*x*3 + 35xd**x4*xnx*
*2 + BO*d**x4*xn + 24xd*x*x4) — 2%kCkckkx2xd*x*x2xnx*2*xx*x (¢ + d*x)**n/ (d**x4*xnx*x4d +
10*d*x*x4*xn*x*3 + 35kd*x4xn*x*x2 + 50*kd*x*x4*n + 24xd*x*4) — 8xCkckx*2kd**x2xn*xx*(c +
d*xx) **xn/ (d*x*x4xn*x*x4 + 10*xd**x4*n**x3 + 35kd*x*4*xn**x2 + B50kxd*x*x4*n + 24*xd**x4) +
Ckckd*xx3xn*kx3xxx*k2kx (¢ + d*x)**n/ (d*xxdxnx*x4 + 10*d**x4xn**x3 + 35kd*x*x4*n**x2 +
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50xd*x4*n + 24%d**4) + BxCkckxd*xkx3knx*k2xx*x*x2% (c + d*xx)**n/(d*x*x4*xn*x*4 + 10*d*
*4xnx*3 + 35kd*xk4knkx*k2 + B0*d**x4dxn + 24xd*x*4) + A*xCkckd*kx3kxnkxx*k*x2%(c + d*x)
sxn/ (dx*k4*kn*x*x4 + 10kxd**k4*xn*x*3 + 35xd**x4xnx*2 + 50*d**x4dxn + 24xd*x*4) + Cxkxd*x*
Axnx*k3%xx*k*x3x (¢ + d*xx)**xn/(d*x*4*xn*x*x4 + 10xd**4*xn*x*3 + 35kd**x4xnx*2 + 50*xd**x4
*n + 24%d**x4) + TxCkxdx*k4xnx*x2*xx**x3kx (c + d*xx)**xn/(d*x*4*n**x4 + 10*xd*x*4*n**x3 +
35xd**4*kn*x*x2 + 50*xd*x*k4*n + 24*xd*x*x4) + 14%Ckdxxdxn*xx*x*3%(c + d*xx)**n/ (d*x*x4x*
nx*x4 + 10xd**4*xn*x*3 + 35xd*x*x4*xnx*2 + 50*d**x4*xn + 24xd*x*4) + SxCkd*xdxxk*k3* (
c + dxx)*x*n/(dx*k4*kn*x*4 + 10xd**4*xn*x*3 + 35xd**x4xnx*2 + 50*d**x4dxn + 24xd*x*4)
— B6%Dkc*k*x4x(c + dxx)**n/(dx*4*xn*x*x4 + 10xd**4*xn*x*3 + 35kd**x4*xn*x*2 + 50*xd**x4
*n + 24%d**x4) + 6xDxckx*k3kd*knkxk (c + d*xx)*x*n/(d**4*n**x4 + 10*xd*x*4*n**3 + 35%
d*x*4xnx*x2 + 50*kd*x*k4xn + 24xd*x*x4) — IkDkck*k2kdkk2kn*kkkxk*k2k (¢ + d*xx)*x*n/ (dx*
*4xnx*x4 + 10xd**kx4*xn*x*3 + 35kd*xdxnx*x2 + 50*kd*k*x4*xn + 24xd*x*4) — 3*kDkck*kQkd**
2xn*xx*x2% (¢ + d*xx)**n/(d**x4*n*x*x4 + 10xd*x*4*n**x3 + 35kd**k4*kn*x*2 + 50xd**x4*xn
+ 24xd**4) + Dkckd**x3%n*xx3xxk*x3x(c + d*xx)**n/ (d*xx4xnx*x4 + 10*d**x4*xn*x*x3 + 35
*dk*x4*xn**x2 + 50kd*x*4*n + 24%xd**x4) + 3kDkckxdx*k3knkx*x2*xx*x3k (c + d*xx)*x*n/(d*x*4
*nx*x4 + 10kd**k4*xn*x*3 + 35kxd*xkx4xnkx*2 + 50*d**x4d*xn + 24xd*x*4) + 2%D*xckd**x3*xn*x
*%3% (¢ + d*xx)**n/ (d*x*4*xn*x*x4 + 10*xd**x4xn**x3 + 35kd*kx4*xn*x*2 + 50%d*x*4*n + 24%*
d**x4) + Dxdx*k4kn*xx3xx*kxdx (c + d*xx)**n/(d*x*x4*n**x4 + 10*kd*x*4*n**x3 + 35kd**x4*n
*%2 + B0xdx*k4*n + 24kd**x4) + 6xDkdxkdknk*kkx*kkd* (c + d*xx)*k*n/(dx*k4*n*x*x4 + 1
O*d*xx4xn**x3 + 35kd*x*x4*n**x2 + 50*xd*x*4*n + 24*d**x4) + 11*xD*kd*x4xn*xx**x4x(c + d
xx) **kn/ (d**x4d*xn*x*x4 + 10*kd**4*n**x3 + 35kd*x*4*n**x2 + 50kxd*x*x4*n + 24*d**x4) + 6%
Dxd*x4*xx*x*k4d*x (c + d*xx)**n/ (dx*4xn*x*x4 + 10*xd**x4xn**3 + 35kd*kx4*xn*x*2 + 50%d*x*4
*n + 24*d*%*4), True))

Giac [B] time = 2.57679, size = 983, normalized size = 7.8

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) "n*(D*x~3+C*x~2+B*x+A) ,x, algorithm="giac")

[Out] ((d*x + c)"n*D*d~4*n"3*x"4 + (d*x + c) " n*Dxc*xd~3*n"3*x~3 + (d*x + c) " nxC*xd~
4xn~3*x"3 + 6%(d*x + c) n*D*d"4*n"2*xx"4 + (d*x + c) n*Ckckxd"3*n"3*xx"2 + (d*
X + ¢) n*Bxd"4#n"3%x"2 + 3*(d*x + c) nxDxc*d"3*n"2%x"3 + 7*x(d*x + c) nxCxd”
4xn~2xx"3 + 11x(d*x + c) n*D*d"4*n*x"4 + (d*x + c) n*B*xc*d"3*n"3*x + (d*x +

c) " n¥A*d"4*n"3*x - 3*(d*x + c) nxD*c”2+%d"2*n"2*x"2 + 5x(d*x + c) n*xCxc*d"3
*n"2%x72 4+ 8% (d*x + c) " n*Bxd"4xn"2%x"2 + 2% (d*x + c) n*Dxcxd"3xn*x"3 + 14%(
d*x + ¢) n*Cxd~4*nxx"3 + 6%(d*x + c) nkD*d"4*x"4 + (d*x + c) n*A*c*d"3*n"3

- 2% (d*x + c) "n*Cxc™2xd"2*n"2%x + T+ (d*x + c) n*Bxcxd"3*n"2%x + 9*x(d*x + c)
“n*A*d74*n"2*%x - 3% (d*x + ) n*D*cT2+%d72*n*x"2 + 4x(d*x + ) n*xCkxc*xd"3*n*x”

2 + 19%(d*x + c) " n*Bxd"4*n*x"2 + 8+ (d*x + c) n*Cxd"4*x"3 — (d*x + c) n*B*c”
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2%d"2*n"2 + 9% (d*x + c) nxA*cxd~3*n"2 + 6*x(d*x + c) n*Dxc”3*d*n*x - 8*x(d*x

+ ) "n*Cxc”2*%d"2xn*x + 12+ (d*x + c) "n¥Bkckxd"3*n*x + 26*%(d¥x + c) “nkAxd 4*nx*
X + 12%x(d*x + c) n*¥B*d"4*x"2 + 2x(d*x + c) n*C*c”3*d*n - 7*x(d*x + c) nxBxc”
2%d72#n + 26*%(d*x + c) " nxAxcxd"3*n + 24*(d*x + c) " nxAxd"4*xx - 6%(d*x + ¢c)"n
*D*xc”4 + 8% (d*x + c) " n*Cxc~3*d - 12+ (d*x + c) " nkBxc™2*xd"2 + 24*(d*x + c) "n*
Axc*xd~3)/(d"4*n"4 + 10%d"4*n"3 + 35*xd"4*n"2 + 50*%d"4*n + 24*d"4)
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(c+dx)”(A+Bx+Cx2+Dx3)
329 | dx
a+bx
Optimal. Leaf size=203
b(c+dx
(c + dx)™*1 (Ab3 -a (azD —abC + sz)) oF; (1, n+Ln+2; ﬁ) (c + dx)"*1 (azdzD — abd(Cd — cD) + b2 (_ (
B P(n + 1) (b — ad) - PdBn +1)

[Out] ((a~2*d"2*D - a*bxd*(C*d - c*D) - b~ 2*(c*xCxd — Bxd~2 - c~2%D))*(c + d*x)~ (1
+ n))/(®73*%d"3*(1 + n)) + ((b*xCxd - 2xb*c*D - a*xd*D)*(c + d*x)~(2 + n))/(b
“2xd"3*%(2 + n)) + (D*x(c + d*x)~(3 + n))/(b*d"3*(3 + n)) - ((A*b~3 - ax*x(b~2x*

B - axb*C + a”2*D))*(c + d*x)~ (1 + n)*Hypergeometric2F1[1, 1 + n, 2 + n, (b

x(c + d*x))/(b*c - axd)])/(b"3x(b*c - a*xd)*(1 + n))

Rubi [A] time = 0.179561, antiderivative size = 203, normalized size of antiderivative =
. . f rul
1., number of steps used = 3, number of rules used = 2, integrand size = 30, number of rules_

integrand size
0.067, Rules used = {1620, 68}

bc+d
(c + dx)**1 (Ab3 Sy (aZD —abC + bZB)) oFy (1, n+ln+2; ;ia;)) (c + dx)r+! (azdzD — abd(Cd — cD) + b (_ (
- +

b3(n + 1)(bc — ad) b3d3(n +1)

Antiderivative was successfully verified.

[In] Int[((c + d*x) n*(A + Bkxx + C*xx~2 + Dxx73))/(a + b*x),x]

[Out] ((a”"2*d"2*D - a*xbxd*(C*d - c*D) - b™2*x(c*Cxd — Bxd™2 - c™2%D))*(c + d*x)~(1
+ n))/(b73*%d"3*x(1 + n)) + ((b*Cxd - 2*bxc*xD - a*d*D)*(c + d*x)~(2 + n))/(b
~2%d73%(2 + n)) + (Dx(c + d*x)~(3 + n))/(b*d"3*(3 + n)) - ((A*b~3 - a*x(b™2%

B - axb*C + a~2#D))*(c + d*x)~ (1 + n)*Hypergeometric2F1[1, 1 + n, 2 + n, (b

x(c + dxx))/(bxc - axd)])/(b~3x(bxc - axd)*(1 + n))

Rule 1620

Int[(Px )*x((a_.) + (b_)*(x )" (m_.)*((c_.) + (d_)*(x_))"(n_.), x_Symbol]
:> Int[ExpandIntegrand[Px*(a + bxx) mx(c + d*x)"n, x], x] /; FreeQ[{a, b, c
, d, m, n}, x] & PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) && GtQ[E
xpon[Px, x], 2]

Rule 68
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Int[((a_) + (b_.)*(x_)) " (m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((
b*c - a*xd) nx(a + b*x) " (m + 1)+*Hypergeometric2Fi[-n, m + 1, m + 2, -((dx(a
+ b*x))/(bxc - a*xd))])/(b"(n + 1)*(m + 1)), x] /; FreeQ[{a, b, ¢, d, m}, x]
&& NeQ[bxc - axd, 0] && !'IntegerQ[m] && IntegerQ[nl]

Rubi steps

(a2d2D — abd(Cd — cD) - b? (cCd - Bd? - ¢2D)) (c + dx)"  (Ab® - a (b
+

f(c+dx)”(A+Bx+Cx2+Dx3)d f
X =

a+bx B342
_ (#*d?D — abd(Cd ~ cD) - 1? (cCd - Bd? - *D)) (c + dx)"*" , (bCd—2beD -
- BB + n) ¥E

(a2d?D - abd(Cd - cD) - b? (cCd — Bd? - 2D)) (c + dx)!*" , (bCd=2beD -
b3d3(1 + n) b2d3

Mathematica [A] time = 0.245645, size = 181, normalized size = 0.89

3 2 2 1. D(c+dx)
(Ab®~a(a? D-abC+17B)) oF 1(1’1”"” e — ) N a2d2D+abd(cD~-Cd)+b?(Bd?+c*D—cCd) . ble+dx)(-adD-2beD+bCd) | PPD(c+dx

(n+1)(bc—ad) d3(n+1) d3(n+2) d3(n+3)

b3

(c +dx)"+1] -

Antiderivative was successfully verified.

[In] Integrate[((c + d*x) nx(A + Bxx + Cxx~2 + D*x73))/(a + b*x),x]

[Out] ((c + d*x)~(1 + n)*((a"2+*d"2+D + axb*d*(-(Cxd) + c*D) + b 2*%(-(c*C*xd) + Bx*d
"2 + ¢c”2+%D))/(d"3*x(1 + n)) + (bx(b*Cxd - 2*bxc*D — a*d*D)*(c + d*x))/(d"3x*(

2 + n)) + (b72xD*x(c + d*x)~2)/(d"3*(3 + n)) - ((A*b~3 - a*x(b"2+B - a*xb*C +

a~2xD) ) *xHypergeometric2F1[1, 1 + n, 2 + n, (b*(c + d*x))/(b*c - a*xd)])/((bx

c - axd)*(1 + n))))/b"3

Maple [F] time = 0.047, size = 0, normalized size = 0.

dx

(dx +¢)" (Dx3 +Cx%+Bx + A)
f bx +a

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((d*x+c) n*(D*x~3+C*x~2+B*x+A)/(b*x+a),x)

[Out] int((d*x+c) "n* (Dxx~3+Cxx"2+B*x+A)/(b*x+a) ,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

(Dx3 +Cx% +Bx + A)(dx +0)"
f bx+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) "n*(Dxx~3+C*x~2+B*x+A)/(b*x+a) ,x, algorithm="maxima"

[Out] integrate((D*x~3 + C*x"2 + B*x + A)*(d*x + c)"n/(b*x + a), x)

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) "n*(Dxx~3+C*x~2+B*x+A)/(b*x+a) ,x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

(c +dx)" (A +Bx + Cx* + Dx3)
f a+ bx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**n* (Dkx*x*3+Ckx**2+B*xx+A)/(b*x+a) ,x)

[Out] Integral((c + d*x)*xn*x(A + B*x + Cxx**2 + Dxx*%3)/(a + b*x), X)
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Giac [F] time = 0., size = 0, normalized size = 0.

dx

(Dx3 +Cx% +Bx + A)(dx +0)"
f bx+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) "n*(Dxx~3+C*x~2+B*x+A)/(b*x+a) ,x, algorithm="giac")

[Out] integrate((D*x~3 + C*x"2 + B*x + A)*(d*x + c)"n/(b*x + a), x)
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(c+dx)”(A+Bx+Cx2+Dx3)
330 | . dx
(a+bx)
Optimal. Leaf size=220
b(c+dx)

(c +dx)"1,F; (1,n +Ln 42—

) (—azb(?,cD + Cd(n + 2)) + a®dD(n + 3) + ab*(Bd(n + 1) + 2cC) — b3(Adn + Bc
b3(n +1)(bc — ad)?

[Out] ((b*Cxd — b*cxD — 2xa*d*D)*(c + d*x)~(1 + n))/(b"3*d"2*(1 + n)) - ((A - (ax*
(b"2%B - a*b*C + a”2*D))/b"3)*x(c + d*x)~ (1 + n))/((b*c - axd)*(a + b*x)) +

(D*(c + d*x)~(2 + n))/(®"2%d"2*(2 + n)) + ((a~3*d*D*(3 + n) - b~ 3x(B*c + Ax

d*n) + axb”2x(2xc*xC + B*d*(1 + n)) - a”2xb*x(3*c*D + Cxd*(2 + n)))*(c + d*x)

~(1 + n)*Hypergeometric2F1[1, 1 + n, 2 + n, (bx(c + d*x))/(bxc - axd)])/ (b~

3% (bxc - axd)"2*(1 + n))

Rubi [A] time = 0.523727, antiderivative size = 220, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 30, e e .

0.133, Rules used = {1621, 951, 80, 68}

integrand size

b(c+dx)
bc—ad

(c + dx)™1,F, (1, n+1in+2; ) (~a2b(3eD + Cd(n +2) + a*dD(n + 3) + ab?(Bd(n +1) + 2cC) - b*(Adn + Be

b3(n + 1)(bc — ad)?

Antiderivative was successfully verified.

[In] Int[((c + d*x) n*(A + B*x + C*x~2 + D*x~3))/(a + b*x)"2,x]

[Out] ((b*Cxd — b*c*xD — 2*xa*d*D)*(c + d*x)"(1 + n))/(b"3*d"2+%(1 + n)) - ((A - (ax*
(b~2*B - a*b*C + a~2%D))/b"3)*(c + d*x)~(1 + n))/((bxc - axd)*(a + b*x)) +

(D*x(c + d*x)~(2 + n))/(b72%d"2%(2 + n)) + ((a”3*%d*D*(3 + n) - b~3*x(Bxc + Ax

d*n) + axb™2x(2xc*xC + B*d*(1 + n)) - a”2xb*x(3*c*xD + Cxd*(2 + n)))*(c + d*x)

~(1 + n)*Hypergeometric2F1i[1, 1 + n, 2 + n, (bx(c + d*x))/(bxc - axd)])/ (b~

3% (bxc - axd)"2*(1 + n))

Rule 1621

Int [(Px_)*((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol]

> With[{Qx = PolynomialQuotient[Px, a + b*x, x], R = PolynomialRemainder [Px
, a + b*x, x]}, Simp[(R*(a + b*x)~(m + 1) *(c + d*x)"(n + 1))/((m + 1)*(b*c

- axd)), x] + Dist[1/((m + 1)*(b*c - a*d)), Int[(a + bxx)"(m + 1)*(c + d*x)
“n*ExpandToSum[(m + 1)*(b*c - a*d)*Qx - d*R*x(m + n + 2), x], x], x]] /; Fre
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eQ[{a, b, c, d, n}, x] && PolyQ[Px, x] && ILtQ[m, -1] && GtQ[Expon[Px, xI,
2]

Rule 951

Int[((d_.) + (e_)*x_))"m )*((f_.) + (g_)*xx_ )" (m_)*((a_.) + (b_.)*(x_)

+ (c_.)*x(x_)"2)"(p_.), x_Symbol] :> Simp[(c”p*(d + exx)~(m + 2*p)*(f + gxx
)>(n + 1))/(gxe~(2%p)*(m + n + 2%xp + 1)), x] + Dist[1/(gxe”(2*p)*(m + n + 2
xp + 1)), Int[(d + exx) m*x(f + g*x) n*ExpandToSum[g*(m + n + 2xp + 1)*(e”(2
xp)*x(a + bxx + c*xx72)7p - c"px(d + exx)"(2%p)) - c"px(exf - d*xg)*(m + 2*p)*
(d + exx)~(2%p - 1), x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g}, x] & NeQ[e
xf - dxg, 0] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - bxd*e + axe”2, 0] && IGt
Qlp, 0] && NeQ[m + n + 2*%p + 1, 0] && (IntegerQ[n] || !IntegerQ[m])

Rule 80

Int[((a_.) + (b_.)*(x_))*((c_.) + (d_)*x_))"(n_)*x((e_.) + (£_)*x(x_))"(p
_.), x_Symbol] :> Simp[(b*(c + d*x)"(n + D)x(e + £xx)"(p + 1))/(d*f*x(n + p
+2)), x] + Dist[(axd*fx(n + p + 2) - b*(dxex(n + 1) + cxf*x(p + 1)))/(d*fx*(
n+p+ 2)), Int[(c + d*x) "nx(e + £*x)7p, x], x] /; FreeQ[{a, b, c, d, e, £
, n, pr, x] && NeQ[n + p + 2, 0]

Rule 68

Int[((a_) + (b_)*(x_)) " (m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((
bxc - a*xd) n*(a + b*x) (m + 1)+*Hypergeometric2F1[-n, m + 1, m + 2, -((d*(a
+ b*x))/(b*c - axd))])/ (" (n + D*x(m + 1)), x] /; FreeQl{a, b, c, d, m}, x]
&& NeQ[bxc - axd, 0] && !'IntegerQ[m] && IntegerQ[nl]

Rubi steps



f (c + dx)" (A +Bx + Cx% + Dx3)

(a + bx)?

Mathematica [A]

185

( ~ a(sz—abgC+a2D)) C+ dx)1+7l (c+ dx)n(a3dD(1+n)—b3(Bc+Adn)+ab2(;3C+Bd(1+n))—a21
’ a+bx
(bc — ad)(a + bx) —bc +
a(2B—abCta? ) d(@+m)(a>d?D(1+n)-t
(A ~ (1?8 bb3C+a D)) (4 d)ten Dles e (c+dx) (—
c+dx
- bc — ad)(a + bx Rd22 +n)
(
A a(bZB—ahC+u2D) (C 4 dx)“’”
(bCd - beD - 2adD)(c + dx)!*" 3 N D(c +
b3d2(1 + n) (bc — ad)(a + bx) b2d2(
2n_ 2
A a(b B—abC+a D) (C 4 dx)l+”
(bCd - beD - 2adD)(c + dx)'*" b N D(c +
b3d2(1 + n) (bc — ad)(a + bx) b2d?(

time = 0.19947, size = 180, normalized size = 0.82

b(c+dx) b(c+dx)

(c + dx)"*!

(n+1)(bc—ad)?

(n+1)(bc—ad) d2(n+1) d2(n+2)

3_ (21— 2 . CAerday) 27)_ 2 . .
A(Ab—a(2D-abC+17B)) oF1 (204 2 42 2) ) (302D-2abC+2B) oFs (Lt 25} ) wmm)

b?)

Antiderivative was successfully verified.

[In] Integrate[((c + d*x) nx(A + Bxx + Cxx~2 + D*x~3))/(a + b*x)~2,x]

[Out] ((c + d*x)~(1 + n)*((bxCxd - b*c*xD - 2*axd*D)/(d"2x(1 + n)) + (b*D*(c + d*x
))/(d72%(2 + n)) - ((b72%B - 2*a*xbxC + 3%a~2xD)*Hypergeometric2F1[1, 1 + n,

2 +n,

(bx(c + d*x))/(bxc - a*xd)])/((b*c - a*d)*(1 + n)) + (d*(A*b~3 - ax(

b~2*%B - axbxC + a~2*D))*Hypergeometric2F1[2, 1 + n, 2 + n, (bx(c + d*x))/(b

*c - a*xd)])/((bxc - a*d)"2x(1 + n))))/b~3

Maple [F] time = 0.049, size = 0, normalized size = 0.

dx

f (dx +¢c)" (Dx3 +Cx?+Bx + A)

(bx + a)®

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) "n*(D*xx"3+C*x~2+B*x+A)/ (b*x+a) ~2,x)



186

[Out] int((d*x+c) "n*(D*xx"3+C*xx"2+B*xx+A)/(b*x+a) ~2,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

f (Dx3 +Cx% +Bx + A)(dx +0)"

(bx + a)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) "n*(Dxx~3+C*x~2+B*x+A)/(b*x+a) ~2,x, algorithm="maxima"

[Out] integrate((D*x~3 + C*x~2 + B*x + A)*(d*x + c)"n/(b*x + a)~2, x)

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) "n*x(Dxx~3+C*x~2+B*x+A)/(b*x+a) ~2,x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

f (c +dx)" (A +Bx +Cx? + Dx3)
(a+ bx)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**n* (Dkxx**3+Ckx*x*2+B*xx+A) / (b*x+a)**2,x)

[Out] Integral((c + d¥x)**n*(A + Bxx + Ckxx**2 + D¥x**3)/(a + b*x)**2, x)
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Giac [F] time = 0., size = 0, normalized size = 0.

f (Dx3 + Cx? + Bx + A)(dx +0)"

5 dx
(bx + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxx+c) "n*(Dxx~3+C*x~2+B*x+A)/(b*x+a) 2,x, algorithm="giac")

[Out] integrate((D*x~3 + C*x~2 + B*x + A)*(d*x + c)"n/(b*x + a)~2, x)
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3.31 dx

f (c+dx)”(A+Bx+Cx2+Dx3)
(a+bx)3
Optimal. Leaf size=329

b(c+dx)
be—ad

(c + dx)"1,F; (1,n +1;n+2; ) (azbd(n +2)(6cD + Cd(n + 1)) + a® (—dz) D (nz +5n + 6) - ab? (den(n +1) A

2b3(n + 1)(be — ad)?

[Out] (D*(c + d*x)~(1 + n))/(73*d*(1 + n)) - ((A*b~3 - a*x(b"2+%B - a*b*C + a~2*D)
Yx(c + d*x)”(1 + n))/(2*xb"3*(b*xc - a*d)*(a + b*x)"2) - ((b™3*(2*xBxc - A*xdx*(

1 - n)) - a~3*%d*D*(5 + n) - a*xb™2x(4*xc*xC + B*d*(1 + n)) + a”"2*b*x(6xcxD + C*

d*(3 + n)))*(c + d*x)~(1 + n))/(2*b~3*(b*c - axd) 2*(a + b*x)) - ((b™3*x(2*c

“2%C + 2*Bkxc*d*n — A*d"2*x(1 - n)*n) - a~3*d"2*%D*(6 + 5*%n + n~2) + a”2xb*xdx*(

2 + n)*(6*xc*kD + Cxd*x(1 + n)) - a*xb™2%(6%c™2*D + 4xcxCxd*x(1 + n) + B*d™2*n*(

1 + n)))*(c + d*x)~(1 + n)*Hypergeometric2F1[1, 1 + n, 2 + n, (bx(c + d*x))

/(bxc - a*d)])/(2*xb"3*(b*xc - a*xd)~3*(1 + n))

Rubi [A] time = 0.61896, antiderivative size = 329, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 30, e o e

0.133, Rules used = {1621, 949, 80, 68}

integrand size

(c + dx)"1,F; (1,n +Ln 42—

) (uzbd(n +2)(6cD + Cd(n + 1)) + a® (—dz) D (nz +5n + 6) - ab? (den(n +1) A
2b3(n + 1)(be — ad)?

Antiderivative was successfully verified.

[In] Int[((c + d*x) " n*x(A + Bxx + C*x"2 + D*x73))/(a + b*x)~3,x]

[Out] (D*(c + d*x)~(1 + n))/("3*%d*(1 + n)) - ((A*b~3 - a*(b"2+%B - axb*C + a~2*D)
Yk(c + d*x)~(1 + n))/(2xb~3*(b*c - axd)*(a + b*x)~2) - ((b~3*%(2*Bxc - Axdx*(

1 - n)) - a~3*%d*D*(5 + n) - a*xb™2x(4*xcxC + B*d*(1 + n)) + a”2xbx(6xcxD + Cx

d*x(3 + n)))*(c + d*x)~(1 + n))/(2*b~3*(bxc — axd) 2*(a + b*x)) - ((b™3*x(2*c

“2%C + 2*Bkxckdkn - A*d"2*x(1 - n)#*n) - a”3*d"2*D*(6 + 5*n + n"2) + a~2¥b*xdx*(

2 + n)*(6*%ckD + Cxd*x(1 + n)) - a*b™2%(6%c™2*D + 4*xc*xCxd*x(1 + n) + B*xd~2*n*(

1 + n)))*(c + d*x)~(1 + n)*Hypergeometric2F1i[1, 1 + n, 2 + n, (bx(c + d*x))

/(bxc - axd)])/(2xb~3*(b*xc - a*xd) 3*(1 + n))

Rule 1621

Int[(Px_)*((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol]
> With[{Qx = PolynomialQuotient[Px, a + b*x, x], R = PolynomialRemainder [Px
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, a + bxx, x]}, Simp[(R*(a + b*x)"(m + 1)*(c + d*x)"(n + 1))/((m + 1)*(bx*c

- axd)), x] + Dist[1/((m + 1)*(b*c - axd)), Int[(a + b*x)"(m + 1)*(c + d*x)
“n*ExpandToSum[(m + 1)*(b*c - a*d)*Qx - d*R*x(m + n + 2), x], x], x]] /; Fre
eQl{a, b, c, d, n}, x] &% PolyQ[Px, x] && ILtQ[m, -1] && GtQ[Expon[Px, x],

2]

Rule 949

Int[((d_.) + (e_.)*(x_)) " (m )*x((f_.) + (g_.)*(x_)) " (m_)*x((a_.) + (b_.)*(x_)
+ (c_)*(x_)"2)"(p_.), x_Symbol] :> With[{Qx = PolynomialQuotient[(a + b*x
+ c*x72)7p, d + e*x, x], R = PolynomialRemainder[(a + b*x + c*x~2)7p, d +

exx, x]}, Simp[(R*x(d + exx)"(m + D*(f + gxx)"(n + 1))/((m + 1)*x(exf - dxg)

), x] + Dist[1/((m + 1)*(exf - dxg)), Int[(d + exx) " (m + 1)*(f + g*x) n*Exp

andToSum[(m + 1)*(exf - d*g)*Qx - g*R*(m + n + 2), x], x], x]] /; FreeQ[{a,
b, ¢, d, e, £, gr, x] && NeQ[exf - d*g, 0] && NeQ[b~2 - 4xaxc, 0] && NeQl[c

*d~2 - b*xdxe + axe”2, 0] && IGtQ[p, 0] && LtQ[m, -1]

Rule 80

Int[((a_.) + (b_)*(x_))*x((c_.) + (d_)*x))"(n_.)*x((e_.) + (£_)*x(x_))"(p
_.), x_Symbol] :> Simp[(b*(c + d*x)"(n + D*(e + fxx)"(p + 1))/(d*fx(n + p
+ 2)), x] + Dist[(a*xd*fx(n + p + 2) - bx(dxex(n + 1) + c*xfx(p + 1)))/(d*xfx*(
n+p+ 2)), Int[(c + d*x) n*x(e + f*x)7p, x], x] /; FreeQ[{a, b, c, d, e, f
, 0, pr, x] && NeQ[n + p + 2, 0]

Rule 68

Int[((a_) + (b_)*(x_))"(m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((
b*c - a*xd) nx(a + b*x) " (m + 1)+*Hypergeometric2Fi[-n, m + 1, m + 2, -((d*(a
+ bxx))/(bxc - axd))])/(b"(n + 1)*(m + 1)), x] /; FreeQl{a, b, c, 4, m}, x]
&& NeQ[b*c - axd, 0] && !'IntegerQ[m] && IntegerQ[n]

Rubi steps
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3
(c+dx)”(—ZBC+Ad(1—n)+MD—(31+n)+”—(2

dx = —

(a + bx)3 2b3(bc — ad)(a + bx)?

f (c + dx)" (A +Bx +Cx% + Dx3) (Ab3 —a (sz —abC + azD)) c+d)n [

(Ab® - a (1B - abC + a2D)) (c + dx)'*"  (b*(2Bc - Ad(1 - n)) - a*dD(5 -
2b3(bc — ad)(a + bx)>? -
D(c +dx)*"  (Ab® - a(b?B - abC + D)) (c + dx)*"  (b*(2Bc - Ad(1 -

b3d(1 + n) 2b3(bc — ad)(a + bx)?
D(c+dx)*"  (Ab>—a(b?B - abC + a?D)) (c + dx)™*"  (b*(2Bc — Ad(1 -

b3d(1 + n) 2b3(bc — ad)(a + bx)?

Mathematica [A] time = 0.199022, size = 188, normalized size = 0.57

b(c+dx) b(c+dx)
be—ad be—ad

(bc—ad)3 (bc—ad)? be-ad

B +1)

b(c+dx) )

(AP -a(2D-abC+12B)) oF1 (3,1+15m+2; bead

) d(saZD—Zabc+hZB)zFl(z,n+1;n+2; ) (bC—3aD)2F1(1,n+1;n+2;
+ —

(c +dx)"+1] -

Antiderivative was successfully verified.

[In] Integrate[((c + d*x) n*x(A + B*x + Cxx~2 + D*x7"3))/(a + b*x)~3,x]

[Out] ((c + d*x)~(1 + n)*(D/d - ((bxC - 3*a*D)*Hypergeometric2F1i[1, 1 + n, 2 + n,
(b*x(c + dx*x))/(b*c - a*d)])/(bxc - axd) + (d*(b"2%B - 2xa*xb*C + 3xa”2xD)*H
ypergeometric2F1[2, 1 + n, 2 + n, (bx(c + d*x))/(bxc - axd)])/(bxc - axd)~2

- (d72%(A*b~3 - ax(b"2#B - a*bxC + a~2*D))*Hypergeometric2F1[3, 1 + n, 2 +

n, (bx(c + d*x))/(bxc - axd)])/(b*c - axd)~3))/(b"3*(1 + n))

Maple [F] time = 0.06, size = 0, normalized size = 0.

dx

f (dx +¢c)" (Dx3 +Cx?+Bx + A)

(bx + a)°
Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) n*(D*xx~3+C*x~2+B*x+A)/(b*x+a) ~3,x)
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[Out] int((d*x+c) " n*(D*x~3+Cxx~2+B*xx+A)/(b*xx+a) ~3,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

f (Dx3 +Cx% +Bx + A)(dx +0)"

(bx + a)3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) "n*(Dxx~3+C*x~2+B*x+A)/(b*x+a) ~3,x, algorithm="maxima"

[Out] integrate((D*x~3 + C*x~2 + B*x + A)*(d*x + c)"n/(b*x + a)~3, x)

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) "n*(Dxx~3+C*x~2+B*x+A)/(b*x+a) ~3,x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

f (c +dx)" (A +Bx +Cx? + Dx3)
(a+ bx)3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**n* (Dkxx**3+Ckx*x*2+B*xx+A) / (b*x+a)**3,x)

[Out] Integral((c + d¥x)*xnx(A + B*x + Cxx**2 + D*x**3)/(a + b*x)**3, x)
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Giac [F] time = 0., size = 0, normalized size = 0.

f (Dx3 + Cx? + Bx + A)(dx +0)"

3 dx
(bx + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) "n*(Dxx~3+C*x~2+B*x+A)/(b*x+a) ~3,x, algorithm="giac")

[Out] integrate((D*x"3 + C*x~2 + B*x + A)*(d*x + c)"n/(b*x + a)~3, x)
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3.32  [(a+bx)"(A+ Bx)(c+dx)" dx

Optimal. Leaf size=141

-n
) (Abd(m +n + 2) — B(ad(n + 1) + be(m + 1))) ,F; (m +1,-m;m+2; ——d,iﬁb;)) B(a +
C—a +

b2d(m +1)(m +n +2) L

b(c+dx)

(a + bx)"*1(c + dx)" ( —

[Out] (Bx(a + b*x)"(1 + m)*(c + d*x)"(1 + n))/(b*xd*(2 + m + n)) + ((A*xb*d*(2 + m
+ n) - Bx(bxc*x(1 + m) + axd*x(1 + n)))*(a + b*x)~(1 + m)*(c + d*x) nxHyperge
ometric2F1[1 + m, -n, 2 + m, -((d*(a + b*x))/(bxc - a*xd))])/(b"2*d*(1 + m)*

(2 +m + n)*((bx(c + d*x))/(bxc - a*xd)) n)

Rubi [A] time = 0.0890701, antiderivative size = 141, normalized size of antiderivative =
1., number of steps used = 3, number of rules used = 3, integrand size = 20, number of rules _

integrand size
0.15, Rules used = {80, 70, 69}

-n d(a+b.
) (Abd(m + n + 2) — B(ad(n + 1) + be(m + 1))) ,F; (m +1,-mm+2; - ;,Z;;)) B(a +

Rdm + 1)m + 1 +2) T

b(c+dx)
be—ad

(a + bx)"1(c + dx)" (

Antiderivative was successfully verified.

[In] Int[(a + b*x) m*x(A + Bxx)*x(c + d*x) n,x]

[Out] (Bx(a + b*x)"(1 + m)*(c + d*x)"(1 + n))/(b*xd*(2 + m + n)) + ((A*xb*d*(2 + m
+ n) - Bx(bxc*x(1 + m) + axd*x(1 + n)))*x(a + b*x)~(1 + m)*(c + d*x) nxHyperge
ometric2F1[1 + m, -n, 2 + m, -((d*(a + b*x))/(b*c - a*xd))])/(b"2%d*(1 + m)*

(2 +m + n)*((bx(c + d*x))/(bxc - a*xd)) n)

Rule 80

Int[((a_.) + (b_D)*(x_))*((c_.) + (d_.)*xx_))"(n_)*((e_.) + (£_.)*x(x_))"(p
_.), x_Symbol] :> Simp[(b*(c + d*x)"(n + Dx(e + £xx)"(p + 1))/(d*f*x(n + p
+ 2)), x] + Dist[(axd*fx(n + p + 2) - bx(dkex(n + 1) + cxf*x(p + 1)))/(d*fx(
n+p+2)), Int[(c + d*x)"nx(e + £*x)7p, x], x] /; FreeQ[{a, b, c, d, e, f
, n, p}, x] && NeQ[n + p + 2, 0]

Rule 70

Int[((a ) + (b_)*(x )) " (m )*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Dist[(c
+ d*x) “FracPart[n]/((b/(b*xc - a*d)) IntPart[n]*((b*(c + d*x))/(b*c - ax*d))
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“FracPart[n]), Int[(a + b*x) m*Simp[(b*c)/(bxc - a*d) + (b*d*x)/(bxc - a*d)
, x1°n, x], x] /; FreeQ[{a, b, c, d, m, n}, x] && NeQ[b*c - axd, 0] && !'In
tegerQ[m] && !'IntegerQ[n] && (RationalQ[m] || !SimplerQ[n + 1, m + 1])

Rule 69

Int[((a_) + (b_)*(x_))"(m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((
a + b*x)"(m + 1)*Hypergeometric2F1[-n, m + 1, m + 2, -((d*(a + b*x))/(b*c -
a*xd))])/(b*(m + 1)*(b/(b*c - a*d))"n), x] /; FreeQ[{a, b, ¢, d, m, n}, x]
&& NeQ[bxc - axd, 0] &% !'IntegerQ[m] && !'IntegerQ[n] && GtQ[b/(b*c - a*xd)

, 0] && (RationalQ[m] || !(RationalQ[n] && GtQ[-(d/(b*c - axd)), 0]))
Rubi steps
" W Bla+bx)""(c + dx)t" B(bc(1 + m) + ad(1 + n)) " ;

f(a+bx) (A B(e + do)"de = = S A e f(a+bx) (c + dx)" dx
_ B(a+bx)*"(c + dx)t*" B(bc(1 + m) + ad(1 + n)) (blc+dx)\"
T wermen T\ T mgemen C+d)" |\ 3

B(be(1+m)+ad(1+n)) o o (blc+dn) )"

_ B(a+bx)1*(c + dx) ' (A e — )(” +b0) (e + dx) (—bc—ad ) :
B bd(2 +m + n) b(1 + m)

Mathematica [A] time = 0.117284, size = 117, normalized size = 0.83

d(a+bx)

-n
”(”d">) (aBd(n+1)—Abd(m+n+2)+bBc(m+1))ZFl(m+1,—n;m+2;—)]

be—ad

ad-bc

(a + bx)"*1(c + dx)" | bB(c + dx) — (

m+1

b2d(m +n + 2)
Antiderivative was successfully verified.

[In] Integrate[(a + b*x) m*(A + B*x)*(c + d*x) n,x]

[Out] ((a + b*x)~(1 + m)*(c + d*x) " nx(b*Bx(c + d*x) - ((bxB*cx(1 + m) + a*xBxd*(1

+ n) - Axbxd*(2 + m + n))x*Hypergeometric2F1[1 + m, -n, 2 + m, (d*x(a + b*x))
/(=(bxc) + a*d)])/((1 + m)*((bx(c + d*x))/(b*c - a*d))"n)))/(b"2*d*(2 + m +
n))




Maple [F] time = 0.061, size = 0, normalized size = 0.

f (bx + a)" (Bx + A) (dx + )" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a) “m*(B*x+A)*(d*x+c) n,x)

[Out] int((b*x+a) “m* (Bxx+A)*(d*x+c) "n,x)
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Maxima [F] time = 0., size = 0, normalized size = 0.

f (Bx + A)(bx + a)"(dx + ¢)" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) “m* (B*x+A)*(d*x+c) n,x, algorithm="maxima")

[Out] integrate((B*xx + A)*(b*x + a) mx(d*x + c)”n, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral ((Bx + A)(bx + a)" (dx + c)”,x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) “m* (B*x+A)*(d*x+c) n,x, algorithm="fricas")

[Out] integral((B*x + A)*(b*x + a) m*x(d*x + c)”n, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f(A + Bx) (a+bx)" (c + dx)" dx

Verification of antiderivative is not currently implemented for this CAS.



196

[In] integrate((b*x+a)**m* (Bxx+A)*(d*x+c)**n,x)

[Out] Integral((A + Bxx)*(a + b*xx)**mx(c + d*x)**n, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f(Bx + A)bx + a)" (dx + ¢)" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) “m*(B*x+A)*(d*x+c) n,x, algorithm="giac")

[Out] integrate((B*xx + A)*(b*x + a) mx(d*x + c)”n, x)
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3.33 f(a + bx)"™(c + dx)" (A + Bx + sz) dx

Optimal. Leaf size=268

b(c+dx)
bc—ad

d(a+bx)
bc—ad

(a + bx)"(c + dx)" ( )_ oF1 (m +1,-mym+2;— ) (d(m +n+2) (aZCd(n +1) + abcC(m + 2) — Ab?d(r

Bd2m+1)(m+n+2)(m+n

[Out] -(((a*C*d*x(4 + m + 2*n) + b*(c*Cx(2 + m) - Bxd*x(3 + m + n)))*(a + b*x)~(1 +
m*(c + d*x)"(1 + n))/("2xd"2%(2 + m + n)*(3 + m + n))) + (Cx(a + bxx)"(2

+ m)*(c + d*x)"(1 + n))/(®™2%d*(3 + m + n)) - ((d*(2 + m + n)*(axbxc*xC* (2

+ m) + a”2xCxd*x(1 + n) - A*¥b"2%d*(3 + m + n)) - (bxcx(1 + m) + a*d*(1 + n))
*(axCxd*(4 + m + 2%n) + bx(cxC*x(2 + m) - B¥d*(3 + m + n))))*(a + bxx)~ (1 +

m)*(c + d*x) “n*Hypergeometric2F1[1 + m, -n, 2 + m, -((d*x(a + b*x))/(b*c - a
*d))])/(b73%d"2%x(1 + m)*(2 + m + n)*(3 + m + n)*x((bx(c + d*x))/(b*c - axd))

~n)

Rubi [A] time = 0.30949, antiderivative size = 266, normalized size of antiderivative =

. . ber of rul
0.99, number of steps used = 4, number of rules used = 4, integrand size = 25, T >

= 0.16, Rules used = {951, 80, 70, 69}

integrand size

b(c+dx)
bc—ad

d(a+bx)

(a + bx)y"™1(c + dx)" ( (osl

)_ oF1 (m +1,-mym+2;— ) (d(m +n+2) (aZCd(n +1) + abcC(m + 2) — Ab?d(r

Bd2(m+1)(m+n+2)(m+n -

Antiderivative was successfully verified.

[In] Int[(a + b*x) " m*(c + d*x) " n*(A + Bxx + Cxx"2),x]

[Out] -(((b*c*C*(2 + m) - b*B*d*(3 + m + n) + a*xCxd*(4 + m + 2*n))*(a + bxx) (1 +
m*(c + d*x)"(1 + n))/(b"2*xd"2%(2 + m + n)*(3 + m + n))) + (Cx(a + bxx)~(2

+ m*(c + d*x)"(1 + n))/(®"2%d*(3 + m + n)) - ((d*(2 + m + n)*(axbxcxCx (2

+ m) + a”2xCxd*x(1 + n) - A¥b"2+%d*(3 + m + n)) - (bxcx(1 + m) + a*d*(1 + n))
*(bxcxC*(2 + m) — b*¥B*d*(3 + m + n) + a*xCxd*x(4 + m + 2*n)))*(a + b*x) (1 +

m)*(c + d*x) n¥Hypergeometric2F1[1 + m, -n, 2 + m, -((d*(a + b*x))/(b*c - a
*d))])/(b73%d"2%x(1 + m)*(2 + m + n)*(3 + m + n)*x((bx(c + d*x))/(b*c - axd))

~n)

Rule 951

Int[((d_.) + (e_.)*(x_))"(m_)*((f_.) + (g_.)*x(x_)) " (n_)*((a_.) + (b_.)*(x_)
+ (c_)*(x_)"2)"(p_.), x_Symbol] :> Simp[(cTp*x(d + e*x)~(m + 2*p)*(f + g*x
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)7(n + 1))/(gxe”~(2%p)*(m + n + 2%xp + 1)), x] + Dist[1/(gxe”(2%p)*(m + n + 2
xp + 1)), Int[(d + exx) m*(f + g+*x) n*ExpandToSum[g*(m + n + 2xp + 1)*(e”(2
*p)*(a + b*x + c*x"2)"p - c‘p*(d + e*x)"(Q*p)) - c"p*(e*f - d*g)*(m + 2*p)*
(d + exx)"(2%p - 1), x], x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[e
xf - dxg, 0] &% NeQ[b~2 - 4*axc, 0] &% NeQ[c*d™2 - bxd*e + axe”2, 0] && IGt
Qlp, 0] && NeQ[m + n + 2*%p + 1, 0] && (IntegerQ[n] || !IntegerQ[m])

Rule 80

Int[(Ca_.) + (b_)*(x_))*x((c_.) + (d_)*x))"(n_)*x((e_.) + (£_)*x(x_))"(p
_.), x_Symbol] :> Simp[(b*(c + d*x)"(n + 1)*(e + f*x)"(p + 1))/(d*f*(n + p
+ 2)), x] + Dist[(a*xd*f*x(n + p + 2) - b*x(d*ex(n + 1) + c*xf*x(p + 1)))/(d*f*(
n+p+2)), Int[(c + d*x) nx(e + £xx)7p, x], x] /; FreeQ[{a, b, c, d, e, f
, 0, pr, x] && NeQ[n + p + 2, 0]

Rule 70

Int[((a_) + (b_.)*(x_)) " (m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Dist[(c
+ d*x) “FracPart[n]/((b/(b*c - axd)) IntPart[n]*((b*(c + d*x))/(b*xc - a*xd))
“FracPart([n]), Int[(a + b*x) m*Simp[(b*c)/(b*c - a*xd) + (b*d*x)/(b*c - axd)
, x1°n, x], x] /; FreeQ[{a, b, ¢, d, m, n}, x] && NeQ[b*c - a*xd, 0] && !'In
tegerQ[m] &% !IntegerQ[n] && (RationalQ[m] || !SimplerQ[n + 1, m + 1])

Rule 69

Int[((a_) + (b_.)*x(x_))"(m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((
a + b*x)"(m + 1)*Hypergeometric2F1[-n, m + 1, m + 2, -((d*(a + b*x))/(b*c -
a*xd))])/(bx(m + 1)*(b/(b*c - a*d))™n), x] /; FreeQ[{a, b, ¢, d, m, n}, x]
&& NeQ[bxc - axd, 0] && !'IntegerQ[m] &% !'IntegerQ[n] && GtQ[b/(b*c - a*xd)
, 0] &% (RationalQ[m] || !(RationalQ[n] && GtQ[-(d/(b*xc - axd)), 0]))

Rubi steps
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C(a + bx)2™(c + dx)H+" f(a + bx)™(c + dx)" (—abcC(Z +m) — a*Cd(1 -
m n 2 —
‘fm+b@ @+io(A+Bx+Cx)m>. PAG+m ) +

_ (bcC(2 +m) = bBd(3 + m + n) + aCd(4 + m + 2n))(a + bx)* (¢ + dx)1*
Bl b2d2(2 + m + n)(3 + m + n)

__(bcC(2 +m) = bBA(3 + m + n) + aCd(4 + m + 2n))(a + bx)* (¢ + dx)1*
B b2d2(2 + m + n)(3 + m + n)

__(bcC(2 +m) = bBA(3 + m + n) + aCd(4 + m + 2n))(a + bx)* (¢ + dx)1*
B b2d2(2 + m + n)(3 + m + n)

Mathematica [A] time = 0.204403, size = 187, normalized size = 0.7

-n
(@ + b 1(c + dx)" (M) (b (b (A2 = Bed +2C) ,F (m -+ 2; d;‘;f’;’c‘)) — (be — ad)(2cC - Bd) ,F; (m ]

bc—ad
Bl(m + 1)

Antiderivative was successfully verified.

[In] Integrate[(a + b*x) m*x(c + d*x) n*x(A + B*x + C*x72),x]

[Out] ((a + b*x)~(1 + m)*(c + d*x) "n*(C*(b*c - axd) 2+Hypergeometric2F1[1 + m, -2
-n, 2 +m, (dx(a + b*xx))/(-(bxc) + axd)] + b*x(-((b*xc - a*xd)*(2xc*C — Bx*d)
xHypergeometric2F1[1 + m, -1 - n, 2 + m, (d*x(a + b*x))/(-(bxc) + axd)]) + b
*x(c"2xC - B*c*xd + Axd~2)*Hypergeometric2F1[1 + m, -n, 2 + m, (d*(a + b*x))/
(=(b*c) + a*xd)])))/(b~3*d™2x(1 + m)*((bx(c + d*x))/(b*c - axd)) "n)

Maple [F] time = 0.064, size = 0, normalized size = 0.

f (bx +a)" (dx + ¢)" (Cx2 +Bx + A) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a) “m* (d*x+c) "n*x(Cxx~2+Bxx+A) ,x)

[Out] int((b*x+a) “m*(d*x+c) n*(Cxx~2+B*xx+A) ,x)
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Maxima [F] time = 0., size = 0, normalized size = 0.

f(sz +Bx + A)(bx +a)"(dx +c)" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) “m*(d*x+c) "nx(Cxx~2+B*x+A) ,x, algorithm="maxima")

[Out] integrate((C*x~2 + B*x + A)*(b*x + a) m*(d*x + c)"n, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral ((Ca2 + Bx + A)(bx + a)"(dx + )", x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) “m*(d*x+c) "n*x(Cxx~2+B*x+A) ,x, algorithm="fricas")

[Out] integral((C*x"2 + Bxx + A)x(b*x + a) m*x(d*x + c)”"n, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a+bx)" (c + dx)" (A +Bx + sz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)**m* (d*x+c)**n* (Cxx**2+B*xx+A) ,x)

[Out] Integral((a + bxx)**m*x(c + d*x)**n*(A + Bxx + Ckx**2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

[ (e + Bx+ A)x + 0"+ )"
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) “m*(d*x+c) "n*x(Cxx~2+B*x+A) ,x, algorithm="giac")

[Out] integrate((C*x~2 + B*x + A)*(b*x + a) mx(d*x + c)”n, x)
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3.34 f(a + bx)"™(c + dx)" (A + Bx + Cx? + Dx3) dx

Optimal. Leaf size=610

b(c+dx)
bc—ad

d(a+bx)
bc—ad

(a + bx)"™1(c + dx)" ( )_n JF (m 1, - m 4 25— ) (dm + 1+ 2) (~abd(CA(n + 1)(m + 1 +4) — cD(m +

[Out] ((a~"2*d"2*xD*(m~2 + m*(8 + 3*n) + 3*(6 + 5*n + n~2)) + b~ 2+%(c"2*D*(6 + 5*m +
m~2) - cxC*d*(2 + m)*(4 + m + n) + Bxd™2*x(12 + m™2 + 7*n + n"2 + mx(7 + 2%
n))) + axb*d*x(cxD*(2 + m)*(6 + m + 3%n) - Cxd*(m~2 + m*x(8 + 3*n) + 2*x(8 + 6
*n + n72))))*x(a + b*xx)"(1 + m)*(c + d*x)"(1 + n))/(b~3*d"3*%(2 + m + n)*(3 +
m+ n)x(4 +m + n)) - ((axd*D*(9 + 2*xm + 3*n) + b*(c*D*(3 + m) - Cxdx(4 +
m+n)))*(a + b*x)"(2 + m*(c + d*x)"(1 + n))/(®"3*d"2*(3 + m + n)*(4 + m +
n)) + (Dx(a + b*x)"(3 + m)*(c + d*x)"(1 + n))/(b"3*d*(4 + m + n)) + ((d*(2
+m + n)*(a”3*d"2xD*x(1 + n)*(6 + m + 2¥n) + a*xb”2xc*x(2 + m)*(c*xD*(3 + m) -
Cxd*x(4 + m + n)) + A*b™3*%d"2*(12 + m™2 + 7*xn + n~"2 + m*x(7 + 2*n)) - a~2x%b*
dx(C*xd*(1 + n)*(4 + m + n) - cxD*(2 + m)*(6 + m + 3*n))) - (b*cx(1 + m) + a
*d*(1 + n))*(a"2xd"2*xD*x(m~2 + m*(8 + 3*n) + 3*(6 + 5*xn + n~2)) + b~ 2*x(c”2*D
*(6 + 5%m + m™2) - c*xCxd*(2 + m)*(4 + m + n) + Bkxd™2*(12 + m~2 + 7#n + n"2
+ mx(7 + 2*n))) + axbxd*x(c*D*(2 + m)*(6 + m + 3*n) - Cxd*x(m™2 + m*(8 + 3%*n)
+ 2%(8 + 6xn + n"2)))))*x(a + bxx)"(1 + m)*(c + d*x) nxHypergeometric2F1[1
+m, n, 2 +m, —((d*x(a + bxx))/(bxc - a*xd))])/(b74*%d"3*(1 + m)*(2 + m + n)
(3 +m+ n)*x(4d +m + n)*x((bx(c + d*x))/(b*c - a*xd)) n)

Rubi [A] time = 1.06912, antiderivative size = 605, normalized size of antiderivative =

: : ( ber of rul
0.99, number of steps used = 5, number of rules used = 5, integrand size = 30, T > %

= 0.167, Rules used = {1623, 951, 80, 70, 69}

integrand size

b(c+dx)
bc—ad

(a + bx)"™1(c + dx)" ( (osl

)Wzﬂ(m+1Fﬂﬁn+Z_ﬂmmu(JmmﬂymWH»M#DWHm%wwqﬁwmqywﬂmma

Antiderivative was successfully verified.

[In] Int[(a + b*x) m*x(c + d*x) n*(A + B*xx + Cxx~2 + D*x"3),x]

[Out] ((a”2*d"2*D*(m~2 + m*(8 + 3*n) + 3*(6 + 5*n + n~2)) + b~ 2x(c”2*D*(6 + 5*m +
m~2) — cxC*xd*(2 + m)*(4 + m + n) + Bxd™2*x(12 + m™2 + 7*n + n"2 + mx(7 + 2%
n))) + axbxd*x(c*¥D*(2 + m)*(6 + m + 3*n) — Cxd*(m~2 + m*(8 + 3*n) + 2*(8 + 6
*n + n72))))*x(a + b*¥x)"(1 + m)*(c + d*x)"(1 + n))/(b~3*d"3%(2 + m + n)*(3 +
m+ n)*x(4 +m+ n)) - ((bxcxD*(3 + m) - b*¥Cxd*(4 + m + n) + a*xd*D*x(9 + 2*m



203

+ 3*n))*(a + bxx)"(2 + m)*(c + d*x)"(1 + n))/(b"3*%d"2*(3 + m + n)*(4 + m +
n)) + (Dx(a + b*x)~(3 + m)*(c + d*x)"(1 + n))/(b"3*d*(4 + m + n)) + ((a~3*
d"2*4D*(1 + n)*(6 + m + 2*n) + a*b”2*kc*k(2 + m)*(cxD*(3 + m) - Cxd*(4 + m + n
)) + A¥b73+%d72%(12 + m™2 + 7*n + n”2 + m*x(7 + 2%n)) - a”"2xbxd*x(Cxdx(1 + n)*
(4 +m+mn) - ckxDx(2 + m)*(6 + m + 3*n)) - ((bkckx(1 + m) + axd*x(1 + n))*(a”
2%d"2xD*(m~2 + m*(8 + 3*n) + 3*(6 + 5%n + n”"2)) + b7 2*%(c”2xD*(6 + 5*m + m~2
) — cxCxd*(2 + m)*(4 + m + n) + Bxd"2*(12 + m™2 + 7*n + n”2 + mx(7 + 2*n)))
+ axbxdx(cxD*x(2 + m)*(6 + m + 3*n) - Cxd*x(m~2 + m*(8 + 3*n) + 2*%(8 + 6*n +
n~2)))))/(@*(2 + m + n)))*x(a + b*xx)~(1 + m)*(c + d*x) nxHypergeometric2F1[
1 +m, n, 2 +m, -((d*x(a + b*x))/(bxc - a*d))])/(b"4*d"2*(1 + m)*(3 + m +
n)*x(4 + m + n)*((bx(c + d*x))/(b*c - axd)) n)

Rule 1623

Int[(Px )*x((a_.) + (b_)*(x )" (m_.)*((c_.) + (d_)*(x_))"(n_.), x_Symbol]
:> With[{q = Expon[Px, x], k = Coeff[Px, x, Expon[Px, x]]}, Simp[(kx(a + bx
x)"(m + @)*(c + d*x)"(n + 1))/(d*b"g*(m + n + g + 1)), x] + Dist[1/(d*b g*(
m+n+q+ 1)), Int[(a + b*x) m*(c + d*x) nxExpandToSum[d*b~q*(m + n + q +
1*Px - dxkx(m + n + q + 1)*(a + bxx)"q - k*x(b*c - axd)*x(m + gq)*(a + b*x)~
(g - 1), x], xI, x] /; NeQ[m + n + q + 1, 0]] /; FreeQ[{a, b, ¢, d, m, n},
x] && PolyQ[Px, x] && GtQ[Expon[Px, x], 2]

Rule 951

Int[((d_.) + (e_)*x_D))"m )*((f_.) + (g_)*xx_))"(m_)*((a_.) + (b_.)*(x_)

+ (c_)*(x_)"2)"(p_.), x_Symbol]l :> Simp[(cTp*(d + e*x)”~(m + 2*p)*(f + g*x
)7(n + 1))/(gxe”~(2%p)*(m + n + 2%xp + 1)), x] + Dist[1/(gxe”(2%p)*(m + n + 2
xp + 1)), Int[(d + exx) m*(f + g+*x) n*ExpandToSum[g*(m + n + 2xp + 1)*(e”(2
*p)*(a + b*x + c*x"2)‘p - c"p*(d + e*x)"(Q*p)) - c"p*(e*f - d*g)*(m + 2*p)*
(d + exx)"(2%p - 1), x], x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[e
xf - dxg, 0] &% NeQ[b~2 - 4xaxc, 0] && NeQ[c*d~2 - bxd*e + axe”2, 0] && IGt
Qlp, 0] && NeQ[m + n + 2%p + 1, 0] && (IntegerQ[n] || !IntegerQ[m])

Rule 80

Int[(Ca_.) + (b_)*(x_))*x((c_.) + (d_)*xD))"(n_)*x((e_.) + (£_)*x(x_))"(p
_.), x_Symbol] :> Simp[(b*(c + d*x)"(n + D*(e + £xx)"(p + 1))/(d*fx(n + p
+ 2)), x] + Dist[(a*xd*f*x(n + p + 2) - b*x(d*ex(n + 1) + c*xf*x(p + 1)))/(d*xf*(
n+p+2)), Int[(c + d*x) nx(e + £xx)7p, x], x] /; FreeQ[{a, b, c, d, e, f
, 0, pr, x] && NeQ[n + p + 2, 0]

Rule 70

Int[((a_) + (b_)*(x_ D))" (m_ )*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Dist[(c
+ d*x) "FracPart[n]/((b/(b*c - a*d)) IntPart[n]*((b*x(c + d*x))/(b*c - a*xd))
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“FracPart[n]), Int[(a + b*x) m*Simp[(b*c)/(bxc - a*d) + (b*d*x)/(bxc - a*d)
, x1°n, x], x] /; FreeQ[{a, b, c, d, m, n}, x] && NeQ[b*c - axd, 0] && !'In
tegerQ[m] && !'IntegerQ[n] && (RationalQ[m] || !SimplerQ[n + 1, m + 1])

Rule 69

Int[((a_) + (b_.)*(x_)) " (m_)*((c_) + (d_.)*(x_)) " (n_), x_Symbol] :> Simp[((
a + b*x)"(m + 1)*Hypergeometric2F1[-n, m + 1, m + 2, -((d*(a + b*x))/(b*c -
axd))])/(bx(m + 1)*(b/(b*c - a*xd))"n), x] /; FreeQ[{a, b, ¢, d, m, n}, x]
&& NeQ[bxc - axd, 0] &% !'IntegerQ[m] && !'IntegerQ[n] && GtQ[b/(b*c - a*xd)
, 0] && (RationalQ[m] || !'(RationalQ[n] && GtQ[-(d/(bxc - axd)), 0]))

Rubi steps
D(a + bx)>"(c + dx)+* (@ +bx)"(c + dx)" (ALd(4 + m + n) -
m n 2 3 —
f(a+bx) (c +dx) (A+Bx+Cx +Dx)dx— P+ ) +

__(bcD@B + m) = bCd(4 + m + n) + adD(9 + 2m + 3n))(a + bx)>* " (c -
B b3d2(3 + m + n)(4 + m + n)

~ (azdzD (m2 +m(8+3n)+3 (6 +5n + nz)) +b? (CZD (6 +5m + mz)

_ (azdzD (mz +m(8+3n)+3 (6 +5n + nz)) +b? (CZD (6 +5m + mz)

~ (azdzD (m2 +m(8+3n) +3 (6 +5n + nz)) +b? (CZD (6 +5m + m2)

Mathematica [A] time = 0.246051, size = 254, normalized size = 0.42

d(a+bx)
ad—bc

b(c+dx)
bc—ad

-n
(a + bx)™1(c + dx)" ( ) (b3 (Ad® = Bed? + 2Cd + 3(=D)) ,F; (m 1, -+ 2; ) + B2 (be — ad) (Bd? +

Antiderivative was successfully verified.

[In] Integratel[(a + b*x) m*x(c + d*x) n*(A + B*x + C*x~2 + D*x73),x]

[Out] ((a + b*x)~(1 + m)*(c + d*x) "n*x((b*c - a*d) 3*D+Hypergeometric2F1i[1 + m, -3
- n, 2 +m, (dk(a + b*x))/(-(bxc) + a*xd)] + bk(bxc - a*d) 2%(C*d - 3*c*D)x*
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Hypergeometric2F1[1 + m, -2 - n, 2 + m, (dx(a + b*x))/(-(bxc) + axd)] + b~2
*(bkc - axd)*(-2%c*Cxd + B*d~2 + 3xc”2%D)*Hypergeometric2F1[1 + m, -1 - n,
2 +m, (d*(a + b*x))/(=(b*xc) + a*xd)] + b~3*(c”2*xC*d - B*cxd™2 + A*d~3 - ¢~3
xD) x*Hypergeometric2F1[1 + m, -n, 2 + m, (d*(a + b*x))/(-(b*c) + a*xd)]))/(b”
4%d~3%(1 + m)*((bx(c + d*x))/(b*c - a*xd)) n)

Maple [F] time = 0.039, size = 0, normalized size = 0.
f (bx +a)" (dx + ¢)" (Dx3 +Cx%+Bx + A) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a) “m*(d*x+c) "n* (D*x"3+C*kxx~2+B*x+A) ,Xx)

[Out] int((b*x+a) “m*(d*x+c) “n*x(D*x"3+Cxx~2+B*xx+A) ,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f (Dx3 +Cx%+Bx + A)(bx +a)"(dx +c)" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) “m*(d*x+c) “n* (D*xx~3+C*x~2+B*x+A) ,x, algorithm="maxima")

[Out] integrate((D*x~3 + C*x"2 + B*xx + A)*(b*x + a) mx(d*x + c)”n, x)

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a) “m* (d*x+c) “n* (D*xx~3+C*x~2+B*x+A) ,x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError



206

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)*¥m* (d*x+c)**n* (Dxx*k*3+Cxx**2+B*x+A) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f(Dx3 +Cx?+Bx + A)(bx +a)"(dx + c)" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) “m* (d*x+c) “n* (D*x~3+C*x~2+B*x+A) ,x, algorithm="giac")

[Out] integrate((D*x~3 + C*x"2 + B*xx + A)*(b*x + a) mx(d*x + c)”n, x)
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Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative [result,optimal]*)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex)

(* "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(* antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimall,
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
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22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68

If [LeafCount [result]<=2*LeafCount [optimal],
IIA" s
uBn] s
||Cl|:| s
If [FreeQ[result,Integrate] && FreeQ[result,Int],
IICII s
"F"]]

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involvesx)
(¥1 = rational functionx)

(¥2 = algebraic functionx)

(¥3 = elementary functionx)

(¥4 = special functionx)

(x5 = hyperpergeometric function*)

(*6 = appell functionx)

(¥7 = rootsum functionx)

(¥8 = integrate functionx*)

(*9 = unknown functionx)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expnl ],
If [Head [expn]===Power,
If [IntegerQlexpn[[2]1]1],
ExpnType [expn[[1]]],
If [Head[expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]]] ,ExpnType[expn[[2]1]1],3]11],
If [Head [expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
I1f [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expnl],6]],
If [Head [expn]===RootSum,
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69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92

94
95
96
97
98
99
100
101
102

o e S R
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Apply[Max, Append [Map [ExpnType,Apply[List,expnl],7]1],
If [Head [expn]l===Integrate || Head[expn]===Int,

Apply [Max, Append [Map [ExpnType, Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

}, funcl

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshlIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

}, func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ [{AppellF1},func]
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4.0.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin

#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added

#Nasser 03/24/2017 corrected the check for complex result

#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems




11
12
13

14
15
16
17
18
19
20
21
22
23
24
25
26
27

28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
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GradeAntiderivative := proc(result,optimal)
local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

leaf count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf_count_result > 500000 then
return "B";
fi;

leaf_count_optimal:=leafcount (optimal);

ExpnType_result:=ExpnType(result) ;
ExpnType_optimal:=ExpnType (optimal) ;

if debug then
print ("ExpnType_result",ExpnType_result," ExpnType_optimal=",
ExpnType_optimal) ;
fi;

# If result and optimal are mathematical expressions,

# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
# "B" if result is more than twice the size of the optimal

# antiderivative

# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F";
end if;

if ExpnType_result<=ExpnType_optimal then
if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then




56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74

75
76
77
78
79
80
81
82
83
84
85
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87
88
89
90
91
92
93
94
95
96
97
98
99
100
101

if debug then
print("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_ count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print ("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
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print("result do not contain complex, this assumes optimal do not

as well");
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#

# is_contains_complex(result)

# takes expressions and returns true if it contains "I" else false
#

#Nasser 032417




102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148

is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

hyperpergeometric function
= appell function

= rootsum function

= integrate function

= unknown function

H OHF H OH HF OH OH H H H H
© 00 N O O WN -
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ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn, 'sqrt') then
if type(op(l,expn),'rational') then

1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ""') then

if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' ™+ ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
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149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195

elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,1ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh, cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA ,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.

#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
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leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

214

4.0.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added “RootSum™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count(expr):
#sympy do not have leaf count function. This is approximation
return round(1l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
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if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True

else:
return False

except AttributeError as error:
return False

def expnType(expn) :
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type(expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type (expn, ' " ")

if isinstance(expn.args[1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1l,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)
)
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type
(expn, '**~ ")
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[1:]1))
return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml1)  #max(4,apply(max,map(ExpnType, [op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,
expn))
ml = max(map(expnType, list(expn.args)))
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return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)]1)))
elif is_appell_function(expn.func):

ml = max(map(expnType, list(expn.args)))

return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum):

ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map[ExpnType,
Apply[List,expn]],711,

return max(7,ml)
elif str(expn).find("Integral") != -1:

ml = max(map(expnType, list(expn.args)))

return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:

return 9

#main function
def grade_antiderivative(result,optimal):

leaf _count(result)
leaf_count (optimal)

leaf _count_result
leaf_count_optimal

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)
if str(result).find("Integral") != -1:

return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

(#Dec 24, 2019. Nasser: Ported original Maple grading function by
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# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'
# 'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

def tree(expr):
debug=False;
if debug:
print ("Enter tree(expr), expr=",expr)
print ("expr.operator()=",expr.operator())
print ("expr.operands()=",expr.operands())
print ("map(tree, expr.operands()=",map(tree, expr.operands()))

if expr.operator() is None:
return expr
else:
return [expr.operator()]+list(map(tree, expr.operands()))

def leaf count(anti):
debug=False;

if debug: print ("Enter leaf_count, anti=", anti, " len(anti)=", len(anti))
if len(anti) == 0: #special check for optimal being O for some test cases.
if debug: print ("len(anti) == 0")
return 1
else:

if debug: print ("round(l.35xlen(flatten(tree(anti))))=",round(1.35*len(
flatten(tree(anti)))))
return round(1l.35*len(flatten(tree(anti)))) #fudge factor
#since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's

def is_sqrt(expr):
debug=False;
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False
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def is_elementary_function(func):
debug = False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot', 'sec','csc’,
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh', 'cosh', 'tanh', 'coth', 'sech','csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch', 'sgn',
'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

def is_special_function(func):
debug = False

if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin','fresnel_cos',6'Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma', 'log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

def is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M', 'hypergeometric_U

']

def is_appell_function(func):
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return func.name() in ['hypergeometric'] #[appellfl] can't find this in
sagemath

def is_atom(expn):

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False

except AttributeError as error:
return False

def expnType (expn) :
debug=False

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],

Rational):
return 1
else:
return max(2,expnType (expn.operands() [0])) #max(2,expnType(expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands() [0])  #expnType(expn.args[0])
elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],
Rational)
if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],
Rational)
return 1
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else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType (expn.
args[0]))
else:
return max(3,expnType (expn.operands() [0]),expnType (expn.operands()
[1])) #max(3,expnType (expn.operands() [0]),expnType(expn.operands () [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)
ml = expnType(expn.operands() [0]) #expnType(expn.args[0])
m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]1))
return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.
func)
return max(3,expnType (expn.operands() [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(4,ml) #max (4,m1)
elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(5,m1) #max (5,m1)
elif is_appell_function(expn.operator()):
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,ml) #max (6,m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

debug = False;

if debug: print ("Enter grade_antiderivative for sagemath")

leaf_count_result
leaf_count_optimal

leaf count(result)
leaf_count (optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)
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expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_ count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2*leaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"
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